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Question(Lovász): What is the maximum of the length             
                  over all unit vectors                           such that 
among any three, some pair is orthogonal? 

Answer(Konyagin 81, Alon 94):              .  

<latexit sha1_base64="ZV3I5DLFiT1TSvqWW8NX97cSvFg=">AAAB/nicbVDLSsNAFJ34rPUVFVdugkFwVRMRdSME3LisYB/Q1jCZTtqxM5MwMxFLEnDjh7hxoYhbVy78BHf+jdPHQlsPXDiccy/33hPElEjlON/GzOzc/MJiYam4vLK6tm5ubFZllAiEKyiikagHUGJKOK4ooiiuxwJDFlBcC3rnA792i4UkEb9S/Ri3GOxwEhIElZZ8czvLmjJhfkrO3Pyap3c+ybPMN22n5AxhTRN3TGzPfjj4xDcfZd/8arYjlDDMFaJQyobrxKqVQqEIojgvNhOJY4h6sIMbmnLIsGylw/Nza08rbSuMhC6urKH6eyKFTMo+C3Qng6orJ72B+J/XSFR42koJjxOFORotChNqqcgaZGG1icBI0b4mEAmib7VQFwqIlE6sqENwJ1+eJtXDkntcOrp0bc8DIxTADtgF+8AFJ8ADF6AMKgCBFDyCZ/Bi3BtPxqvxNmqdMcYzW+APjPcf1hSZug==</latexit>

||
Pn

i=1 xi||
<latexit sha1_base64="KmqmtW4Az3yFOwTUnRf6I7Tnw5E=">AAACCnicbVC7SgNBFJ2NrxhfUSuxcDQIFiHsiqjlgo1lFPOAJC6zs5NkyOzMMjMrCUvqNP6KjYUitn5BOr/DH3A2SaHRAxcO59zLvff4EaNK2/anlVlYXFpeya7m1tY3Nrfy2ztVJWKJSQULJmTdR4owyklFU81IPZIEhT4jNb93lfq1ByIVFfxODyLSClGH0zbFSBvJyx/2PacImywQWhVh3+OwSU2FSHd9P7kd3gdevmCX7AngX+LMSMHdG3lifPBV9vLjZiBwHBKuMUNKNRw70q0ESU0xI8NcM1YkQriHOqRhKEchUa1k8soQHhslgG0hTXENJ+rPiQSFSg1C33SmN6p5LxX/8xqxbl+2EsqjWBOOp4vaMYNawDQXGFBJsGYDQxCW1NwKcRdJhLVJL2dCcOZf/kuqpyXnvHR24xRcF0yRBfvgCJwAB1wAF1yDMqgADEbgCbyAV+vRerberPdpa8aazeyCX7A+vgGBA507</latexit>

x1, . . . , xn 2 Rd

<latexit sha1_base64="b8VSk3I4/KzJyoRgKe6RPcWlZjs=">AAAB+HicbVDJTgJBEO1xA3EB9eilIzHBC87geiTx4hEStgRG0tP0QIeenkl3jQlO+BIvHjTGq5/izR8wfobNclDwJZW8vFeVqnpeJLgG2/60VlbX1jdS6c3M1vbObja3t9/QYawoq9NQhKrlEc0El6wOHARrRYqRwBOs6Q1vJn7zninNQ1mDUcTcgPQl9zklYKRuLtupDRiQgrxLSqdn45NuLm8X7SnwMnHmJF/G1e+vdOqi0s19dHohjQMmgQqidduxI3ATooBTwcaZTqxZROiQ9FnbUEkCpt1kevgYHxulh/1QmZKAp+rviYQEWo8Cz3QGBAZ60ZuI/3ntGPxrN+EyioFJOlvkxwJDiCcp4B5XjIIYGUKo4uZWTAdEEQomq4wJwVl8eZk0SkXnsnhedfLlMpohjQ7RESogB12hMrpFFVRHFMXoET2jF+vBerJerbdZ64o1nzlAf2C9/wAZpJUD</latexit>

⇥(n2/3)

Question(Erdős): What is the maximum number of vectors in  
     such that among any three, some pair is orthogonal? 

<latexit sha1_base64="lzda27G1Iy9DsSC+4dGsrrkH2n0=">AAAB83icbVDLSgMxFL1TX7W+6mPnJlgEV2VGRN1ZcKHLKvYBnbFkMmkbmskMSUaoQ3/DjQtF3OpX+AXuXPonZtoutPVA4HDOvdyT48ecKW3bX1Zubn5hcSm/XFhZXVvfKG5u1VWUSEJrJOKRbPpYUc4ErWmmOW3GkuLQ57Th988zv3FHpWKRuNGDmHoh7grWYQRrI7luiHXP99Pr4W3QLpbssj0CmiXOhJTOPu6/L9530mq7+OkGEUlCKjThWKmWY8faS7HUjHA6LLiJojEmfdylLUMFDqny0lHmIdo3SoA6kTRPaDRSf2+kOFRqEPpmMsuopr1M/M9rJbpz6qVMxImmgowPdRKOdISyAlDAJCWaDwzBRDKTFZEelphoU1PBlOBMf3mW1A/LznH56MopVSowRh52YQ8OwIETqMAlVKEGBGJ4gCd4thLr0XqxXsejOWuysw1/YL39AHIula4=</latexit>

Rd

Answer(Rosenfeld 81):      .  

<latexit sha1_base64="wCR+LQjTGbQwe2WdSBLsJG1Dns8=">AAAB6XicbZC7SgNBFIbPxluMt/XS2QwGwSrsBlE7AxZaRjEXSJYwOzubDJmdXWZmhbjkDWwsFLG19yl8AjtL38TJpdDEHwY+/v8c5pzjJ5wp7ThfVm5hcWl5Jb9aWFvf2Nyyt3fqKk4loTUS81g2fawoZ4LWNNOcNhNJceRz2vD7F6O8cUelYrG41YOEehHuChYygrWxbspBxy46JWcsNA/uFIrnH/ffl+97WbVjf7aDmKQRFZpwrFTLdRLtZVhqRjgdFtqpogkmfdylLYMCR1R52XjSITo0ToDCWJonNBq7vzsyHCk1iHxTGWHdU7PZyPwva6U6PPMyJpJUU0EmH4UpRzpGo7VRwCQlmg8MYCKZmRWRHpaYaHOcgjmCO7vyPNTLJfekdHztFisVmCgP+3AAR+DCKVTgCqpQAwIhPMATPFt969F6sV4npTlr2rMLf2S9/QB1C5EK</latexit>

2d

Question(Erdős): What about if among any          , some pair is 
orthogonal? Is the answer     ? 

<latexit sha1_base64="C2TP67NgnfxBDzrLwlWCFi4/y5o=">AAAB6nicbZA7SwNBFIXvqokxvqKWNoNBEISwI6KWCzaWEc0DkiXMTmaTIbOzy8ysEJa0djYWimhp6a+x84fYO3kUmnhg4OOce5l7b5AIro3rfjlLyyu5/Gphrbi+sbm1XdrZres4VZTVaCxi1QyIZoJLVjPcCNZMFCNRIFgjGFyO88YdU5rH8tYME+ZHpCd5yCkx1roZHONOqexW3InQIuAZlL3827f8uM9VO6XPdjemacSkoYJo3cJuYvyMKMOpYKNiO9UsIXRAeqxlUZKIaT+bjDpCh9bpojBW9kmDJu7vjoxEWg+jwFZGxPT1fDY2/8taqQkv/IzLJDVM0ulHYSqQidF4b9TlilEjhhYIVdzOimifKEKNvU7RHgHPr7wI9ZMKPqucXuOy58FUBdiHAzgCDOfgwRVUoQYUevAAT/DsCOfReXFep6VLzqxnD/7Ief8BWpaQ3w==</latexit>

k + 1
<latexit sha1_base64="S6JOtXZ43Ux2Y93QomcPfGj95bc=">AAAB6XicbZC7SgNBFIbPxluMt3jpbAaDYBV2JaidAQsto5gLJEuYnZ1Nhp2dXWZmhbjkDWwsFLG19yl8AjtL38TJpdDEHwY+/v8c5pzjJZwpbdtfVm5hcWl5Jb9aWFvf2Nwqbu80VJxKQusk5rFseVhRzgSta6Y5bSWS4sjjtOmFF6O8eUelYrG41YOEuhHuCRYwgrWxbkK/WyzZZXssNA/OFErnH/ffl+97Wa1b/Oz4MUkjKjThWKm2YyfazbDUjHA6LHRSRRNMQtyjbYMCR1S52XjSITo0jo+CWJonNBq7vzsyHCk1iDxTGWHdV7PZyPwva6c6OHMzJpJUU0EmHwUpRzpGo7WRzyQlmg8MYCKZmRWRPpaYaHOcgjmCM7vyPDSOy85JuXLtlKpVmCgP+3AAR+DAKVThCmpQBwIBPMATPFuh9Wi9WK+T0pw17dmFP7LefgDLqJFD</latexit>

kd

Answer and follow-up question(Füredi and Stanley 92): No! 
But maybe the answer is still at most              ? 

<latexit sha1_base64="q9VGtWWmmnJM4pB4qq/J1dNc8SY=">AAAB8nicbZDLSsNAFIYn3lrrrerSzWAR2k1JxNsy4MadLdgLtLFMJpN26GQSZk6EEvoYblwo4tancecLiI/h9LLQ1h8GPv7/HOac4yeCa7DtT2tldW19I5ffLGxt7+zuFfcPmjpOFWUNGotYtX2imeCSNYCDYO1EMRL5grX84fUkbz0wpXks72CUMC8ifclDTgkYq1MeBpX77LbsVMa9Ysmu2lPhZXDmUHJx/fsrnzuv9Yof3SCmacQkUEG07jh2Al5GFHAq2LjQTTVLCB2SPusYlCRi2sumI4/xiXECHMbKPAl46v7uyEik9SjyTWVEYKAXs4n5X9ZJIbzyMi6TFJiks4/CVGCI8WR/HHDFKIiRAUIVN7NiOiCKUDBXKpgjOIsrL0PztOpcVM/qTsl10Ux5dISOURk56BK56AbVUANRFKNH9IxeLLCerFfrbVa6Ys17DtEfWe8/Y9qS9g==</latexit>

(kd)O(1)

Answer(Alon and Szegedy 99): No! Can have                           
many vectors.

<latexit sha1_base64="P8875r5917EuxGaq397Ol73PZvY="></latexit>

d⌦(log k/ log log k)



Setup: Let     be a Euclidean space with inner product       .  
Let     be a graph with vertex set           and edge set          . 

Definition:                       is called an orthonormal 
representation if 
•        is a unit vector, 
•                          for distinct                     such that                   . 

<latexit sha1_base64="rCBwMCva1jVCdyCOkJvNNE/vJfE=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmIWSIbQ06lJWnt6hu4eIQ55Ai8eFPHqA/gUPoE3j76JneWgiT80fPx/FV1VfsyZ0o7zZWXm5hcWl7LLuZXVtfWN/OZWTUWJpFilEY9kwycKORNY1UxzbMQSSehzrPu358O8fodSsUhc636MXki6ggWMEm2sylU7X3CKzkj2LLgTKJx93H9fvO+k5Xb+s9WJaBKi0JQTpZquE2svJVIzynGQayUKY0JvSRebBgUJUXnpaNCBvW+cjh1E0jyh7ZH7uyMloVL90DeVIdE9NZ0Nzf+yZqKDUy9lIk40Cjr+KEi4rSN7uLXdYRKp5n0DhEpmZrVpj0hCtblNzhzBnV55FmqHRfe4eFRxC6USjJWFXdiDA3DhBEpwCWWoAgWEB3iCZ+vGerRerNdxacaa9GzDH1lvP+jWkLw=</latexit>

R
<latexit sha1_base64="3UZaSh3Kvb5V5ZX/26ie9UqzaIA=">AAACBHicbVDLSgMxFM3UR2t9jbrsJlgEF1JmxNey4MZlC/YBnaFkMpk2NJMMSUYoQxdu/BU3LhRx60e48wfEzzCddqGtBy73cM69JPcECaNKO86nVVhZXVsvljbKm1vbO7v23n5biVRi0sKCCdkNkCKMctLSVDPSTSRBccBIJxhdT/3OHZGKCn6rxwnxYzTgNKIYaSP17YrHEB8w4uFQ6BOYN+jJXOvbVafm5IDLxJ2Tah02v79KxfNG3/7wQoHTmHCNGVKq5zqJ9jMkNcWMTMpeqkiC8AgNSM9QjmKi/Cw/YgKPjBLCSEhTXMNc/b2RoVipcRyYyRjpoVr0puJ/Xi/V0ZWfUZ6kmnA8eyhKGdQCThOBIZUEazY2BGFJzV8hHiKJsDa5lU0I7uLJy6R9WnMvamdNt1qvgxlKoAIOwTFwwSWogxvQAC2AwT14BM/gxXqwnqxX6202WrDmOwfgD6z3H/ySmpw=</latexit>

h·, ·i

<latexit sha1_base64="5Ys63/twpoNgWoCVbJbViIADAgc=">AAACBHicbVC7TsMwFHXKo6W8AoxdLCqkslQJ4jVGYoCxRfQhNVHluE5r1XEi2wFVUQcWfoWFAYRY+Qg2fgDxGThtB2g50pWOzrnXvvf4MaNSWdankVtaXlnNF9aK6xubW9vmzm5TRonApIEjFom2jyRhlJOGooqRdiwICn1GWv7wIvNbt0RIGvEbNYqJF6I+pwHFSGmpa5YC6GavcNisXB5CV9D+QCEhojt43TXLVtWaAC4Se0bKDqx/fxXyJ7Wu+eH2IpyEhCvMkJQd24qVlyKhKGZkXHQTSWKEh6hPOppyFBLppZMjxvBAKz0YREIXV3Ci/p5IUSjlKPR1Z4jUQM57mfif10lUcO6llMeJIhxPPwoSBlUEs0RgjwqCFRtpgrCgeleIB0ggrHRuRR2CPX/yImkeVe3T6nHdLjsOmKIASmAfVIANzoADrkANNAAG9+ARPIMX48F4Ml6Nt2lrzpjN7IE/MN5/AKLfmcI=</latexit>

f : V (G) ! R

<latexit sha1_base64="ZQ5e5IKMCJd0aSCuIZuEklH+YII=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgId4TMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8332V3/bSSif/0e5GNAlRaMqJUi3XibWXEqkZ5TjKtROFMaED0sOWQUFCVF46GXRkHxqnaweRNE9oe+L+7EhJqNQw9E1lSHRfzWdj87+slejg3EuZiBONgk4/ChJu68geb213mUSq+dAAoZKZWW3aJ5JQbW6TM0dw51f+C/XjontaPKm6hVIJpsrCPhzAEbhwBiW4ggrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9gqkLE=</latexit>

G

<latexit sha1_base64="edcsJakXjFDB4y08dulm/LJ2N/A=">AAAB83icbVDLSsNAFL3x1VpfVZduBotQQUoivpYBF7pswT6gCWUynbRDJ5MwMymU0N9w40IRt/6MO39A/Aynj4W2HrhwOOde7r0nSDhT2rY/rZXVtfWNXH6zsLW9s7tX3D9oqDiVhNZJzGPZCrCinAla10xz2kokxVHAaTMY3E785pBKxWLxoEcJ9SPcEyxkBGsjeenZEHlMoEb57rRTLNkVewq0TJw5Kbmo9v2Vz11WO8UPrxuTNKJCE46Vajt2ov0MS80Ip+OClyqaYDLAPdo2VOCIKj+b3jxGJ0bpojCWpoRGU/X3RIYjpUZRYDojrPtq0ZuI/3ntVIc3fsZEkmoqyGxRmHKkYzQJAHWZpETzkSGYSGZuRaSPJSbaxFQwITiLLy+TxnnFuapc1JyS68IMeTiCYyiDA9fgwj1UoQ4EEniEZ3ixUuvJerXeZq0r1nzmEP7Aev8B18iTMQ==</latexit>

u, v 2 V (G)

<latexit sha1_base64="+j72hOfxC99V4O8snMK6opECAzI=">AAAB63icbZDLSgMxFIbPeGutt6pLN8Ei1E2ZEW/LATcuW7AXaIeSSTNtaJIZkkyhlL6CGxeKuPWF3PkC4mOYabvQ1h8CH/9/DjnnhAln2rjup7O2vrG5lctvF3Z29/YPiodHDR2nitA6iXmsWiHWlDNJ64YZTluJoliEnDbD4V2WN0dUaRbLBzNOaCBwX7KIEWwyKyqPzrvFkltxZ0Kr4C2g5KPa91c+d1XtFj86vZikgkpDONa67bmJCSZYGUY4nRY6qaYJJkPcp22LEguqg8ls1ik6s04PRbGyTxo0c393TLDQeixCWymwGejlLDP/y9qpiW6DCZNJaqgk84+ilCMTo2xx1GOKEsPHFjBRzM6KyAArTIw9T8EewVteeRUaFxXvunJZ80q+D3Pl4QROoQwe3IAP91CFOhAYwCM8w4sjnCfn1Xmbl645i55j+CPn/QcjMpCW</latexit>

f(v)
<latexit sha1_base64="GnRJOhO1/GBYJYsv72hzaaA1vuo=">AAACB3icbVDLSsNAFJ34aq2vqEtBBovQgpREfG2EgBuXLdgHNKFMppN26GQSZiaFErpz46+4caGIW3/BnT8gfobTpgttPXAvh3PuZeYeP2ZUKsv6NJaWV1bXcvn1wsbm1vaOubvXkFEiMKnjiEWi5SNJGOWkrqhipBULgkKfkaY/uJn4zSERkkb8To1i4oWox2lAMVJa6piHLkO8xwgMSkn5RPdhGboik66h1TGLVsWaAi4Se0aKDqx9f+Vz59WO+eF2I5yEhCvMkJRt24qVlyKhKGZkXHATSWKEB6hH2ppyFBLppdM7xvBYK10YREIXV3Cq/t5IUSjlKPT1ZIhUX857E/E/r52o4MpLKY8TRTjOHgoSBlUEJ6HALhUEKzbSBGFB9V8h7iOBsNLRFXQI9vzJi6RxWrEvKmc1u+g4IEMeHIAjUAI2uAQOuAVVUAcY3INH8AxejAfjyXg13rLRJWO2sw/+wHj/ARl9mdQ=</latexit>

hf(u), f(v)i = 0
<latexit sha1_base64="69QwqhJFCLy1cc1o2RzFimGm5vI=">AAAB9XicbVDJSgNBEK1xS4xb1KOXxiDES5gRt+OAiB4TMAskY+jp9CRNenqG7p5IGPIfXjwo4tV/8eYPiJ9hZzlo4oOCx3tVVNXzY86Utu1Pa2l5ZXUtk13PbWxube/kd/dqKkokoVUS8Ug2fKwoZ4JWNdOcNmJJcehzWvf7V2O/PqBSsUjc6WFMvRB3BQsYwdpI98kAtUSkmUDXxZvjdr5gl+wJ0CJxZqTgosr3VzZzVm7nP1qdiCQhFZpwrFTTsWPtpVhqRjgd5VqJojEmfdylTUMFDqny0snVI3RklA4KImlKaDRRf0+kOFRqGPqmM8S6p+a9sfif10x0cOmlTMSJpoJMFwUJRzpC4whQh0lKNB8agolk5lZEelhiok1QOROCM//yIqmdlJzz0mnFKbguTJGFAziEIjhwAS7cQhmqQEDCIzzDi/VgPVmv1tu0dcmazezDH1jvP9CDlFk=</latexit>

uv /2 E(G)

<latexit sha1_base64="fMGW0NszaPjSWnAHLWKB6+KpGO4=">AAAB63icbZDLSgMxFIbPeGutt6pLN8Ei1E2ZEW/LggtdtmAv0A4lk2ba0CQzJBmhDH0FNy4UcesLufMFxMcw03ahrT8EPv7/HHLOCWLOtHHdT2dldW19I5ffLGxt7+zuFfcPmjpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo5ssbz1QpVkk7804pr7AA8lCRrDJrGb59rRXLLkVdyq0DN4cSlVU//7K5y5qveJHtx+RRFBpCMdadzw3Nn6KlWGE00mhm2gaYzLCA9qxKLGg2k+ns07QiXX6KIyUfdKgqfu7I8VC67EIbKXAZqgXs8z8L+skJrz2UybjxFBJZh+FCUcmQtniqM8UJYaPLWCimJ0VkSFWmBh7noI9gre48jI0zyreZeW87pWqVZgpD0dwDGXw4AqqcAc1aACBITzCM7w4wnlyXp23WemKM+85hD9y3n8Aw0iQVw==</latexit>

V (G)
<latexit sha1_base64="yLxn02UXaOBM8cCeVRokQbe+5Vs=">AAAB63icbZDLSsNAFIZP6qW13qou3QwWoW5KIt6WARFdtmAv0IYymU7aoTOTMDMRSugruHGhiFtfyJ0vID6GSduFtv4w8PH/5zDnHD/iTBvb/rRyK6tr6/nCRnFza3tnt7S339RhrAhtkJCHqu1jTTmTtGGY4bQdKYqFz2nLH11neeuBKs1CeW/GEfUEHkgWMIJNZt1Ubk96pbJdtadCy+DMoeyi+vdXIX9e65U+uv2QxIJKQzjWuuPYkfESrAwjnE6K3VjTCJMRHtBOihILqr1kOusEHadOHwWhSp80aOr+7kiw0Hos/LRSYDPUi1lm/pd1YhNceQmTUWyoJLOPgpgjE6JscdRnihLDxylgolg6KyJDrDAx6XmK6RGcxZWXoXladS6qZ3Wn7LowUwEO4Qgq4MAluHAHNWgAgSE8wjO8WMJ6sl6tt1lpzpr3HMAfWe8/qVGQRg==</latexit>

E(G)

Nearly Equivalent Questions

Definition: The minimum semidefinite rank              is the 
minimum    such that there exists an orthonormal 
representation                        .

Question(B., Letzter, Sudakov 20): What is the minimum of              
            over all    -free graphs     with    vertices?

<latexit sha1_base64="ZQ5e5IKMCJd0aSCuIZuEklH+YII=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgId4TMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8332V3/bSSif/0e5GNAlRaMqJUi3XibWXEqkZ5TjKtROFMaED0sOWQUFCVF46GXRkHxqnaweRNE9oe+L+7EhJqNQw9E1lSHRfzWdj87+slejg3EuZiBONgk4/ChJu68geb213mUSq+dAAoZKZWW3aJ5JQbW6TM0dw51f+C/XjontaPKm6hVIJpsrCPhzAEbhwBiW4ggrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9gqkLE=</latexit>

G <latexit sha1_base64="SGFf/4A1NZk+ng5omUS5BaHpIf4=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simjnC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxNVkNg=</latexit>n

<latexit sha1_base64="aWM4kpwSqGQSSjMhsVjC81YZV6I=">AAAB9HicbVDJSgNBEO2JS2Lcoh69NAYhXsKMuB0HPOgxAbNAMoSeTk/SpKdn7K4JhiHf4cWDIl79GG/+gPgZdpaDJj4oeLxXRVU9PxZcg21/WpmV1bX1bG4jv7m1vbNb2Nuv6yhRlNVoJCLV9IlmgktWAw6CNWPFSOgL1vAH1xO/MWRK80jewShmXkh6kgecEjCS1wb2AGmo1bh0c9IpFO2yPQVeJs6cFF1c/f7KZc8rncJHuxvRJGQSqCBatxw7Bi8lCjgVbJxvJ5rFhA5Ij7UMlSRk2kunR4/xsVG6OIiUKQl4qv6eSEmo9Sj0TWdIoK8XvYn4n9dKILjyUi7jBJiks0VBIjBEeJIA7nLFKIiRIYQqbm7FtE8UoWByypsQnMWXl0n9tOxclM+qTtF10Qw5dIiOUAk56BK56BZVUA1RdI8e0TN6sYbWk/Vqvc1aM9Z85gD9gfX+A1+TlMY=</latexit>

msr(G)
<latexit sha1_base64="jXnQhK41O7mY94o7XbLfuURKGa0=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ01NJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6gnUYJdpYlaCdLzhFZyx7HtwpFC4+7r+v3vfScjv/2QoimoQoNOVEqabrxNpLidSMchzmWonCmNA+6WLToCAhKi8dDzq0D40T2J1Imie0PXZ/d6QkVGoQ+qYyJLqnZrOR+V/WTHTn3EuZiBONgk4+6iTc1pE92toOmESq+cAAoZKZWW3aI5JQbW6TM0dwZ1eeh9px0T0tnlTcQqkEE2VhHw7gCFw4gxJcQxmqQAHhAZ7g2bq1Hq0X63VSmrGmPbvwR9bbDwQtkM4=</latexit>

d
<latexit sha1_base64="I7Cy0AlH4xfZWAVQQ6kaXLNXtwA=">AAACD3icbVC7TsMwFHV4tZRXgJHFogKVpUoQrzESA4wtog+pCZXjOq1Vx4lsB1RF/QMWfoWFAYRYWdn4AcRn4LQdoOVIlo7Ouff63uPHjEplWZ/G3PzC4lIuv1xYWV1b3zA3t+oySgQmNRyxSDR9JAmjnNQUVYw0Y0FQ6DPS8Pvnmd+4JULSiF+rQUy8EHU5DShGSkttcz+AbjaFw3rp4gC6gnZ7CgkR3UE3RKrn++nV8KbTNotW2RoBzhJ7QooOrH5/5XPHlbb54XYinISEK8yQlC3bipWXIqEoZmRYcBNJYoT7qEtamnIUEumlo3uGcE8rHRhEQj+u4Ej93ZGiUMpB6OvKbEc57WXif14rUcGZl1IeJ4pwPP4oSBhUEczCgR0qCFZsoAnCgupdIe4hgbDSERZ0CPb0ybOkfli2T8pHVbvoOGCMPNgBu6AEbHAKHHAJKqAGMLgHj+AZvBgPxpPxaryNS+eMSc82+APj/QeSGJ60</latexit>

f : V (G) ! Rd

<latexit sha1_base64="aWM4kpwSqGQSSjMhsVjC81YZV6I=">AAAB9HicbVDJSgNBEO2JS2Lcoh69NAYhXsKMuB0HPOgxAbNAMoSeTk/SpKdn7K4JhiHf4cWDIl79GG/+gPgZdpaDJj4oeLxXRVU9PxZcg21/WpmV1bX1bG4jv7m1vbNb2Nuv6yhRlNVoJCLV9IlmgktWAw6CNWPFSOgL1vAH1xO/MWRK80jewShmXkh6kgecEjCS1wb2AGmo1bh0c9IpFO2yPQVeJs6cFF1c/f7KZc8rncJHuxvRJGQSqCBatxw7Bi8lCjgVbJxvJ5rFhA5Ij7UMlSRk2kunR4/xsVG6OIiUKQl4qv6eSEmo9Sj0TWdIoK8XvYn4n9dKILjyUi7jBJiks0VBIjBEeJIA7nLFKIiRIYQqbm7FtE8UoWByypsQnMWXl0n9tOxclM+qTtF10Qw5dIiOUAk56BK56BZVUA1RdI8e0TN6sYbWk/Vqvc1aM9Z85gD9gfX+A1+TlMY=</latexit>

msr(G)
<latexit sha1_base64="Rb5I4ByHmoijnrmDWndKdzxG58A=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAdzTMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8331dve2llU7+o92NaBKi0JQTpVquE2svJVIzynGUaycKY0IHpIctg4KEqLx0MujIPjRO1w4iaZ7Q9sT92ZGSUKlh6JvKkOi+ms/G5n9ZK9HBuZcyEScaBZ1+FCTc1pE93truMolU86EBQiUzs9q0TySh2twmZ47gzq/8F+rHRfe0eFJ1C6USTJWFfTiAI3DhDEpQhgrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9mukLI=</latexit>

H

Answer(Rosenfeld 81):           when     is a triangle.
<latexit sha1_base64="f/hRALcfNR+pzFbr+55xiXoKFsM=">AAAB+nicbZDLSsNAFIYn3lrrLdWlm8EiuKpJ8bYsuHHZgr1AE8pketoOnUzCzEQpsY/ixoUibn0Sd76A+BhO2i609YeBj/+cwznzBzFnSjvOp7Wyura+kctvFra2d3b37OJ+U0WJpNCgEY9kOyAKOBPQ0ExzaMcSSBhwaAWj66zeugOpWCRu9TgGPyQDwfqMEm2srl30OAXGsTitYE9m2LVLTtmZCi+DO4dSFde/v/K581rX/vB6EU1CEJpyolTHdWLtp0RqRjlMCl6iICZ0RAbQMShICMpPp6dP8LFxergfSfOExlP390RKQqXGYWA6Q6KHarGWmf/VOonuX/kpE3GiQdDZon7CsY5wlgPuMQlU87EBQiUzt2I6JJJQbdIqmBDcxS8vQ7NSdi/KZ3W3VK2imfLoEB2hE+SiS1RFN6iGGoiie/SIntGL9WA9Wa/W26x1xZrPHKA/st5/AMbNlfs=</latexit>

dn/2e <latexit sha1_base64="Rb5I4ByHmoijnrmDWndKdzxG58A=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAdzTMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8331dve2llU7+o92NaBKi0JQTpVquE2svJVIzynGUaycKY0IHpIctg4KEqLx0MujIPjRO1w4iaZ7Q9sT92ZGSUKlh6JvKkOi+ms/G5n9ZK9HBuZcyEScaBZ1+FCTc1pE93truMolU86EBQiUzs9q0TySh2twmZ47gzq/8F+rHRfe0eFJ1C6USTJWFfTiAI3DhDEpQhgrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9mukLI=</latexit>

H



Nearly Equivalent Questions
Question(B., Letzter, Sudakov 20): What is the minimum of              
            over all    -free graphs     with    vertices?

<latexit sha1_base64="ZQ5e5IKMCJd0aSCuIZuEklH+YII=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgId4TMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8332V3/bSSif/0e5GNAlRaMqJUi3XibWXEqkZ5TjKtROFMaED0sOWQUFCVF46GXRkHxqnaweRNE9oe+L+7EhJqNQw9E1lSHRfzWdj87+slejg3EuZiBONgk4/ChJu68geb213mUSq+dAAoZKZWW3aJ5JQbW6TM0dw51f+C/XjontaPKm6hVIJpsrCPhzAEbhwBiW4ggrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9gqkLE=</latexit>

G <latexit sha1_base64="SGFf/4A1NZk+ng5omUS5BaHpIf4=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simjnC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxNVkNg=</latexit>n
<latexit sha1_base64="aWM4kpwSqGQSSjMhsVjC81YZV6I=">AAAB9HicbVDJSgNBEO2JS2Lcoh69NAYhXsKMuB0HPOgxAbNAMoSeTk/SpKdn7K4JhiHf4cWDIl79GG/+gPgZdpaDJj4oeLxXRVU9PxZcg21/WpmV1bX1bG4jv7m1vbNb2Nuv6yhRlNVoJCLV9IlmgktWAw6CNWPFSOgL1vAH1xO/MWRK80jewShmXkh6kgecEjCS1wb2AGmo1bh0c9IpFO2yPQVeJs6cFF1c/f7KZc8rncJHuxvRJGQSqCBatxw7Bi8lCjgVbJxvJ5rFhA5Ij7UMlSRk2kunR4/xsVG6OIiUKQl4qv6eSEmo9Sj0TWdIoK8XvYn4n9dKILjyUi7jBJiks0VBIjBEeJIA7nLFKIiRIYQqbm7FtE8UoWByypsQnMWXl0n9tOxclM+qTtF10Qw5dIiOUAk56BK56BZVUA1RdI8e0TN6sYbWk/Vqvc1aM9Z85gD9gfX+A1+TlMY=</latexit>

msr(G)
<latexit sha1_base64="Rb5I4ByHmoijnrmDWndKdzxG58A=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAdzTMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8331dve2llU7+o92NaBKi0JQTpVquE2svJVIzynGUaycKY0IHpIctg4KEqLx0MujIPjRO1w4iaZ7Q9sT92ZGSUKlh6JvKkOi+ms/G5n9ZK9HBuZcyEScaBZ1+FCTc1pE93truMolU86EBQiUzs9q0TySh2twmZ47gzq/8F+rHRfe0eFJ1C6USTJWFfTiAI3DhDEpQhgrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9mukLI=</latexit>

H

Answer(Alon and Szegedy 99): At most                           when  
    is the complete graph on    vertices.

<latexit sha1_base64="5qAjPrRgAHYUSiPS8PCqpsS/bVg=">AAACB3icbZDLSgMxFIYz9VbrbbzsBAkWoW7qjIi6s+BCd1awF2jHkkkzbWgmMyQZoQ6zc+OruNCFIm4Fn8CdS9/EdNqFth5I+Pj/c0jO74aMSmVZX0Zmanpmdi47n1tYXFpeMVfXqjKIBCYVHLBA1F0kCaOcVBRVjNRDQZDvMlJze6cDv3ZDhKQBv1L9kDg+6nDqUYyUllrmFr+OLwpNFnTi9OolCdyDI9xNWmbeKlppwUmwR5A/+bj9PnvciMst87PZDnDkE64wQ1I2bCtUToyEopiRJNeMJAkR7qEOaWjkyCfSidM9ErijlTb0AqEPVzBVf0/EyJey77u600eqK8e9gfif14iUd+zElIeRIhwPH/IiBlUAB6HANhUEK9bXgLCg+q8Qd5FAWOnocjoEe3zlSajuF+3D4sGlnS+VwLCyYBNsgwKwwREogXNQBhWAwR14AM/gxbg3noxX423YmjFGM+vgTxnvPwzBnSg=</latexit>

nO(log log k/ log k)

<latexit sha1_base64="Rb5I4ByHmoijnrmDWndKdzxG58A=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAdzTMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8331dve2llU7+o92NaBKi0JQTpVquE2svJVIzynGUaycKY0IHpIctg4KEqLx0MujIPjRO1w4iaZ7Q9sT92ZGSUKlh6JvKkOi+ms/G5n9ZK9HBuZcyEScaBZ1+FCTc1pE93truMolU86EBQiUzs9q0TySh2twmZ47gzq/8F+rHRfe0eFJ1C6USTJWFfTiAI3DhDEpQhgrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9mukLI=</latexit>

H
<latexit sha1_base64="VuWd1j9ijuHICrpsg2btt9AbQ2I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2sSr+dLzhFZyx7HtwpFC4+7r+v3vfScjv/2epENAlRaMqJUk3XibWXEqkZ5TjMtRKFMaF90sWmQUFCVF46HnRoHxqnYweRNE9oe+z+7khJqNQg9E1lSHRPzWYj87+smejg3EuZiBONgk4+ChJu68gebW13mESq+cAAoZKZWW3aI5JQbW6TM0dwZ1eeh9px0T0tnlTcQqkEE2VhHw7gCFw4gxJcQxmqQAHhAZ7g2bq1Hq0X63VSmrGmPbvwR9bbDw7JkNU=</latexit>

k

Answer(B., Letzter, Sudakov 20):           when      is a cycle of 
length         . 

<latexit sha1_base64="Rb5I4ByHmoijnrmDWndKdzxG58A=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAdzTMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8331dve2llU7+o92NaBKi0JQTpVquE2svJVIzynGUaycKY0IHpIctg4KEqLx0MujIPjRO1w4iaZ7Q9sT92ZGSUKlh6JvKkOi+ms/G5n9ZK9HBuZcyEScaBZ1+FCTc1pE93truMolU86EBQiUzs9q0TySh2twmZ47gzq/8F+rHRfe0eFJ1C6USTJWFfTiAI3DhDEpQhgrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9mukLI=</latexit>

H
<latexit sha1_base64="FIOKt6o/G6e2NpsPnvEiwp+nt7k=">AAAB+nicbZDLSsNAFIYn9dJab6ku3QwWwVVNxNuy4MZlC/YCbSiT6Uk7dDIJMxOlxD6KGxeKuPVJ3PkC4mM4abvQ1h8GPv5zDufM78ecKe04n1ZuZXVtPV/YKG5ube/s2qW9pooSSaFBIx7Jtk8UcCagoZnm0I4lkNDn0PJH11m9dQdSsUjc6nEMXkgGggWMEm2snl3qcgqMY3Eywl2ZYc8uOxVnKrwM7hzKVVz//irkz2s9+6Pbj2gSgtCUE6U6rhNrLyVSM8phUuwmCmJCR2QAHYOChKC8dHr6BB8Zp4+DSJonNJ66vydSEio1Dn3TGRI9VIu1zPyv1kl0cOWlTMSJBkFni4KEYx3hLAfcZxKo5mMDhEpmbsV0SCSh2qRVNCG4i19ehuZpxb2onNXdcrWKZiqgA3SIjpGLLlEV3aAaaiCK7tEjekYv1oP1ZL1ab7PWnDWf2Ud/ZL3/AB7PljQ=</latexit>

dn/ke
<latexit sha1_base64="C2TP67NgnfxBDzrLwlWCFi4/y5o=">AAAB6nicbZA7SwNBFIXvqokxvqKWNoNBEISwI6KWCzaWEc0DkiXMTmaTIbOzy8ysEJa0djYWimhp6a+x84fYO3kUmnhg4OOce5l7b5AIro3rfjlLyyu5/Gphrbi+sbm1XdrZres4VZTVaCxi1QyIZoJLVjPcCNZMFCNRIFgjGFyO88YdU5rH8tYME+ZHpCd5yCkx1roZHONOqexW3InQIuAZlL3827f8uM9VO6XPdjemacSkoYJo3cJuYvyMKMOpYKNiO9UsIXRAeqxlUZKIaT+bjDpCh9bpojBW9kmDJu7vjoxEWg+jwFZGxPT1fDY2/8taqQkv/IzLJDVM0ulHYSqQidF4b9TlilEjhhYIVdzOimifKEKNvU7RHgHPr7wI9ZMKPqucXuOy58FUBdiHAzgCDOfgwRVUoQYUevAAT/DsCOfReXFep6VLzqxnD/7Ief8BWpaQ3w==</latexit>

k + 1

Answer(B. 24): At most                           when     is the 
complete bipartite graph with parts of size    .

<latexit sha1_base64="5qAjPrRgAHYUSiPS8PCqpsS/bVg=">AAACB3icbZDLSgMxFIYz9VbrbbzsBAkWoW7qjIi6s+BCd1awF2jHkkkzbWgmMyQZoQ6zc+OruNCFIm4Fn8CdS9/EdNqFth5I+Pj/c0jO74aMSmVZX0Zmanpmdi47n1tYXFpeMVfXqjKIBCYVHLBA1F0kCaOcVBRVjNRDQZDvMlJze6cDv3ZDhKQBv1L9kDg+6nDqUYyUllrmFr+OLwpNFnTi9OolCdyDI9xNWmbeKlppwUmwR5A/+bj9PnvciMst87PZDnDkE64wQ1I2bCtUToyEopiRJNeMJAkR7qEOaWjkyCfSidM9ErijlTb0AqEPVzBVf0/EyJey77u600eqK8e9gfif14iUd+zElIeRIhwPH/IiBlUAB6HANhUEK9bXgLCg+q8Qd5FAWOnocjoEe3zlSajuF+3D4sGlnS+VwLCyYBNsgwKwwREogXNQBhWAwR14AM/gxbg3noxX423YmjFGM+vgTxnvPwzBnSg=</latexit>

nO(log log k/ log k) <latexit sha1_base64="Rb5I4ByHmoijnrmDWndKdzxG58A=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAdzTMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8331dve2llU7+o92NaBKi0JQTpVquE2svJVIzynGUaycKY0IHpIctg4KEqLx0MujIPjRO1w4iaZ7Q9sT92ZGSUKlh6JvKkOi+ms/G5n9ZK9HBuZcyEScaBZ1+FCTc1pE93truMolU86EBQiUzs9q0TySh2twmZ47gzq/8F+rHRfe0eFJ1C6USTJWFfTiAI3DhDEpQhgrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9mukLI=</latexit>

H
<latexit sha1_base64="VuWd1j9ijuHICrpsg2btt9AbQ2I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2sSr+dLzhFZyx7HtwpFC4+7r+v3vfScjv/2epENAlRaMqJUk3XibWXEqkZ5TjMtRKFMaF90sWmQUFCVF46HnRoHxqnYweRNE9oe+z+7khJqNQg9E1lSHRPzWYj87+smejg3EuZiBONgk4+ChJu68gebW13mESq+cAAoZKZWW3aI5JQbW6TM0dwZ1eeh9px0T0tnlTcQqkEE2VhHw7gCFw4gxJcQxmqQAHhAZ7g2bq1Hq0X63VSmrGmPbvwR9bbDw7JkNU=</latexit>

k

Cool, but why should we care?



Nearly Equivalent Questions
Definition: The Lovász theta function          is the maximum 
over all orthonormal representations    of     , of the largest 
eigenvalue of the Gram matrix defined by

<latexit sha1_base64="j6C7q3VvbrKpulPkL7OSYqA/JM0=">AAAB83icbVDLSgMxFL1TH631VXXpJliEuikz4ms54EKXLdgHdIaSSTNtaCYzJJlCGfobblwo4tafcecPiJ9h+lho64ELh3PuTe49QcKZ0rb9aeXW1jc284Wt4vbO7t5+6eCwqeJUEtogMY9lO8CKciZoQzPNaTuRFEcBp61geDv1WyMqFYvFgx4n1I9wX7CQEayN5HkjLPWAaly5O+uWynbVngGtEmdByi6qf38V8pe1bunD68UkjajQhGOlOo6daD8zLzLC6aTopYommAxxn3YMFTiiys9mO0/QqVF6KIylKaHRTP09keFIqXEUmM4I64Fa9qbif14n1eGNnzGRpJoKMv8oTDnSMZoGgHpMUqL52BBMJDO7IjLAEhNtYiqaEJzlk1dJ87zqXFUv6k7ZdWGOAhzDCVTAgWtw4R5q0AACCTzCM7xYqfVkvVpv89actZg5gj+w3n8AKVyUDA==</latexit>

#(G)
<latexit sha1_base64="0Jevx3bUpGAlqkLAaXUHveiY91I=">AAAB6HicbZDLSgMxFIbP1Futt6orcWGwCK7KjIi6HHDjsgV7gXYomTTTxmaSIckIZejahRsXirj1kbrzOXwB08tCW38IfPz/OeScEyacaeO6X05uZXVtfSO/Wdja3tndK+4f1LVMFaE1IrlUzRBrypmgNcMMp81EURyHnDbCwe0kbzxSpZkU92aY0CDGPcEiRrCxVjXqFEtu2Z0KLYM3h5J/9NSR45PvSqc4bnclSWMqDOFY65bnJibIsDKMcDoqtFNNE0wGuEdbFgWOqQ6y6aAjdGadLoqksk8YNHV/d2Q41noYh7YyxqavF7OJ+V/WSk10E2RMJKmhgsw+ilKOjESTrVGXKUoMH1rARDE7KyJ9rDAx9jYFewRvceVlqF+UvavyZdUr+T7MlIdjOIVz8OAafLiDCtSAAIVneIU358F5cd6dj1lpzpn3HMIfOZ8/l5+QgA==</latexit>

f
<latexit sha1_base64="JIKL4TeGPTmyP/YJb9Gqxc7sKbo=">AAACDHicbVDLSgMxFM3UR2t9VV26CRahhVJmxNdGGHDjRmjBPqAzlEyaaUMzmSHJFMrQD3Djr7hxoYhbP8CdPyB+hum0C209kHA451ySe7yIUalM89PIrKyurWdzG/nNre2d3cLeflOGscCkgUMWiraHJGGUk4aiipF2JAgKPEZa3vB66rdGREga8js1jogboD6nPsVIaalbKN6W4sqoDK+gwxDvMwL9Ulyu6FuLjkglnTKrZgq4TKw5Kdqw/v2Vy57VuoUPpxfiOCBcYYak7FhmpNwECUUxI5O8E0sSITxEfdLRlKOASDdJl5nAY630oB8KfbiCqfp7IkGBlOPA08kAqYFc9Kbif14nVv6lm1AexYpwPHvIjxlUIZw2A3tUEKzYWBOEBdV/hXiABMJK95fXJViLKy+T5knVOq+e1q2ibYMZcuAQHIESsMAFsMENqIEGwOAePIJn8GI8GE/Gq/E2i2aM+cwB+APj/QdBY5uL</latexit>

M(u, v) = hf(u), f(v)i

Question(B., Letzter, Sudakov 20): What is the maximum of          
over all    -free graphs     with    vertices?

<latexit sha1_base64="Tx5Jer6Q7NaFWgiCFwXr8qjZ3U0=">AAACAHicbVDLSsNAFJ3UR2t9RV24cDNYhLopifhaBlzosgX7gCaUyXTSDp1kwsykUEI2/oobF4q49TPc+QPiZzhpu9DWCwOHc869d+7xY0alsqxPo7CyurZeLG2UN7e2d3bNvf2W5InApIk546LjI0kYjUhTUcVIJxYEhT4jbX90k+vtMRGS8uheTWLihWgQ0YBipDTVMw/dMRJqSBSqulwb8znpbXbaMytWzZoWXAb2HFQc2Pj+KhUv6j3zw+1znIQkUpghKbu2FSsv1cMpZiQru4kkMcIjNCBdDSMUEuml0wMyeKKZPgy40C9ScMr+7khRKOUk9LUzRGooF7Wc/E/rJiq49lIaxYkiEZ4tChIGFYd5GrBPBcGKTTRAWFD9V4iHSCCsdGZlHYK9ePIyaJ3V7MvaecOuOA6YVQkcgWNQBTa4Ag64A3XQBBhk4BE8gxfjwXgyXo23mbVgzHsOwJ8y3n8Aq4SZYw==</latexit>

#(G)
<latexit sha1_base64="ZQ5e5IKMCJd0aSCuIZuEklH+YII=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgId4TMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8332V3/bSSif/0e5GNAlRaMqJUi3XibWXEqkZ5TjKtROFMaED0sOWQUFCVF46GXRkHxqnaweRNE9oe+L+7EhJqNQw9E1lSHRfzWdj87+slejg3EuZiBONgk4/ChJu68geb213mUSq+dAAoZKZWW3aJ5JQbW6TM0dw51f+C/XjontaPKm6hVIJpsrCPhzAEbhwBiW4ggrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9gqkLE=</latexit>

G <latexit sha1_base64="SGFf/4A1NZk+ng5omUS5BaHpIf4=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simjnC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxNVkNg=</latexit>n
<latexit sha1_base64="Rb5I4ByHmoijnrmDWndKdzxG58A=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAdzTMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8331dve2llU7+o92NaBKi0JQTpVquE2svJVIzynGUaycKY0IHpIctg4KEqLx0MujIPjRO1w4iaZ7Q9sT92ZGSUKlh6JvKkOi+ms/G5n9ZK9HBuZcyEScaBZ1+FCTc1pE93truMolU86EBQiUzs9q0TySh2twmZ47gzq/8F+rHRfe0eFJ1C6USTJWFfTiAI3DhDEpQhgrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9mukLI=</latexit>

H

Answer(Konyagin 81, Alon 94):              when     is a triangle.
<latexit sha1_base64="Rb5I4ByHmoijnrmDWndKdzxG58A=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAdzTMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8331dve2llU7+o92NaBKi0JQTpVquE2svJVIzynGUaycKY0IHpIctg4KEqLx0MujIPjRO1w4iaZ7Q9sT92ZGSUKlh6JvKkOi+ms/G5n9ZK9HBuZcyEScaBZ1+FCTc1pE93truMolU86EBQiUzs9q0TySh2twmZ47gzq/8F+rHRfe0eFJ1C6USTJWFfTiAI3DhDEpQhgrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9mukLI=</latexit>

H
<latexit sha1_base64="eYU0z6AnprYFLBa3MkITsmoNt6A=">AAAB+HicbVDJTgJBEK3BBcQF1KOXjsQELzjjfiTx4hEStgRG0tP0QIeenkl3jwlO+BIvHjTGq5/izR8wfobNclDwJZW8vFeVqnpexJnStv1ppVZW19bTmY3s5tb2Ti6/u9dQYSwJrZOQh7LlYUU5E7Sumea0FUmKA4/Tpje8mfjNeyoVC0VNjyLqBrgvmM8I1kbq5nOd2oBqXBR3iXNyNj7u5gt2yZ4CLRNnTgplVP3+yqQvKt38R6cXkjigQhOOlWo7dqTdBEvNCKfjbCdWNMJkiPu0bajAAVVuMj18jI6M0kN+KE0Jjabq74kEB0qNAs90BlgP1KI3Ef/z2rH2r92EiSjWVJDZIj/mSIdokgLqMUmJ5iNDMJHM3IrIAEtMtMkqa0JwFl9eJo3TknNZOq86hXIZZsjAARxCERy4gjLcQgXqQCCGR3iGF+vBerJerbdZa8qaz+zDH1jvPxgclQI=</latexit>

⇥(n1/3)

Answer(B., Letzter, Sudakov 20): At most               when     is 
the cycle of length   , for a fixed   .

<latexit sha1_base64="9ntH7EqFHyEyO367BcajwjQZ6rg=">AAAB8XicbZDLSgMxFIbP1EtrvVVdugkWoW7qjHhbDrhxZwv2gu1YMmmmDc1khiQjlKFv4caFIm59G3e+gPgYppeFtv4Q+Pj/c8g5x485U9q2P63M0vLKaja3ll/f2NzaLuzs1lWUSEJrJOKRbPpYUc4ErWmmOW3GkuLQ57ThD67GeeOBSsUicauHMfVC3BMsYARrY93dlMR96hwPRkedQtEu2xOhRXBmUHRR9fsrlz2rdAof7W5EkpAKTThWquXYsfZSLDUjnI7y7UTRGJMB7tGWQYFDqrx0MvEIHRqni4JImic0mri/O1IcKjUMfVMZYt1X89nY/C9rJTq49FIm4kRTQaYfBQlHOkLj9VGXSUo0HxrARDIzKyJ9LDHR5kh5cwRnfuVFqJ+UnfPyadUpui5MlYN9OIASOHABLlxDBWpAQMAjPMOLpawn69V6m5ZmrFnPHvyR9f4DGGCS1A==</latexit>

O(n1/k)
<latexit sha1_base64="Rb5I4ByHmoijnrmDWndKdzxG58A=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAdzTMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8331dve2llU7+o92NaBKi0JQTpVquE2svJVIzynGUaycKY0IHpIctg4KEqLx0MujIPjRO1w4iaZ7Q9sT92ZGSUKlh6JvKkOi+ms/G5n9ZK9HBuZcyEScaBZ1+FCTc1pE93truMolU86EBQiUzs9q0TySh2twmZ47gzq/8F+rHRfe0eFJ1C6USTJWFfTiAI3DhDEpQhgrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9mukLI=</latexit>

H
<latexit sha1_base64="VuWd1j9ijuHICrpsg2btt9AbQ2I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2sSr+dLzhFZyx7HtwpFC4+7r+v3vfScjv/2epENAlRaMqJUk3XibWXEqkZ5TjMtRKFMaF90sWmQUFCVF46HnRoHxqnYweRNE9oe+z+7khJqNQg9E1lSHRPzWYj87+smejg3EuZiBONgk4+ChJu68gebW13mESq+cAAoZKZWW3aI5JQbW6TM0dwZ1eeh9px0T0tnlTcQqkEE2VhHw7gCFw4gxJcQxmqQAHhAZ7g2bq1Hq0X63VSmrGmPbvwR9bbDw7JkNU=</latexit>

k

Tight if    is odd or if    is 4, 6, 10.

<latexit sha1_base64="VuWd1j9ijuHICrpsg2btt9AbQ2I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2sSr+dLzhFZyx7HtwpFC4+7r+v3vfScjv/2epENAlRaMqJUk3XibWXEqkZ5TjMtRKFMaF90sWmQUFCVF46HnRoHxqnYweRNE9oe+z+7khJqNQg9E1lSHRPzWYj87+smejg3EuZiBONgk4+ChJu68gebW13mESq+cAAoZKZWW3aI5JQbW6TM0dwZ1eeh9px0T0tnlTcQqkEE2VhHw7gCFw4gxJcQxmqQAHhAZ7g2bq1Hq0X63VSmrGmPbvwR9bbDw7JkNU=</latexit>

k

<latexit sha1_base64="VuWd1j9ijuHICrpsg2btt9AbQ2I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2sSr+dLzhFZyx7HtwpFC4+7r+v3vfScjv/2epENAlRaMqJUk3XibWXEqkZ5TjMtRKFMaF90sWmQUFCVF46HnRoHxqnYweRNE9oe+z+7khJqNQg9E1lSHRPzWYj87+smejg3EuZiBONgk4+ChJu68gebW13mESq+cAAoZKZWW3aI5JQbW6TM0dwZ1eeh9px0T0tnlTcQqkEE2VhHw7gCFw4gxJcQxmqQAHhAZ7g2bq1Hq0X63VSmrGmPbvwR9bbDw7JkNU=</latexit>

k
<latexit sha1_base64="VuWd1j9ijuHICrpsg2btt9AbQ2I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2sSr+dLzhFZyx7HtwpFC4+7r+v3vfScjv/2epENAlRaMqJUk3XibWXEqkZ5TjMtRKFMaF90sWmQUFCVF46HnRoHxqnYweRNE9oe+z+7khJqNQg9E1lSHRPzWYj87+smejg3EuZiBONgk4+ChJu68gebW13mESq+cAAoZKZWW3aI5JQbW6TM0dwZ1eeh9px0T0tnlTcQqkEE2VhHw7gCFw4gxJcQxmqQAHhAZ7g2bq1Hq0X63VSmrGmPbvwR9bbDw7JkNU=</latexit>

k

Due to “optimally pseudorandom”    -free graphs which are 
extremal for the bipartite Turán number problem.

<latexit sha1_base64="p+Wffi9R3+zIdL/qEAsCjBcWtJI=">AAAB83icbVDLSgMxFL3js9ZXfezcBIvgqsyIqDsLLuqygn1AZyiZNG1DM8mQZIQ69DfcuFDErX6FX+DOpX9ipu1CWw8EDufcw705YcyZNq775SwsLi2vrObW8usbm1vbhZ3dupaJIrRGJJeqGWJNORO0ZpjhtBkriqOQ00Y4uMr8xh1Vmklxa4YxDSLcE6zLCDZW8n1pzSybVkbtQtEtuWOgeeJNSfHy4/678r6fVtuFT78jSRJRYQjHWrc8NzZBipVhhNNR3k80jTEZ4B5tWSpwRHWQjm8eoSOrdFBXKvuEQWP1dyLFkdbDKLSTETZ9Petl4n9eKzHdiyBlIk4MFWSyqJtwZCTKCkAdpigxfGgJJorZWxHpY4WJsTXlbQne7JfnSf2k5J2VTm+8YrkME+TgAA7hGDw4hzJcQxVqQCCGB3iCZydxHp0X53UyuuBMM3vwB87bD7E6ldc=</latexit>

G

<latexit sha1_base64="Rb5I4ByHmoijnrmDWndKdzxG58A=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAdzTMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8331dve2llU7+o92NaBKi0JQTpVquE2svJVIzynGUaycKY0IHpIctg4KEqLx0MujIPjRO1w4iaZ7Q9sT92ZGSUKlh6JvKkOi+ms/G5n9ZK9HBuZcyEScaBZ1+FCTc1pE93truMolU86EBQiUzs9q0TySh2twmZ47gzq/8F+rHRfe0eFJ1C6USTJWFfTiAI3DhDEpQhgrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9mukLI=</latexit>

H



Theorem(Lovász 79):                          and                        

Nearly Equivalent Questions
Question(B., Letzter, Sudakov 20): What is the maximum of          
over all    -free graphs     with    vertices?

<latexit sha1_base64="Tx5Jer6Q7NaFWgiCFwXr8qjZ3U0=">AAACAHicbVDLSsNAFJ3UR2t9RV24cDNYhLopifhaBlzosgX7gCaUyXTSDp1kwsykUEI2/oobF4q49TPc+QPiZzhpu9DWCwOHc869d+7xY0alsqxPo7CyurZeLG2UN7e2d3bNvf2W5InApIk546LjI0kYjUhTUcVIJxYEhT4jbX90k+vtMRGS8uheTWLihWgQ0YBipDTVMw/dMRJqSBSqulwb8znpbXbaMytWzZoWXAb2HFQc2Pj+KhUv6j3zw+1znIQkUpghKbu2FSsv1cMpZiQru4kkMcIjNCBdDSMUEuml0wMyeKKZPgy40C9ScMr+7khRKOUk9LUzRGooF7Wc/E/rJiq49lIaxYkiEZ4tChIGFYd5GrBPBcGKTTRAWFD9V4iHSCCsdGZlHYK9ePIyaJ3V7MvaecOuOA6YVQkcgWNQBTa4Ag64A3XQBBhk4BE8gxfjwXgyXo23mbVgzHsOwJ8y3n8Aq4SZYw==</latexit>

#(G)
<latexit sha1_base64="ZQ5e5IKMCJd0aSCuIZuEklH+YII=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgId4TMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8332V3/bSSif/0e5GNAlRaMqJUi3XibWXEqkZ5TjKtROFMaED0sOWQUFCVF46GXRkHxqnaweRNE9oe+L+7EhJqNQw9E1lSHRfzWdj87+slejg3EuZiBONgk4/ChJu68geb213mUSq+dAAoZKZWW3aJ5JQbW6TM0dw51f+C/XjontaPKm6hVIJpsrCPhzAEbhwBiW4ggrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9gqkLE=</latexit>

G <latexit sha1_base64="SGFf/4A1NZk+ng5omUS5BaHpIf4=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simjnC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxNVkNg=</latexit>n
<latexit sha1_base64="Rb5I4ByHmoijnrmDWndKdzxG58A=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAdzTMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8331dve2llU7+o92NaBKi0JQTpVquE2svJVIzynGUaycKY0IHpIctg4KEqLx0MujIPjRO1w4iaZ7Q9sT92ZGSUKlh6JvKkOi+ms/G5n9ZK9HBuZcyEScaBZ1+FCTc1pE93truMolU86EBQiUzs9q0TySh2twmZ47gzq/8F+rHRfe0eFJ1C6USTJWFfTiAI3DhDEpQhgrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9mukLI=</latexit>

H

Answer(Feige 95): At least                      when     is the 
complete graph on    vertices.

<latexit sha1_base64="Rb5I4ByHmoijnrmDWndKdzxG58A=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAdzTMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8331dve2llU7+o92NaBKi0JQTpVquE2svJVIzynGUaycKY0IHpIctg4KEqLx0MujIPjRO1w4iaZ7Q9sT92ZGSUKlh6JvKkOi+ms/G5n9ZK9HBuZcyEScaBZ1+FCTc1pE93truMolU86EBQiUzs9q0TySh2twmZ47gzq/8F+rHRfe0eFJ1C6USTJWFfTiAI3DhDEpQhgrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9mukLI=</latexit>

H

<latexit sha1_base64="Tx7+wTj1+hE09W23BRGtxa/nw50=">AAAB/XicbVDLSgMxFM34rPU1andugkWoC+uMiLqz4EJ3VrAPaMeSSdM2NJMMSUZoh8FfceNCkW79Ab/AnUv/xPSx0NYDFw7n3Mu99/gho0o7zpc1N7+wuLScWkmvrq1vbNpb22UlIolJCQsmZNVHijDKSUlTzUg1lAQFPiMVv3s59CsPRCoq+J3uhcQLUJvTFsVIG6lhZ/h97MJDeJNzj+pMtONucpA07KyTd0aAs8SdkOzFR//7apCJiw37s94UOAoI15ghpWquE2ovRlJTzEiSrkeKhAh3UZvUDOUoIMqLR9cncN8oTdgS0hTXcKT+nohRoFQv8E1ngHRHTXtD8T+vFunWuRdTHkaacDxe1IoY1AIOo4BNKgnWrGcIwpKaWyHuIImwNoGlTQju9MuzpHycd0/zJ7dutlAAY6TALtgDOeCCM1AA16AISgCDPngCL+DVerSerTdrMG6dsyYzO+APrPcfiaSXvA==</latexit>

n1�O(1/ log k)

<latexit sha1_base64="VuWd1j9ijuHICrpsg2btt9AbQ2I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2sSr+dLzhFZyx7HtwpFC4+7r+v3vfScjv/2epENAlRaMqJUk3XibWXEqkZ5TjMtRKFMaF90sWmQUFCVF46HnRoHxqnYweRNE9oe+z+7khJqNQg9E1lSHRPzWYj87+smejg3EuZiBONgk4+ChJu68gebW13mESq+cAAoZKZWW3aI5JQbW6TM0dwZ1eeh9px0T0tnlTcQqkEE2VhHw7gCFw4gxJcQxmqQAHhAZ7g2bq1Hq0X63VSmrGmPbvwR9bbDw7JkNU=</latexit>

k

Question(B., Letzter, Sudakov 20): Is the answer closer to       or      
   for     being a complete bipartite graph with parts of size   ?

When     is a complete bipartite graph, an ``optimally 
pseudorandom’’    -free graph can at best give                         .

<latexit sha1_base64="Rb5I4ByHmoijnrmDWndKdzxG58A=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAdzTMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8331dve2llU7+o92NaBKi0JQTpVquE2svJVIzynGUaycKY0IHpIctg4KEqLx0MujIPjRO1w4iaZ7Q9sT92ZGSUKlh6JvKkOi+ms/G5n9ZK9HBuZcyEScaBZ1+FCTc1pE93truMolU86EBQiUzs9q0TySh2twmZ47gzq/8F+rHRfe0eFJ1C6USTJWFfTiAI3DhDEpQhgrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9mukLI=</latexit>

H
<latexit sha1_base64="Rb5I4ByHmoijnrmDWndKdzxG58A=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAdzTMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8331dve2llU7+o92NaBKi0JQTpVquE2svJVIzynGUaycKY0IHpIctg4KEqLx0MujIPjRO1w4iaZ7Q9sT92ZGSUKlh6JvKkOi+ms/G5n9ZK9HBuZcyEScaBZ1+FCTc1pE93truMolU86EBQiUzs9q0TySh2twmZ47gzq/8F+rHRfe0eFJ1C6USTJWFfTiAI3DhDEpQhgrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9mukLI=</latexit>

H

<latexit sha1_base64="XFultFs0KwBoNpk0WOrp+IYjuyk="></latexit>

#(G) � ⌦(
p
n)

<latexit sha1_base64="dqtin4VEA49f8aIUOEes7GMQzxI=">AAAB73icbZDLSsNAFIZP6q3WW9WloMEiuCqJiIqrgBuXFe0F2lAm02k7dDJJZ06EEvISblwo4lYfx51v4/Sy0NYfBj7+/xzmnBPEgmt0nG8rt7S8srqWXy9sbG5t7xR392o6ShRlVRqJSDUCopngklWRo2CNWDESBoLVg8HNOK8/MqV5JB9wFDM/JD3Ju5wSNFajpYcKU5m1iyWn7ExkL4I7g5J3dH94nX1WKu3iV6sT0SRkEqkgWjddJ0Y/JQo5FSwrtBLNYkIHpMeaBiUJmfbTybyZfWKcjt2NlHkS7Yn7uyMlodajMDCVIcG+ns/G5n9ZM8HulZ9yGSfIJJ1+1E2EjZE9Xt7ucMUoipEBQhU3s9q0TxShaE5UMEdw51dehNpZ2b0on9+5Jc+DqfJwAMdwCi5cgge3UIEqUBDwBC/wag2tZ+vNep+W5qxZzz78kfXxA/2Fkts=</latexit>p
n

<latexit sha1_base64="SGFf/4A1NZk+ng5omUS5BaHpIf4=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simjnC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxNVkNg=</latexit>n

Answer(B. 24) At least                              .
<latexit sha1_base64="LJSmbGHrbTunq+6xdB1Eqz86qgk=">AAACB3icbVDJSgNBEO2JS2LcRj0K0hiEeAkz4nYMeNCjgolCJoSeTiVp0rPQXRMMQ25e/BUvHhTx6i948wfEz7CzHDTxQcHjvSqq6vmxFBod59PKzM0vLGZzS/nlldW1dXtjs6qjRHGo8EhG6tZnGqQIoYICJdzGCljgS7jxu2dD/6YHSosovMZ+DPWAtUPREpyhkRr2jtdjCjuArHi+Tz0J1EO4wzTQamCUhl1wSs4IdJa4E1Io06vvr1z26LJhf3jNiCcBhMgl07rmOjHWU7NDcAmDvJdoiBnvsjbUDA1ZALqejv4Y0D2jNGkrUqZCpCP190TKAq37gW86A4YdPe0Nxf+8WoKt03oqwjhBCPl4USuRFCM6DIU2hQKOsm8I40qYWynvMMU4mujyJgR3+uVZUj0oucelwyu3UC6TMXJkm+ySInHJCSmTC3JJKoSTe/JInsmL9WA9Wa/W27g1Y01mtsgfWO8/hHGbYQ==</latexit>

#(G)  msr(G)

<latexit sha1_base64="VuWd1j9ijuHICrpsg2btt9AbQ2I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2sSr+dLzhFZyx7HtwpFC4+7r+v3vfScjv/2epENAlRaMqJUk3XibWXEqkZ5TjMtRKFMaF90sWmQUFCVF46HnRoHxqnYweRNE9oe+z+7khJqNQg9E1lSHRPzWYj87+smejg3EuZiBONgk4+ChJu68gebW13mESq+cAAoZKZWW3aI5JQbW6TM0dwZ1eeh9px0T0tnlTcQqkEE2VhHw7gCFw4gxJcQxmqQAHhAZ7g2bq1Hq0X63VSmrGmPbvwR9bbDw7JkNU=</latexit>

k
<latexit sha1_base64="Rb5I4ByHmoijnrmDWndKdzxG58A=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAdzTMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8331dve2llU7+o92NaBKi0JQTpVquE2svJVIzynGUaycKY0IHpIctg4KEqLx0MujIPjRO1w4iaZ7Q9sT92ZGSUKlh6JvKkOi+ms/G5n9ZK9HBuZcyEScaBZ1+FCTc1pE93truMolU86EBQiUzs9q0TySh2twmZ47gzq/8F+rHRfe0eFJ1C6USTJWFfTiAI3DhDEpQhgrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9mukLI=</latexit>

H

<latexit sha1_base64="XnuugCAg+qNsx5qVqAeX/2oE9OA=">AAACCXicbZDLSgMxFIYz9Vbrbbzs3ASLUBfWGRF1Z8GF7qxgL9COJZNm2tBMZkgyQh1m68ZXEcGFIm71Cdy59E1Mp11o64GEj/8/h+T8bsioVJb1ZWSmpmdm57LzuYXFpeUVc3WtKoNIYFLBAQtE3UWSMMpJRVHFSD0UBPkuIzW3dzrwazdESBrwK9UPieOjDqcexUhpqWVCfh3bcBdeFJos6MTp1UuSvRHsJC0zbxWttOAk2CPIn3zcfp89bsTllvnZbAc48glXmCEpG7YVKidGQlHMSJJrRpKECPdQhzQ0cuQT6cTpJgnc1kobeoHQhyuYqr8nYuRL2fdd3ekj1ZXj3kD8z2tEyjt2YsrDSBGOhw95EYMqgINYYJsKghXra0BYUP1XiLtIIKx0eDkdgj2+8iRU94v2YfHg0s6XSmBYWbAJtkAB2OAIlMA5KIMKwOAOPIBn8GLcG0/Gq/E2bM0Yo5l18KeM9x/p5p2a</latexit>

n1�O(log log k/ log k)

<latexit sha1_base64="1ZygIaptRRhz2JCKoJ8ur9WYbxY=">AAACFHicbVDLSgMxFM3UR2t9VV26CRahIpQZ8bUccFGXLdgHtEPJpLdtaOZhkimUoR/hxl9x40IRty7c+QPiZ5hpC2rrgcDJOffk5l435Ewq0/wwUkvLK6vpzFp2fWNzazu3s1uTQSQoVGnAA9FwiQTOfKgqpjg0QgHEcznU3cFV4teHICQL/Bs1CsHxSM9nXUaJ0lI7d9waEqH6oEihdIR/Lq1Ap5JH49JY6z24xbo6bxbNCfAisWYkb+PK12cmfVZu595bnYBGHviKciJl0zJD5cS6B6McxtlWJCEkdEB60NTUJx5IJ54MNcaHWungbiD08RWeqL8TMfGkHHmurvSI6st5LxH/85qR6l46MfPDSIFPp426EccqwMmGcIcJoIqPNCFUMP1XTPtEEKr0HrN6Cdb8yIukdlK0zounFStv22iKDNpHB6iALHSBbHSNyqiKKLpDD+gJPRv3xqPxYrxOS1PGLLOH/sB4+waxgaDl</latexit>

#(G)#(G) � n

So                              .
<latexit sha1_base64="zMqROHoHV4G+qVQiZjuXPVNzwfs="></latexit>

#(G) � n/msr(G)



MaxCut 
Definition: For a graph    ,                     is defined to be the 
maximum over all partitions         of the vertex set           of the 
number of edges between     and    .

<latexit sha1_base64="J/F4CPyB1MlAC1gkZnTMmIMDvWw=">AAAB+XicbVDJSgNBEO2JS2LcRj16aQxCvIQZcTsO5KAXIQGzQDKEnk5P0qRnobsmJAz5Ey8eFPHqn3jzB8TPsLMcNPFBweO9KqrqebHgCizr08isrW9sZnNb+e2d3b198+CwrqJEUlajkYhk0yOKCR6yGnAQrBlLRgJPsIY3KE/9xpBJxaPwAcYxcwPSC7nPKQEtdUyzDWwE6T0ZlROYFG/POmbBKlkz4FViL0jBwdXvr1z2stIxP9rdiCYBC4EKolTLtmJwUyKBU8Em+XaiWEzogPRYS9OQBEy56ezyCT7VShf7kdQVAp6pvydSEig1DjzdGRDoq2VvKv7ntRLwb9yUh3ECLKTzRX4iMER4GgPucskoiLEmhEqub8W0TyShoMPK6xDs5ZdXSf28ZF+VLqp2wXHQHDl0jE5QEdnoGjnoDlVQDVE0RI/oGb0YqfFkvBpv89aMsZg5Qn9gvP8A2m6WFQ==</latexit>

MaxCut(G)
<latexit sha1_base64="ZQ5e5IKMCJd0aSCuIZuEklH+YII=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgId4TMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8332V3/bSSif/0e5GNAlRaMqJUi3XibWXEqkZ5TjKtROFMaED0sOWQUFCVF46GXRkHxqnaweRNE9oe+L+7EhJqNQw9E1lSHRfzWdj87+slejg3EuZiBONgk4/ChJu68geb213mUSq+dAAoZKZWW3aJ5JQbW6TM0dw51f+C/XjontaPKm6hVIJpsrCPhzAEbhwBiW4ggrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9gqkLE=</latexit>

G
<latexit sha1_base64="9wVXMx+M8L3dA3zzwzxPCTVTEdI=">AAAB63icbZDLSgMxFIbP1Futt6orcWGwCC6kzIioy1E3LivYC7RDyaSZNjSZDElGKKVrd25cKOLWF+rO5/AFzLRdaPWHwMf/n0POOWHCmTau++nkFhaXllfyq4W19Y3NreL2Tk3LVBFaJZJL1QixppzFtGqY4bSRKIpFyGk97N9kef2BKs1kfG8GCQ0E7sYsYgSbzLo6QdftYsktuxOhv+DNoOTvPbbl+OCr0i6OWx1JUkFjQzjWuum5iQmGWBlGOB0VWqmmCSZ93KVNizEWVAfDyawjdGSdDoqksi82aOL+7BhiofVAhLZSYNPT81lm/pc1UxNdBkMWJ6mhMZl+FKUcGYmyxVGHKUoMH1jARDE7KyI9rDAx9jwFewRvfuW/UDste+flszuv5PswVR724RCOwYML8OEWKlAFAj14ghd4dYTz7Lw579PSnDPr2YVfcj6+Aaa/kQc=</latexit>

A,B
<latexit sha1_base64="fMGW0NszaPjSWnAHLWKB6+KpGO4=">AAAB63icbZDLSgMxFIbPeGutt6pLN8Ei1E2ZEW/LggtdtmAv0A4lk2ba0CQzJBmhDH0FNy4UcesLufMFxMcw03ahrT8EPv7/HHLOCWLOtHHdT2dldW19I5ffLGxt7+zuFfcPmjpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo5ssbz1QpVkk7804pr7AA8lCRrDJrGb59rRXLLkVdyq0DN4cSlVU//7K5y5qveJHtx+RRFBpCMdadzw3Nn6KlWGE00mhm2gaYzLCA9qxKLGg2k+ns07QiXX6KIyUfdKgqfu7I8VC67EIbKXAZqgXs8z8L+skJrz2UybjxFBJZh+FCUcmQtniqM8UJYaPLWCimJ0VkSFWmBh7noI9gre48jI0zyreZeW87pWqVZgpD0dwDGXw4AqqcAc1aACBITzCM7w4wnlyXp23WemKM+85hD9y3n8Aw0iQVw==</latexit>

V (G)
<latexit sha1_base64="zrrppln8tVTzOyWIMtnKxhCoatc=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNiAc9JmAWSIbQ06lJWnt6hu4eIQ55Ai8eFPHqA/gUPoE3j76JneWgiT80fPx/FV1VfsyZ0o7zZWXm5hcWl7LLuZXVtfWN/OZWTUWJpFilEY9kwycKORNY1UxzbMQSSehzrPu3F8O8fodSsUhc636MXki6ggWMEm2synk7X3CKzkj2LLgTKJx93H9fvu+k5Xb+s9WJaBKi0JQTpZquE2svJVIzynGQayUKY0JvSRebBgUJUXnpaNCBvW+cjh1E0jyh7ZH7uyMloVL90DeVIdE9NZ0Nzf+yZqKDUy9lIk40Cjr+KEi4rSN7uLXdYRKp5n0DhEpmZrVpj0hCtblNzhzBnV55FmqHRfe4eFRxC6USjJWFXdiDA3DhBEpwBWWoAgWEB3iCZ+vGerRerNdxacaa9GzDH1lvP88SkKs=</latexit>

A
<latexit sha1_base64="oJH2uiDpc1qQCy5lz1z5MbjC2uI=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNoAc9JmAWSIbQ06lJWnt6hu4eIQ55Ai8eFPHqA/gUPoE3j76JneWgiT80fPx/FV1VfsyZ0o7zZWXm5hcWl7LLuZXVtfWN/OZWTUWJpFilEY9kwycKORNY1UxzbMQSSehzrPu3F8O8fodSsUhc636MXki6ggWMEm2synk7X3CKzkj2LLgTKJx93H9fvu+k5Xb+s9WJaBKi0JQTpZquE2svJVIzynGQayUKY0JvSRebBgUJUXnpaNCBvW+cjh1E0jyh7ZH7uyMloVL90DeVIdE9NZ0Nzf+yZqKDUy9lIk40Cjr+KEi4rSN7uLXdYRKp5n0DhEpmZrVpj0hCtblNzhzBnV55FmqHRfe4eFRxC6USjJWFXdiDA3DhBEpwBWWoAgWEB3iCZ+vGerRerNdxacaa9GzDH1lvP9CWkKw=</latexit>

B

Theorem(Edwards 73):                                                for any 
graph     with     edges.

<latexit sha1_base64="yLDIRpIHwBee4lsL0UMDafXGubo="></latexit>

MaxCut(G) � m/2 + ⌦(
p
m)

<latexit sha1_base64="ZQ5e5IKMCJd0aSCuIZuEklH+YII=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgId4TMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8332V3/bSSif/0e5GNAlRaMqJUi3XibWXEqkZ5TjKtROFMaED0sOWQUFCVF46GXRkHxqnaweRNE9oe+L+7EhJqNQw9E1lSHRfzWdj87+slejg3EuZiBONgk4/ChJu68geb213mUSq+dAAoZKZWW3aJ5JQbW6TM0dw51f+C/XjontaPKm6hVIJpsrCPhzAEbhwBiW4ggrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9gqkLE=</latexit>

G <latexit sha1_base64="ciOZu9lu9uZZVlMbGYJNfvuHcHw=">AAAB6HicbZDLSgMxFIbP1Futt3rZuQkWwVWZEVF3FlzosgV7gXYomTTTxiaZIckIdegTuHGhiFsfwKfwCdy59E1MLwtt/SHw8f/nkHNOEHOmjet+OZmFxaXllexqbm19Y3Mrv71T01GiCK2SiEeqEWBNOZO0apjhtBErikXAaT3oX47y+h1VmkXyxgxi6gvclSxkBBtrVUQ7X3CL7lhoHrwpFC4+7r+v3vfScjv/2epEJBFUGsKx1k3PjY2fYmUY4XSYayWaxpj0cZc2LUosqPbT8aBDdGidDgojZZ80aOz+7kix0HogAlspsOnp2Wxk/pc1ExOe+ymTcWKoJJOPwoQjE6HR1qjDFCWGDyxgopidFZEeVpgYe5ucPYI3u/I81I6L3mnxpOIVSiWYKAv7cABH4MEZlOAaylAFAhQe4AmenVvn0XlxXielGWfaswt/5Lz9ABHRkNc=</latexit>m

Question(Alon, Bollobás, Krivelevich, Sudakov 03): What is the 
minimum of                                 over all    -free graphs     with      
    edges?   

<latexit sha1_base64="Rb5I4ByHmoijnrmDWndKdzxG58A=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAdzTMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8331dve2llU7+o92NaBKi0JQTpVquE2svJVIzynGUaycKY0IHpIctg4KEqLx0MujIPjRO1w4iaZ7Q9sT92ZGSUKlh6JvKkOi+ms/G5n9ZK9HBuZcyEScaBZ1+FCTc1pE93truMolU86EBQiUzs9q0TySh2twmZ47gzq/8F+rHRfe0eFJ1C6USTJWFfTiAI3DhDEpQhgrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9mukLI=</latexit>

H

<latexit sha1_base64="ciOZu9lu9uZZVlMbGYJNfvuHcHw=">AAAB6HicbZDLSgMxFIbP1Futt3rZuQkWwVWZEVF3FlzosgV7gXYomTTTxiaZIckIdegTuHGhiFsfwKfwCdy59E1MLwtt/SHw8f/nkHNOEHOmjet+OZmFxaXllexqbm19Y3Mrv71T01GiCK2SiEeqEWBNOZO0apjhtBErikXAaT3oX47y+h1VmkXyxgxi6gvclSxkBBtrVUQ7X3CL7lhoHrwpFC4+7r+v3vfScjv/2epEJBFUGsKx1k3PjY2fYmUY4XSYayWaxpj0cZc2LUosqPbT8aBDdGidDgojZZ80aOz+7kix0HogAlspsOnp2Wxk/pc1ExOe+ymTcWKoJJOPwoQjE6HR1qjDFCWGDyxgopidFZEeVpgYe5ucPYI3u/I81I6L3mnxpOIVSiWYKAv7cABH4MEZlOAaylAFAhQe4AmenVvn0XlxXielGWfaswt/5Lz9ABHRkNc=</latexit>m

Conjecture(Alon, Bollobás, Krivelevich, Sudakov 03): For any 
fixed    , there exists          , such that the answer is at least 
                 .

<latexit sha1_base64="Rb5I4ByHmoijnrmDWndKdzxG58A=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAdzTMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8331dve2llU7+o92NaBKi0JQTpVquE2svJVIzynGUaycKY0IHpIctg4KEqLx0MujIPjRO1w4iaZ7Q9sT92ZGSUKlh6JvKkOi+ms/G5n9ZK9HBuZcyEScaBZ1+FCTc1pE93truMolU86EBQiUzs9q0TySh2twmZ47gzq/8F+rHRfe0eFJ1C6USTJWFfTiAI3DhDEpQhgrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9mukLI=</latexit>

H
<latexit sha1_base64="T1UAkKEbedbWRrH6BI2w8VKKz7Q=">AAAB+HicbVC7SgNBFL0bXzE+sj46m8EgWIVdEbXSgI1lBPOAZAmzk9lkyOzsMjMbiEu+wtLGQhFbP8XOwt7OztrJo9DEAxcO59zLvff4MWdKO867lVlYXFpeya7m1tY3NvP21nZVRYkktEIiHsm6jxXlTNCKZprTeiwpDn1Oa37vcuTX+lQqFokbPYipF+KOYAEjWBupZeebfSxprBiPBDpHTssuOEVnDDRP3CkpXHzffe6Wvz7KLfut2Y5IElKhCcdKNVwn1l6KpWaE02GumSgaY9LDHdowVOCQKi8dHz5EB0ZpoyCSpoRGY/X3RIpDpQahbzpDrLtq1huJ/3mNRAdnXspEnGgqyGRRkHCkIzRKAbWZpETzgSGYSGZuRaSLJSbaZJUzIbizL8+T6lHRPSkeX7uFUgkmyMIe7MMhuHAKJbiCMlSAQAL38AhP1q31YD1bL5PWjDWd2YE/sF5/AHCyl3I=</latexit>

" > 0
<latexit sha1_base64="vXrjV77AOjAtm96UVuSlyIft02c=">AAACBnicbVDLSgNBEJyNrxhfUY8iDAYhIsRd38eAF28mYKKQXcPspJMMzswuM7NCWHLy4q948aCIV7/Bmz8gfoaTxIMaCxqKqm66u8KYM21c993JTExOTc9kZ3Nz8wuLS/nllbqOEkWhRiMeqcuQaOBMQs0ww+EyVkBEyOEivD4Z+Bc3oDSL5LnpxRAI0pGszSgxVmrm1/0zAR1SFFfp3s4+3sb+DVEQa8Yj2d9q5gtuyR0CjxPvmxTKuPr5kZ05qDTzb34rookAaSgnWjc8NzZBSpRhlEM/5ycaYkKvSQcalkoiQAfp8I0+3rRKC7cjZUsaPFR/TqREaN0Toe0UxHT1X28g/uc1EtM+DlIm48SApKNF7YRjE+FBJrjFFFDDe5YQqpi9FdMuUYQam1zOhuD9fXmc1HdL3mFpv+oVymU0QhatoQ1URB46QmV0iiqohii6RffoET05d86D8+y8jFozzvfMKvoF5/ULFOiajQ==</latexit>

⌦(m3/4+")

<latexit sha1_base64="enQNLkeJbcG7TMHIT0iKIdataMI=">AAAB/3icbVDJSgNBEO1xS4xbVPDipTEI8WCcCW7HQA56ERIwCyRD6On0JE16FrprJGHMwV/x4kERr/6GN39A/Aw7y0ETHxQ83quiqp4TCq7AND+NhcWl5ZVEcjW1tr6xuZXe3qmqIJKUVWggAll3iGKC+6wCHASrh5IRzxGs5vSKI792x6TigX8Lg5DZHun43OWUgJZa6b0msD7EN6RfjGCYvTrCx9g7ybfSGTNnjoHniTUlmQIuf38lE2elVvqj2Q5o5DEfqCBKNSwzBDsmEjgVbJhqRoqFhPZIhzU09YnHlB2P7x/iQ620sRtIXT7gsfp7IiaeUgPP0Z0ega6a9Ubif14jAvfSjrkfRsB8OlnkRgJDgEdh4DaXjIIYaEKo5PpWTLtEEgo6spQOwZp9eZ5U8znrPHdatjKFApogifbRAcoiC12gArpGJVRBFN2jR/SMXowH48l4Nd4mrQvGdGYX/YHx/gO9upeM</latexit>

MaxCut(G)�m/2
<latexit sha1_base64="ZQ5e5IKMCJd0aSCuIZuEklH+YII=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgId4TMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8332V3/bSSif/0e5GNAlRaMqJUi3XibWXEqkZ5TjKtROFMaED0sOWQUFCVF46GXRkHxqnaweRNE9oe+L+7EhJqNQw9E1lSHRfzWdj87+slejg3EuZiBONgk4/ChJu68geb213mUSq+dAAoZKZWW3aJ5JQbW6TM0dw51f+C/XjontaPKm6hVIJpsrCPhzAEbhwBiW4ggrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9gqkLE=</latexit>

G

Erdos and Lovász 79, Shearer 92 studied the case     a triangle.  
Answer(Alon 94, 96):                when     is the triangle.

<latexit sha1_base64="dMpGvmqJRb2b+aRMBn9AY0s+vUA=">AAAB+HicbVDLSgMxFM34aq2Pjrp0EyxC3dQZadXlgBuXLfQF7VgyaaYNTTJDkhHq0C9x40IRt36KO39A/AzTx0JbD1w4nHMv994TxIwq7Tif1tr6xuZWJrud29nd28/bB4dNFSUSkwaOWCTbAVKEUUEammpG2rEkiAeMtILRzdRv3ROpaCTqehwTn6OBoCHFSBupZ+e79SHRqMjv0vJ5ZXLWswtOyZkBrhJ3QQoerH1/ZTOVas/+6PYjnHAiNGZIqY7rxNpPkdQUMzLJdRNFYoRHaEA6hgrEifLT2eETeGqUPgwjaUpoOFN/T6SIKzXmgenkSA/VsjcV//M6iQ6v/ZSKONFE4PmiMGFQR3CaAuxTSbBmY0MQltTcCvEQSYS1ySpnQnCXX14lzYuSe1kq19yC54E5suAYnIAicMEV8MAtqIIGwCABj+AZvFgP1pP1ar3NW9esxcwR+APr/QceNZUG</latexit>

⇥(m4/5)
<latexit sha1_base64="Rb5I4ByHmoijnrmDWndKdzxG58A=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAdzTMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8331dve2llU7+o92NaBKi0JQTpVquE2svJVIzynGUaycKY0IHpIctg4KEqLx0MujIPjRO1w4iaZ7Q9sT92ZGSUKlh6JvKkOi+ms/G5n9ZK9HBuZcyEScaBZ1+FCTc1pE93truMolU86EBQiUzs9q0TySh2twmZ47gzq/8F+rHRfe0eFJ1C6USTJWFfTiAI3DhDEpQhgrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9mukLI=</latexit>

H

<latexit sha1_base64="Rb5I4ByHmoijnrmDWndKdzxG58A=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAdzTMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8331dve2llU7+o92NaBKi0JQTpVquE2svJVIzynGUaycKY0IHpIctg4KEqLx0MujIPjRO1w4iaZ7Q9sT92ZGSUKlh6JvKkOi+ms/G5n9ZK9HBuZcyEScaBZ1+FCTc1pE93truMolU86EBQiUzs9q0TySh2twmZ47gzq/8F+rHRfe0eFJ1C6USTJWFfTiAI3DhDEpQhgrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9mukLI=</latexit>

H



MaxCut 

Answer(Alon, Krivelevich, Sudakov 05):                            when  
     is an even cycle of length   .<latexit sha1_base64="Rb5I4ByHmoijnrmDWndKdzxG58A=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAdzTMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8331dve2llU7+o92NaBKi0JQTpVquE2svJVIzynGUaycKY0IHpIctg4KEqLx0MujIPjRO1w4iaZ7Q9sT92ZGSUKlh6JvKkOi+ms/G5n9ZK9HBuZcyEScaBZ1+FCTc1pE93truMolU86EBQiUzs9q0TySh2twmZ47gzq/8F+rHRfe0eFJ1C6USTJWFfTiAI3DhDEpQhgrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9mukLI=</latexit>

H

<latexit sha1_base64="7D+29FGOevqOQtqR1kFA5uguWMo=">AAACAHicbVDLSgMxFM3UR2t9jbpw4SZYhBahzhRfywE37mzBPqAdSybNtKHJzJBkhDLMxl9x40IRt36GO39A/AzTx0JbD9zL4Zx7Se7xIkalsqxPI7O0vLKaza3l1zc2t7bNnd2GDGOBSR2HLBQtD0nCaEDqiipGWpEgiHuMNL3h1dhv3hMhaRjcqlFEXI76AfUpRkpLXXO/c8NJHxX5XVIcHtulE90rpbTUNQtW2ZoALhJ7RgoOrH1/5bJn1a750emFOOYkUJghKdu2FSk3QUJRzEia78SSRAgPUZ+0NQ0QJ9JNJgek8EgrPeiHQleg4ET9vZEgLuWIe3qSIzWQ895Y/M9rx8q/dBMaRLEiAZ4+5McMqhCO04A9KghWbKQJwoLqv0I8QAJhpTPL6xDs+ZMXSaNSts/LpzW74Dhgihw4AIegCGxwARxwDaqgDjBIwSN4Bi/Gg/FkvBpv09GMMdvZA39gvP8AE2OXEQ==</latexit>

⌦(m(k+1)/(k+2))
<latexit sha1_base64="VuWd1j9ijuHICrpsg2btt9AbQ2I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2sSr+dLzhFZyx7HtwpFC4+7r+v3vfScjv/2epENAlRaMqJUk3XibWXEqkZ5TjMtRKFMaF90sWmQUFCVF46HnRoHxqnYweRNE9oe+z+7khJqNQg9E1lSHRPzWYj87+smejg3EuZiBONgk4+ChJu68gebW13mESq+cAAoZKZWW3aI5JQbW6TM0dwZ1eeh9px0T0tnlTcQqkEE2VhHw7gCFw4gxJcQxmqQAHhAZ7g2bq1Hq0X63VSmrGmPbvwR9bbDw7JkNU=</latexit>

k

Answer(Glock, Janzer, and Sudakov 23):                            when  
     is an odd cycle of length   .<latexit sha1_base64="Rb5I4ByHmoijnrmDWndKdzxG58A=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAdzTMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8331dve2llU7+o92NaBKi0JQTpVquE2svJVIzynGUaycKY0IHpIctg4KEqLx0MujIPjRO1w4iaZ7Q9sT92ZGSUKlh6JvKkOi+ms/G5n9ZK9HBuZcyEScaBZ1+FCTc1pE93truMolU86EBQiUzs9q0TySh2twmZ47gzq/8F+rHRfe0eFJ1C6USTJWFfTiAI3DhDEpQhgrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9mukLI=</latexit>

H

<latexit sha1_base64="7D+29FGOevqOQtqR1kFA5uguWMo=">AAACAHicbVDLSgMxFM3UR2t9jbpw4SZYhBahzhRfywE37mzBPqAdSybNtKHJzJBkhDLMxl9x40IRt36GO39A/AzTx0JbD9zL4Zx7Se7xIkalsqxPI7O0vLKaza3l1zc2t7bNnd2GDGOBSR2HLBQtD0nCaEDqiipGWpEgiHuMNL3h1dhv3hMhaRjcqlFEXI76AfUpRkpLXXO/c8NJHxX5XVIcHtulE90rpbTUNQtW2ZoALhJ7RgoOrH1/5bJn1a750emFOOYkUJghKdu2FSk3QUJRzEia78SSRAgPUZ+0NQ0QJ9JNJgek8EgrPeiHQleg4ET9vZEgLuWIe3qSIzWQ895Y/M9rx8q/dBMaRLEiAZ4+5McMqhCO04A9KghWbKQJwoLqv0I8QAJhpTPL6xDs+ZMXSaNSts/LpzW74Dhgihw4AIegCGxwARxwDaqgDjBIwSN4Bi/Gg/FkvBpv09GMMdvZA39gvP8AE2OXEQ==</latexit>

⌦(m(k+1)/(k+2))
<latexit sha1_base64="VuWd1j9ijuHICrpsg2btt9AbQ2I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2sSr+dLzhFZyx7HtwpFC4+7r+v3vfScjv/2epENAlRaMqJUk3XibWXEqkZ5TjMtRKFMaF90sWmQUFCVF46HnRoHxqnYweRNE9oe+z+7khJqNQg9E1lSHRPzWYj87+smejg3EuZiBONgk4+ChJu68gebW13mESq+cAAoZKZWW3aI5JQbW6TM0dwZ1eeh9px0T0tnlTcQqkEE2VhHw7gCFw4gxJcQxmqQAHhAZ7g2bq1Hq0X63VSmrGmPbvwR9bbDw7JkNU=</latexit>

k

Corollary(B., Janzer, and Sudakov 24):                            when  
     is a cycle of length   .<latexit sha1_base64="Rb5I4ByHmoijnrmDWndKdzxG58A=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAdzTMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8331dve2llU7+o92NaBKi0JQTpVquE2svJVIzynGUaycKY0IHpIctg4KEqLx0MujIPjRO1w4iaZ7Q9sT92ZGSUKlh6JvKkOi+ms/G5n9ZK9HBuZcyEScaBZ1+FCTc1pE93truMolU86EBQiUzs9q0TySh2twmZ47gzq/8F+rHRfe0eFJ1C6USTJWFfTiAI3DhDEpQhgrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9mukLI=</latexit>

H

<latexit sha1_base64="7D+29FGOevqOQtqR1kFA5uguWMo=">AAACAHicbVDLSgMxFM3UR2t9jbpw4SZYhBahzhRfywE37mzBPqAdSybNtKHJzJBkhDLMxl9x40IRt36GO39A/AzTx0JbD9zL4Zx7Se7xIkalsqxPI7O0vLKaza3l1zc2t7bNnd2GDGOBSR2HLBQtD0nCaEDqiipGWpEgiHuMNL3h1dhv3hMhaRjcqlFEXI76AfUpRkpLXXO/c8NJHxX5XVIcHtulE90rpbTUNQtW2ZoALhJ7RgoOrH1/5bJn1a750emFOOYkUJghKdu2FSk3QUJRzEia78SSRAgPUZ+0NQ0QJ9JNJgek8EgrPeiHQleg4ET9vZEgLuWIe3qSIzWQ895Y/M9rx8q/dBMaRLEiAZ4+5McMqhCO04A9KghWbKQJwoLqv0I8QAJhpTPL6xDs+ZMXSaNSts/LpzW74Dhgihw4AIegCGxwARxwDaqgDjBIwSN4Bi/Gg/FkvBpv09GMMdvZA39gvP8AE2OXEQ==</latexit>

⌦(m(k+1)/(k+2))
<latexit sha1_base64="VuWd1j9ijuHICrpsg2btt9AbQ2I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2sSr+dLzhFZyx7HtwpFC4+7r+v3vfScjv/2epENAlRaMqJUk3XibWXEqkZ5TjMtRKFMaF90sWmQUFCVF46HnRoHxqnYweRNE9oe+z+7khJqNQg9E1lSHRPzWYj87+smejg3EuZiBONgk4+ChJu68gebW13mESq+cAAoZKZWW3aI5JQbW6TM0dwZ1eeh9px0T0tnlTcQqkEE2VhHw7gCFw4gxJcQxmqQAHhAZ7g2bq1Hq0X63VSmrGmPbvwR9bbDw7JkNU=</latexit>

k

Question(Alon, Bollobás, Krivelevich, Sudakov 03): What is the 
minimum of                                 over all    -free graphs     with      
    edges?   

<latexit sha1_base64="Rb5I4ByHmoijnrmDWndKdzxG58A=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAdzTMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8331dve2llU7+o92NaBKi0JQTpVquE2svJVIzynGUaycKY0IHpIctg4KEqLx0MujIPjRO1w4iaZ7Q9sT92ZGSUKlh6JvKkOi+ms/G5n9ZK9HBuZcyEScaBZ1+FCTc1pE93truMolU86EBQiUzs9q0TySh2twmZ47gzq/8F+rHRfe0eFJ1C6USTJWFfTiAI3DhDEpQhgrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9mukLI=</latexit>

H

<latexit sha1_base64="ciOZu9lu9uZZVlMbGYJNfvuHcHw=">AAAB6HicbZDLSgMxFIbP1Futt3rZuQkWwVWZEVF3FlzosgV7gXYomTTTxiaZIckIdegTuHGhiFsfwKfwCdy59E1MLwtt/SHw8f/nkHNOEHOmjet+OZmFxaXllexqbm19Y3Mrv71T01GiCK2SiEeqEWBNOZO0apjhtBErikXAaT3oX47y+h1VmkXyxgxi6gvclSxkBBtrVUQ7X3CL7lhoHrwpFC4+7r+v3vfScjv/2epEJBFUGsKx1k3PjY2fYmUY4XSYayWaxpj0cZc2LUosqPbT8aBDdGidDgojZZ80aOz+7kix0HogAlspsOnp2Wxk/pc1ExOe+ymTcWKoJJOPwoQjE6HR1qjDFCWGDyxgopidFZEeVpgYe5ucPYI3u/I81I6L3mnxpOIVSiWYKAv7cABH4MEZlOAaylAFAhQe4AmenVvn0XlxXielGWfaswt/5Lz9ABHRkNc=</latexit>m

<latexit sha1_base64="enQNLkeJbcG7TMHIT0iKIdataMI=">AAAB/3icbVDJSgNBEO1xS4xbVPDipTEI8WCcCW7HQA56ERIwCyRD6On0JE16FrprJGHMwV/x4kERr/6GN39A/Aw7y0ETHxQ83quiqp4TCq7AND+NhcWl5ZVEcjW1tr6xuZXe3qmqIJKUVWggAll3iGKC+6wCHASrh5IRzxGs5vSKI792x6TigX8Lg5DZHun43OWUgJZa6b0msD7EN6RfjGCYvTrCx9g7ybfSGTNnjoHniTUlmQIuf38lE2elVvqj2Q5o5DEfqCBKNSwzBDsmEjgVbJhqRoqFhPZIhzU09YnHlB2P7x/iQ620sRtIXT7gsfp7IiaeUgPP0Z0ega6a9Ubif14jAvfSjrkfRsB8OlnkRgJDgEdh4DaXjIIYaEKo5PpWTLtEEgo6spQOwZp9eZ5U8znrPHdatjKFApogifbRAcoiC12gArpGJVRBFN2jR/SMXowH48l4Nd4mrQvGdGYX/YHx/gO9upeM</latexit>

MaxCut(G)�m/2
<latexit sha1_base64="ZQ5e5IKMCJd0aSCuIZuEklH+YII=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgId4TMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8332V3/bSSif/0e5GNAlRaMqJUi3XibWXEqkZ5TjKtROFMaED0sOWQUFCVF46GXRkHxqnaweRNE9oe+L+7EhJqNQw9E1lSHRfzWdj87+slejg3EuZiBONgk4/ChJu68geb213mUSq+dAAoZKZWW3aJ5JQbW6TM0dw51f+C/XjontaPKm6hVIJpsrCPhzAEbhwBiW4ggrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9gqkLE=</latexit>

G

Theorem(B., Janzer, and Sudakov 24):                                   
                                                 for any graph     with     edges.<latexit sha1_base64="ZQ5e5IKMCJd0aSCuIZuEklH+YII=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgId4TMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8332V3/bSSif/0e5GNAlRaMqJUi3XibWXEqkZ5TjKtROFMaED0sOWQUFCVF46GXRkHxqnaweRNE9oe+L+7EhJqNQw9E1lSHRfzWdj87+slejg3EuZiBONgk4/ChJu68geb213mUSq+dAAoZKZWW3aJ5JQbW6TM0dw51f+C/XjontaPKm6hVIJpsrCPhzAEbhwBiW4ggrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9gqkLE=</latexit>

G
<latexit sha1_base64="ciOZu9lu9uZZVlMbGYJNfvuHcHw=">AAAB6HicbZDLSgMxFIbP1Futt3rZuQkWwVWZEVF3FlzosgV7gXYomTTTxiaZIckIdegTuHGhiFsfwKfwCdy59E1MLwtt/SHw8f/nkHNOEHOmjet+OZmFxaXllexqbm19Y3Mrv71T01GiCK2SiEeqEWBNOZO0apjhtBErikXAaT3oX47y+h1VmkXyxgxi6gvclSxkBBtrVUQ7X3CL7lhoHrwpFC4+7r+v3vfScjv/2epEJBFUGsKx1k3PjY2fYmUY4XSYayWaxpj0cZc2LUosqPbT8aBDdGidDgojZZ80aOz+7kix0HogAlspsOnp2Wxk/pc1ExOe+ymTcWKoJJOPwoQjE6HR1qjDFCWGDyxgopidFZEeVpgYe5ucPYI3u/I81I6L3mnxpOIVSiWYKAv7cABH4MEZlOAaylAFAhQe4AmenVvn0XlxXielGWfaswt/5Lz9ABHRkNc=</latexit>m

<latexit sha1_base64="VmytY7C3NSzcnfSLtBI1eANjdSY="></latexit>

MaxCut(G)� m
2 � 1

⇡ · m
#(G)�1



The probability that edge       falls 
in different sides is 
                                            

MaxCut 

Definition: The Lovász theta function          is the minimum    , 
such that there exists a map                                         satisfying 
                                          for all                   .

<latexit sha1_base64="j6C7q3VvbrKpulPkL7OSYqA/JM0=">AAAB83icbVDLSgMxFL1TH631VXXpJliEuikz4ms54EKXLdgHdIaSSTNtaCYzJJlCGfobblwo4tafcecPiJ9h+lho64ELh3PuTe49QcKZ0rb9aeXW1jc284Wt4vbO7t5+6eCwqeJUEtogMY9lO8CKciZoQzPNaTuRFEcBp61geDv1WyMqFYvFgx4n1I9wX7CQEayN5HkjLPWAaly5O+uWynbVngGtEmdByi6qf38V8pe1bunD68UkjajQhGOlOo6daD8zLzLC6aTopYommAxxn3YMFTiiys9mO0/QqVF6KIylKaHRTP09keFIqXEUmM4I64Fa9qbif14n1eGNnzGRpJoKMv8oTDnSMZoGgHpMUqL52BBMJDO7IjLAEhNtYiqaEJzlk1dJ87zqXFUv6k7ZdWGOAhzDCVTAgWtw4R5q0AACCTzCM7xYqfVkvVpv89actZg5gj+w3n8AKVyUDA==</latexit>

#(G) <latexit sha1_base64="bjtGewTXnZYmXxiBxW5/AxpGVZg=">AAAB7XicbZDLSgMxFIbP1Futt3rZuQkWwVWZEVF3FlzosoK9QDuUTJq2sZkkJBmhDn0HNy4UcevOp/AJ3Ln0TUwvC63+EPj4/3PIOSdSnBnr+59eZm5+YXEpu5xbWV1b38hvblWNTDShFSK51PUIG8qZoBXLLKd1pSmOI05rUf98lNduqTZMims7UDSMcVewDiPYOqva7GOlcCtf8Iv+WOgvBFMonL3ffV287aTlVv6j2ZYkiamwhGNjGoGvbJhibRnhdJhrJoYqTPq4SxsOBY6pCdPxtEO075w26kjtnrBo7P7sSHFszCCOXGWMbc/MZiPzv6yR2M5pmDKhEksFmXzUSTiyEo1WR22mKbF84AATzdysiPSwxsS6A+XcEYLZlf9C9bAYHBeProJCqQQTZWEX9uAAAjiBElxCGSpA4Abu4RGePOk9eM/ey6Q04017tuGXvNdv0mGTBQ==</latexit>
<latexit sha1_base64="dNccTaYR9EB7kcaycTIW7o4gRcE="></latexit>

f : V (G) ! (unit sphere)
<latexit sha1_base64="ykG/1TbL8Ksr6ztwranb32n9VBU="></latexit>

hf(u), f(v)i = �1/(� 1)
<latexit sha1_base64="69QwqhJFCLy1cc1o2RzFimGm5vI=">AAAB9XicbVDJSgNBEK1xS4xb1KOXxiDES5gRt+OAiB4TMAskY+jp9CRNenqG7p5IGPIfXjwo4tV/8eYPiJ9hZzlo4oOCx3tVVNXzY86Utu1Pa2l5ZXUtk13PbWxube/kd/dqKkokoVUS8Ug2fKwoZ4JWNdOcNmJJcehzWvf7V2O/PqBSsUjc6WFMvRB3BQsYwdpI98kAtUSkmUDXxZvjdr5gl+wJ0CJxZqTgosr3VzZzVm7nP1qdiCQhFZpwrFTTsWPtpVhqRjgd5VqJojEmfdylTUMFDqny0snVI3RklA4KImlKaDRRf0+kOFRqGPqmM8S6p+a9sfif10x0cOmlTMSJpoJMFwUJRzpC4whQh0lKNB8agolk5lZEelhiok1QOROCM//yIqmdlJzz0mnFKbguTJGFAziEIjhwAS7cQhmqQEDCIzzDi/VgPVmv1tu0dcmazezDH1jvP9CDlFk=</latexit>

uv /2 E(G)

Theorem(B., Janzer, and Sudakov 24):                                   
                                                 for any graph     with     edges.<latexit sha1_base64="ZQ5e5IKMCJd0aSCuIZuEklH+YII=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgId4TMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8332V3/bSSif/0e5GNAlRaMqJUi3XibWXEqkZ5TjKtROFMaED0sOWQUFCVF46GXRkHxqnaweRNE9oe+L+7EhJqNQw9E1lSHRfzWdj87+slejg3EuZiBONgk4/ChJu68geb213mUSq+dAAoZKZWW3aJ5JQbW6TM0dw51f+C/XjontaPKm6hVIJpsrCPhzAEbhwBiW4ggrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9gqkLE=</latexit>

G
<latexit sha1_base64="ciOZu9lu9uZZVlMbGYJNfvuHcHw=">AAAB6HicbZDLSgMxFIbP1Futt3rZuQkWwVWZEVF3FlzosgV7gXYomTTTxiaZIckIdegTuHGhiFsfwKfwCdy59E1MLwtt/SHw8f/nkHNOEHOmjet+OZmFxaXllexqbm19Y3Mrv71T01GiCK2SiEeqEWBNOZO0apjhtBErikXAaT3oX47y+h1VmkXyxgxi6gvclSxkBBtrVUQ7X3CL7lhoHrwpFC4+7r+v3vfScjv/2epEJBFUGsKx1k3PjY2fYmUY4XSYayWaxpj0cZc2LUosqPbT8aBDdGidDgojZZ80aOz+7kix0HogAlspsOnp2Wxk/pc1ExOe+ymTcWKoJJOPwoQjE6HR1qjDFCWGDyxgopidFZEeVpgYe5ucPYI3u/I81I6L3mnxpOIVSiWYKAv7cABH4MEZlOAaylAFAhQe4AmenVvn0XlxXielGWfaswt/5Lz9ABHRkNc=</latexit>m

Proof idea: Choose a random 
hyperplane and partition the 
vertices according to which side of 
it they fall on.

<latexit sha1_base64="dX+wkXVn8R7oFrAYnFX9GmMjIPA=">AAAB6XicbZDLSgMxFIZP6q3WW73s3ASL4KrMiKg7Cy50WcVeoB1KJs20oZnMkGQKdegbuHGhiFv3PoVP4M6lb2J6WWjrD4GP/z+HnHP8WHBtHOcLZRYWl5ZXsqu5tfWNza389k5VR4mirEIjEam6TzQTXLKK4UaweqwYCX3Ban7vcpTX+kxpHsk7M4iZF5KO5AGnxFjrNum38gWn6IyF58GdQuHi4/776n0vLbfyn812RJOQSUMF0brhOrHxUqIMp4INc81Es5jQHumwhkVJQqa9dDzpEB9ap42DSNknDR67vztSEmo9CH1bGRLT1bPZyPwvayQmOPdSLuPEMEknHwWJwCbCo7VxmytGjRhYIFRxOyumXaIINfY4OXsEd3bleageF93T4smNWyiVYKIs7MMBHIELZ1CCayhDBSgE8ABP8Ix66BG9oNdJaQZNe3bhj9DbD/YikV8=</latexit>uv

<latexit sha1_base64="JtNXWoPqItrwxo8rEPF8Q2Su/fo="></latexit>

1
2 + 1

⇡ arcsin (�hf(u), f(v)i)
<latexit sha1_base64="m1RLaNr2ftRa6Lfn0pHpuFBGhhU="></latexit>

� 1
2 + �hf(u),f(v)i

⇡

<latexit sha1_base64="VmytY7C3NSzcnfSLtBI1eANjdSY="></latexit>

MaxCut(G)� m
2 � 1

⇡ · m
#(G)�1

<latexit sha1_base64="tacZmz8QNRaooYu5MY+4Powt7/A=">AAAB63icbZDLSgMxFIbP1EtrvVVdugkWoW7KjHhbDrhx2YK9QDuUTJppQ5PMkGSEUvoKblwo4tYXcucLiI9hpu1CW38IfPz/OeScEyacaeO6n05ubX1jM1/YKm7v7O7tlw4OmzpOFaENEvNYtUOsKWeSNgwznLYTRbEIOW2Fo9ssbz1QpVks7804oYHAA8kiRrDJrKiSnvVKZbfqzoRWwVtA2Uf1769C/rLWK310+zFJBZWGcKx1x3MTE0ywMoxwOi12U00TTEZ4QDsWJRZUB5PZrFN0ap0+imJlnzRo5v7umGCh9ViEtlJgM9TLWWb+l3VSE90EEyaT1FBJ5h9FKUcmRtniqM8UJYaPLWCimJ0VkSFWmBh7nqI9gre88io0z6veVfWi7pV9H+YqwDGcQAU8uAYf7qAGDSAwhEd4hhdHOE/Oq/M2L805i54j+CPn/QchrZCV</latexit>

f(u)

<latexit sha1_base64="+j72hOfxC99V4O8snMK6opECAzI=">AAAB63icbZDLSgMxFIbPeGutt6pLN8Ei1E2ZEW/LATcuW7AXaIeSSTNtaJIZkkyhlL6CGxeKuPWF3PkC4mOYabvQ1h8CH/9/DjnnhAln2rjup7O2vrG5lctvF3Z29/YPiodHDR2nitA6iXmsWiHWlDNJ64YZTluJoliEnDbD4V2WN0dUaRbLBzNOaCBwX7KIEWwyKyqPzrvFkltxZ0Kr4C2g5KPa91c+d1XtFj86vZikgkpDONa67bmJCSZYGUY4nRY6qaYJJkPcp22LEguqg8ls1ik6s04PRbGyTxo0c393TLDQeixCWymwGejlLDP/y9qpiW6DCZNJaqgk84+ilCMTo2xx1GOKEsPHFjBRzM6KyAArTIw9T8EewVteeRUaFxXvunJZ80q+D3Pl4QROoQwe3IAP91CFOhAYwCM8w4sjnCfn1Xmbl645i55j+CPn/QcjMpCW</latexit>

f(v)



MaxCut 
Definition: The vector chromatic number               is the 
minimum   , such that there exists a map                                         
satisfying                                            for all                   .

<latexit sha1_base64="bjtGewTXnZYmXxiBxW5/AxpGVZg=">AAAB7XicbZDLSgMxFIbP1Futt3rZuQkWwVWZEVF3FlzosoK9QDuUTJq2sZkkJBmhDn0HNy4UcevOp/AJ3Ln0TUwvC63+EPj4/3PIOSdSnBnr+59eZm5+YXEpu5xbWV1b38hvblWNTDShFSK51PUIG8qZoBXLLKd1pSmOI05rUf98lNduqTZMims7UDSMcVewDiPYOqva7GOlcCtf8Iv+WOgvBFMonL3ffV287aTlVv6j2ZYkiamwhGNjGoGvbJhibRnhdJhrJoYqTPq4SxsOBY6pCdPxtEO075w26kjtnrBo7P7sSHFszCCOXGWMbc/MZiPzv6yR2M5pmDKhEksFmXzUSTiyEo1WR22mKbF84AATzdysiPSwxsS6A+XcEYLZlf9C9bAYHBeProJCqQQTZWEX9uAAAjiBElxCGSpA4Abu4RGePOk9eM/ey6Q04017tuGXvNdv0mGTBQ==</latexit>
<latexit sha1_base64="dNccTaYR9EB7kcaycTIW7o4gRcE="></latexit>

f : V (G) ! (unit sphere)
<latexit sha1_base64="KOxpxXfkY/l6Dhzu5GUkN/Ndf9k=">AAACGHicbVDLTgIxFO34AvGFunTTSEwgEZgxvpYkblxCIo+EIeRO6UBDpzNpOySE8Blu/BU3LjTGLTt/wPgZlsdCwZPc5uSce3N7jxdxprRtf1pr6xubW4nkdmpnd2//IH14VFNhLAmtkpCHsuGBopwJWtVMc9qIJIXA47Tu9e+mfn1ApWKheNDDiLYC6ArmMwLaSO100eUgupxiPxvnzs07yGFXziXXVN4pZt0+RBHgPHZyuJ3O2AV7BrxKnAXJlHDl+yuZuCq30xO3E5I4oEITDko1HTvSrRFIzQin45QbKxoB6UOXNg0VEFDVGs0OG+Mzo3SwH0pTQuOZ+ntiBIFSw8AznQHonlr2puJ/XjPW/m1rxEQUayrIfJEfc6xDPE0Jd5ikRPOhIUAkM3/FpAcSiDZZpkwIzvLJq6R2UXCuC5cVJ1MqoTmS6ASdoixy0A0qoXtURlVE0CN6Rq/ozXqyXqx362PeumYtZo7RH1iTH5i4n0M=</latexit>

hf(u), f(v)i  �1/(� 1)
<latexit sha1_base64="8Il1iiR9fat2HDQcitJIfgroEaw=">AAAB8nicbZDLSsNAFIZPvLXWW9Wlm8Ei1E1JxNsyIKLLFuwF0lAm00k7dDIJM5NCCX0MNy4UcevTuPMFxMdwello6w8DH/9/DnPOCRLOlLbtT2tldW19I5ffLGxt7+zuFfcPGipOJaF1EvNYtgKsKGeC1jXTnLYSSXEUcNoMBjeTvDmkUrFYPOhRQv0I9wQLGcHaWF46RG0m0G357rRTLNkVeyq0DM4cSi6qfX/lcxfVTvGj3Y1JGlGhCcdKeY6daD/DUjPC6bjQThVNMBngHvUMChxR5WfTkcfoxDhdFMbSPKHR1P3dkeFIqVEUmMoI675azCbmf5mX6vDaz5hIUk0FmX0UphzpGE32R10mKdF8ZAATycysiPSxxESbKxXMEZzFlZehcVZxLivnNafkujBTHo7gGMrgwBW4cA9VqAOBGB7hGV4sbT1Zr9bbrHTFmvccwh9Z7z9T/JLq</latexit>

uv 2 E(G)

Theorem(B., Janzer, and Sudakov 24):                                   
                                                    for any graph     with     edges.

<latexit sha1_base64="ZQ5e5IKMCJd0aSCuIZuEklH+YII=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgId4TMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8332V3/bSSif/0e5GNAlRaMqJUi3XibWXEqkZ5TjKtROFMaED0sOWQUFCVF46GXRkHxqnaweRNE9oe+L+7EhJqNQw9E1lSHRfzWdj87+slejg3EuZiBONgk4/ChJu68geb213mUSq+dAAoZKZWW3aJ5JQbW6TM0dw51f+C/XjontaPKm6hVIJpsrCPhzAEbhwBiW4ggrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9gqkLE=</latexit>

G <latexit sha1_base64="ciOZu9lu9uZZVlMbGYJNfvuHcHw=">AAAB6HicbZDLSgMxFIbP1Futt3rZuQkWwVWZEVF3FlzosgV7gXYomTTTxiaZIckIdegTuHGhiFsfwKfwCdy59E1MLwtt/SHw8f/nkHNOEHOmjet+OZmFxaXllexqbm19Y3Mrv71T01GiCK2SiEeqEWBNOZO0apjhtBErikXAaT3oX47y+h1VmkXyxgxi6gvclSxkBBtrVUQ7X3CL7lhoHrwpFC4+7r+v3vfScjv/2epEJBFUGsKx1k3PjY2fYmUY4XSYayWaxpj0cZc2LUosqPbT8aBDdGidDgojZZ80aOz+7kix0HogAlspsOnp2Wxk/pc1ExOe+ymTcWKoJJOPwoQjE6HR1qjDFCWGDyxgopidFZEeVpgYe5ucPYI3u/I81I6L3mnxpOIVSiWYKAv7cABH4MEZlOAaylAFAhQe4AmenVvn0XlxXielGWfaswt/5Lz9ABHRkNc=</latexit>m

<latexit sha1_base64="+pQCcjpZjB13SUw9z/hk8A3K5nU=">AAAB/XicbVDJSgNBEO2JS2Lc4nLz0hiEeAkz4nYMeNBjAmaBJISeTiVp0rPQXROMQ/BXvHhQxKv/4c0fED/DznLQxAcFj/eqqKrnhlJotO1PK7G0vLKaTK2l1zc2t7YzO7sVHUSKQ5kHMlA1l2mQwocyCpRQCxUwz5VQdftXY786AKVF4N/iMISmx7q+6AjO0EitzH6D90QrbiDcYTwAPhrlro9bmaydtyegi8SZkWyBlr6/UsmzYivz0WgHPPLARy6Z1nXHDrEZM4WCSxilG5GGkPE+60LdUJ95oJvx5PoRPTJKm3YCZcpHOlF/T8TM03rouabTY9jT895Y/M+rR9i5bMbCDyMEn08XdSJJMaDjKGhbKOAoh4YwroS5lfIeU4yjCSxtQnDmX14klZO8c54/LTnZQoFMkSIH5JDkiEMuSIHckCIpE07uySN5Ji/Wg/VkvVpv09aENZvZI39gvf8AUCaYEA==</latexit>

�vec(G)

Theorem(B. 24): There exists an    -free graph     with     edges 
satisfying                                                   , where      is the 
complete bipartite graph with parts of size    .

Theorem(B. 24):                            and                             .
<latexit sha1_base64="+Croqee5myiGKVYxTQaTe0NqvQo="></latexit>

�vec(G) � #(G)2

n

<latexit sha1_base64="gLl6QSNzXRYGeedp6txTaQeC5+I=">AAACGnicbVDLSgNBEJz1bXxFPXoZDIJewq6IehECHvSoYKKQDWF20psMzs6uM73BsOx3ePFXvHhQJDfxoN/hDzh5HHwVNBRV3XR3BYkUBl33w5mYnJqemZ2bLywsLi2vFFfXaiZONYcqj2WsrwJmQAoFVRQo4SrRwKJAwmVwfTzwL7ugjYjVBfYSaESsrUQoOEMrNYuezzuimfkIt5h1gef59skO9dtwQ/1QM56pfGxGRg+8vFksuWV3CPqXeGNSqrj9/F1/Hp01i69+K+ZpBAq5ZMbUPTfBRsY0Ci4hL/ipgYTxa9aGuqWKRWAa2fC1nG5ZpUXDWNtSSIfq94mMRcb0osB2Rgw75rc3EP/z6imGh41MqCRFUHy0KEwlxZgOcqItoYGj7FnCuBb2Vso7zCaCNs2CDcH7/fJfUtste/vlvXOvVKmQEebIBtkk28QjB6RCTskZqRJO7sgDeSLPzr3z6Lw4/VHrhDOeWSc/4Lx9AepzpdM=</latexit>

�vec(G) � n
msr(G)

<latexit sha1_base64="ZQ5e5IKMCJd0aSCuIZuEklH+YII=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgId4TMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8332V3/bSSif/0e5GNAlRaMqJUi3XibWXEqkZ5TjKtROFMaED0sOWQUFCVF46GXRkHxqnaweRNE9oe+L+7EhJqNQw9E1lSHRfzWdj87+slejg3EuZiBONgk4/ChJu68geb213mUSq+dAAoZKZWW3aJ5JQbW6TM0dw51f+C/XjontaPKm6hVIJpsrCPhzAEbhwBiW4ggrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9gqkLE=</latexit>

G
<latexit sha1_base64="Rb5I4ByHmoijnrmDWndKdzxG58A=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAdzTMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8331dve2llU7+o92NaBKi0JQTpVquE2svJVIzynGUaycKY0IHpIctg4KEqLx0MujIPjRO1w4iaZ7Q9sT92ZGSUKlh6JvKkOi+ms/G5n9ZK9HBuZcyEScaBZ1+FCTc1pE93truMolU86EBQiUzs9q0TySh2twmZ47gzq/8F+rHRfe0eFJ1C6USTJWFfTiAI3DhDEpQhgrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9mukLI=</latexit>

H
<latexit sha1_base64="ciOZu9lu9uZZVlMbGYJNfvuHcHw=">AAAB6HicbZDLSgMxFIbP1Futt3rZuQkWwVWZEVF3FlzosgV7gXYomTTTxiaZIckIdegTuHGhiFsfwKfwCdy59E1MLwtt/SHw8f/nkHNOEHOmjet+OZmFxaXllexqbm19Y3Mrv71T01GiCK2SiEeqEWBNOZO0apjhtBErikXAaT3oX47y+h1VmkXyxgxi6gvclSxkBBtrVUQ7X3CL7lhoHrwpFC4+7r+v3vfScjv/2epEJBFUGsKx1k3PjY2fYmUY4XSYayWaxpj0cZc2LUosqPbT8aBDdGidDgojZZ80aOz+7kix0HogAlspsOnp2Wxk/pc1ExOe+ymTcWKoJJOPwoQjE6HR1qjDFCWGDyxgopidFZEeVpgYe5ucPYI3u/I81I6L3mnxpOIVSiWYKAv7cABH4MEZlOAaylAFAhQe4AmenVvn0XlxXielGWfaswt/5Lz9ABHRkNc=</latexit>m

<latexit sha1_base64="L+uQ0L9+8krPbnmnnsPho/As3W8="></latexit>

�vec(G) � m1/2�O(log log k/ log k)
<latexit sha1_base64="VuWd1j9ijuHICrpsg2btt9AbQ2I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2sSr+dLzhFZyx7HtwpFC4+7r+v3vfScjv/2epENAlRaMqJUk3XibWXEqkZ5TjMtRKFMaF90sWmQUFCVF46HnRoHxqnYweRNE9oe+z+7khJqNQg9E1lSHRPzWYj87+smejg3EuZiBONgk4+ChJu68gebW13mESq+cAAoZKZWW3aI5JQbW6TM0dwZ1eeh9px0T0tnlTcQqkEE2VhHw7gCFw4gxJcQxmqQAHhAZ7g2bq1Hq0X63VSmrGmPbvwR9bbDw7JkNU=</latexit>

k

<latexit sha1_base64="Rb5I4ByHmoijnrmDWndKdzxG58A=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAdzTMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8331dve2llU7+o92NaBKi0JQTpVquE2svJVIzynGUaycKY0IHpIctg4KEqLx0MujIPjRO1w4iaZ7Q9sT92ZGSUKlh6JvKkOi+ms/G5n9ZK9HBuZcyEScaBZ1+FCTc1pE93truMolU86EBQiUzs9q0TySh2twmZ47gzq/8F+rHRfe0eFJ1C6USTJWFfTiAI3DhDEpQhgrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9mukLI=</latexit>

H

Conjecture(Elphick 23):                                                     .

<latexit sha1_base64="QP4TBfyDLjJ4aRD5X5LL2oL0LVY="></latexit>

MaxCut(G)� m
2 � 1

⇡ · m
�vec(G)�1

<latexit sha1_base64="E2CaPMARtJbg86+eHvwwIHxlc/Y="></latexit>

MaxCut(G)� m
2 � 1

3 · m
�vec(G)�1



Extension Complexity of Polytopes
Definition: For a   -dimensional polytope    , its extension 
complexity           , is the minimum number of facets of a 
polytope      such that     is the orthogonal projection of     onto 
some    -dimensional subspace.

<latexit sha1_base64="jXnQhK41O7mY94o7XbLfuURKGa0=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ01NJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6gnUYJdpYlaCdLzhFZyx7HtwpFC4+7r+v3vfScjv/2QoimoQoNOVEqabrxNpLidSMchzmWonCmNA+6WLToCAhKi8dDzq0D40T2J1Imie0PXZ/d6QkVGoQ+qYyJLqnZrOR+V/WTHTn3EuZiBONgk4+6iTc1pE92toOmESq+cAAoZKZWW3aI5JQbW6TM0dwZ1eeh9px0T0tnlTcQqkEE2VhHw7gCFw4gxJcQxmqQAHhAZ7g2bq1Hq0X63VSmrGmPbvwR9bbDwQtkM4=</latexit>

d
<latexit sha1_base64="eJGTEQteFeAfavqdJSxgKrj2JXI=">AAAB6HicbVC7SgNBFL0bXzG+4qOzGQyCVdgVUTsDFlomYB6QBJmd3E3GzM4uM7NCXPIFNhaK2PoBfoVfYGfpnzh5FBo9cOFwzrnchx8Lro3rfjqZufmFxaXscm5ldW19I7+5VdNRohhWWSQi1fCpRsElVg03AhuxQhr6Aut+/3zk129RaR7JKzOIsR3SruQBZ9RYqVK+zhfcojsG+Uu8KSmcvd99XbztpDb/0epELAlRGiao1k3PjU07pcpwJnCYayUaY8r6tItNSyUNUbfT8aJDsm+VDgkiZUsaMlZ/dqQ01HoQ+jYZUtPTs95I/M9rJiY4badcxolBySaDgkQQE5HR1aTDFTIjBpZQprjdlbAeVZQZ+5ucfYI3e/JfUjssesfFo4pXKJVggizswh4cgAcnUIJLKEMVGCDcwyM8OTfOg/PsvEyiGWfasw2/4Lx+A+XOkLo=</latexit>

P
<latexit sha1_base64="UFUhK8P/bRskKVlA0SJ4ss2j0+I=">AAAB83icbVDLSsNAFJ3UR2t9VV26GSxC3ZREfC0Dbly2YB/QhDKZTtqhk0mYuZGW0N9w40IRt/6MO39A/Aynj4W2HrhwOOde7r0nSATXYNufVm5tfWMzX9gqbu/s7u2XDg6bOk4VZQ0ai1i1A6KZ4JI1gINg7UQxEgWCtYLh7dRvPTCleSzvYZwwPyJ9yUNOCRjJ84CNIBvRSaV21i2V7ao9A14lzoKUXVz//irkL2vd0ofXi2kaMQlUEK07jp2AnxEFnAo2KXqpZgmhQ9JnHUMliZj2s9nNE3xqlB4OY2VKAp6pvycyEmk9jgLTGREY6GVvKv7ndVIIb/yMyyQFJul8UZgKDDGeBoB7XDEKYmwIoYqbWzEdEEUomJiKJgRn+eVV0jyvOlfVi7pTdl00RwEdoxNUQQ66Ri66QzXUQBQl6BE9oxcrtZ6sV+tt3pqzFjNH6A+s9x+OjpRO</latexit>

xc(P )
<latexit sha1_base64="q40t6Co6+aSpLTQaMhexVy+Hw/4=">AAAB6XicbZDLSgMxFIZP6q3WW73s3ASL6KrMiKg7Cy50WcVeoB1KJs20oZnMkGSEOvQN3LhQxK17n8IncOfSNzG9LLT1h8DH/59Dzjl+LLg2jvOFMnPzC4tL2eXcyura+kZ+c6uqo0RRVqGRiFTdJ5oJLlnFcCNYPVaMhL5gNb93Mcxrd0xpHslb04+ZF5KO5AGnxFjrpnzQyhecojMSngV3AoXzj/vvy/edtNzKfzbbEU1CJg0VROuG68TGS4kynAo2yDUTzWJCe6TDGhYlCZn20tGkA7xvnTYOImWfNHjk/u5ISah1P/RtZUhMV09nQ/O/rJGY4MxLuYwTwyQdfxQkApsID9fGba4YNaJvgVDF7ayYdoki1Njj5OwR3OmVZ6F6VHRPisfXbqFUgrGysAt7cAgunEIJrqAMFaAQwAM8wTPqoUf0gl7HpRk06dmGP0JvP0YtkOs=</latexit>

P 0 <latexit sha1_base64="eJGTEQteFeAfavqdJSxgKrj2JXI=">AAAB6HicbVC7SgNBFL0bXzG+4qOzGQyCVdgVUTsDFlomYB6QBJmd3E3GzM4uM7NCXPIFNhaK2PoBfoVfYGfpnzh5FBo9cOFwzrnchx8Lro3rfjqZufmFxaXscm5ldW19I7+5VdNRohhWWSQi1fCpRsElVg03AhuxQhr6Aut+/3zk129RaR7JKzOIsR3SruQBZ9RYqVK+zhfcojsG+Uu8KSmcvd99XbztpDb/0epELAlRGiao1k3PjU07pcpwJnCYayUaY8r6tItNSyUNUbfT8aJDsm+VDgkiZUsaMlZ/dqQ01HoQ+jYZUtPTs95I/M9rJiY4badcxolBySaDgkQQE5HR1aTDFTIjBpZQprjdlbAeVZQZ+5ucfYI3e/JfUjssesfFo4pXKJVggizswh4cgAcnUIJLKEMVGCDcwyM8OTfOg/PsvEyiGWfasw2/4Lx+A+XOkLo=</latexit>

P
<latexit sha1_base64="q40t6Co6+aSpLTQaMhexVy+Hw/4=">AAAB6XicbZDLSgMxFIZP6q3WW73s3ASL6KrMiKg7Cy50WcVeoB1KJs20oZnMkGSEOvQN3LhQxK17n8IncOfSNzG9LLT1h8DH/59Dzjl+LLg2jvOFMnPzC4tL2eXcyura+kZ+c6uqo0RRVqGRiFTdJ5oJLlnFcCNYPVaMhL5gNb93Mcxrd0xpHslb04+ZF5KO5AGnxFjrpnzQyhecojMSngV3AoXzj/vvy/edtNzKfzbbEU1CJg0VROuG68TGS4kynAo2yDUTzWJCe6TDGhYlCZn20tGkA7xvnTYOImWfNHjk/u5ISah1P/RtZUhMV09nQ/O/rJGY4MxLuYwTwyQdfxQkApsID9fGba4YNaJvgVDF7ayYdoki1Njj5OwR3OmVZ6F6VHRPisfXbqFUgrGysAt7cAgunEIJrqAMFaAQwAM8wTPqoUf0gl7HpRk06dmGP0JvP0YtkOs=</latexit>

P 0
<latexit sha1_base64="jXnQhK41O7mY94o7XbLfuURKGa0=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ01NJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6gnUYJdpYlaCdLzhFZyx7HtwpFC4+7r+v3vfScjv/2QoimoQoNOVEqabrxNpLidSMchzmWonCmNA+6WLToCAhKi8dDzq0D40T2J1Imie0PXZ/d6QkVGoQ+qYyJLqnZrOR+V/WTHTn3EuZiBONgk4+6iTc1pE92toOmESq+cAAoZKZWW3aI5JQbW6TM0dwZ1eeh9px0T0tnlTcQqkEE2VhHw7gCFw4gxJcQxmqQAHhAZ7g2bq1Hq0X63VSmrGmPbvwR9bbDwQtkM4=</latexit>

d

Theorem(Kwan, Sauermann, Zhao 22): There exists an         
       -dimensional polytope with at most     vertices and 
extension complexity at least            .

<latexit sha1_base64="dVVu3pSv3rCVBiU3DpWW9qywNtU=">AAAB73icbZDLSgMxFIbP1Futt3rZuQkWoW7KjIi6s+BClxXsBdpaMmmmDc0kY5IR6tCXcONCEbdufAqfwJ1L38T0stDWHwIf/38OOef4EWfauO6Xk5qbX1hcSi9nVlbX1jeym1sVLWNFaJlILlXNx5pyJmjZMMNpLVIUhz6nVb93Psyrd1RpJsW16Ue0GeKOYAEj2FirJm4SmfcOBq1szi24I6FZ8CaQO/u4/75430lKrexnoy1JHFJhCMda1z03Ms0EK8MIp4NMI9Y0wqSHO7RuUeCQ6mYymneA9q3TRoFU9gmDRu7vjgSHWvdD31aG2HT1dDY0/8vqsQlOmwkTUWyoIOOPgpgjI9FwedRmihLD+xYwUczOikgXK0yMPVHGHsGbXnkWKocF77hwdOXlikUYKw27sAd58OAEinAJJSgDAQ4P8ATPzq3z6Lw4r+PSlDPp2YY/ct5+AJPvk2U=</latexit>

no(1)
<latexit sha1_base64="SGFf/4A1NZk+ng5omUS5BaHpIf4=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simjnC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxNVkNg=</latexit>n

<latexit sha1_base64="htMe5/T1XOljFBDxVnq439bkwks=">AAAB8nicbZDLSgMxFIYz9VbrrV52boJFqAvLRETdWXChywr2AtOxZNJMG5pJhiQj1KGP4caFIm7Fp/AJ3Ln0TUwvC239IfDx/+eQc04Qc6aN6345mbn5hcWl7HJuZXVtfSO/uVXTMlGEVonkUjUCrClnglYNM5w2YkVxFHBaD3oXw7x+R5VmUtyYfkz9CHcECxnBxlqeuE3RIZRFdDBo5QtuyR0JzgKaQOH84/778n0nrbTyn822JElEhSEca+0hNzZ+ipVhhNNBrploGmPSwx3qWRQ4otpPRyMP4L512jCUyj5h4Mj93ZHiSOt+FNjKCJuuns6G5n+Zl5jwzE+ZiBNDBRl/FCYcGgmH+8M2U5QY3reAiWJ2Vki6WGFi7JVy9ghoeuVZqB2V0Enp+BoVymUwVhbsgj1QBAicgjK4AhVQBQRI8ACewLNjnEfnxXkdl2acSc82+CPn7QfIrJQB</latexit>

n1�o(1)



Extension Complexity of Polytopes

Definition: For a nonnegative matrix     , its nonnegative rank 
                 is defined to be the minimum     such that we can 
write                       , where each      is nonnegative and rank 1.

<latexit sha1_base64="ri4fWNOlsLvY5EKiO9ajIPohY8I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAe9CAmYBZIh9HRqktaenqG7R4hDnsCLB0W8+gA+hU/gzaNvYmc5aOIPDR//X0VXlR9zprTjfFmZufmFxaXscm5ldW19I7+5VVNRIilWacQj2fCJQs4EVjXTHBuxRBL6HOv+7fkwr9+hVCwS17ofoxeSrmABo0Qbq3LVzhecojOSPQvuBApnH/ffF+87abmd/2x1IpqEKDTlRKmm68TaS4nUjHIc5FqJwpjQW9LFpkFBQlReOhp0YO8bp2MHkTRPaHvk/u5ISahUP/RNZUh0T01nQ/O/rJno4NRLmYgTjYKOPwoSbuvIHm5td5hEqnnfAKGSmVlt2iOSUG1ukzNHcKdXnoXaYdE9Lh5V3EKpBGNlYRf24ABcOIESXEIZqkAB4QGe4Nm6sR6tF+t1XJqxJj3b8EfW2w/hQpC3</latexit>

M
<latexit sha1_base64="amWGHcf5g+8PesDBtjpfGKibI+U=">AAAB+3icbVDJSgNBEO1xS4xbjEcvjUGICGFG3I4DXrwICZgFkjD0dDpJk56eobtGEob5FS8eFPHqj3jzB8TPsLMcNPFBweO9Kqrq+ZHgGmz701pZXVvfyGQ3c1vbO7t7+f1CXYexoqxGQxGqpk80E1yyGnAQrBkpRgJfsIY/vJn4jQemNA/lPYwj1glIX/IepwSM5OULbWAjSBSRw9RLTtPS3YmXL9plewq8TJw5Kbq4+v2VzVxUvPxHuxvSOGASqCBatxw7gk5CFHAqWJprx5pFhA5Jn7UMlSRgupNMb0/xsVG6uBcqUxLwVP09kZBA63Hgm86AwEAvehPxP68VQ++6k3AZxcAknS3qxQJDiCdB4C5XjIIYG0Ko4uZWTAdEEQomrpwJwVl8eZnUz8rOZfm86hRdF82QRYfoCJWQg66Qi25RBdUQRSP0iJ7Ri5VaT9ar9TZrXbHmMwfoD6z3H4qElws=</latexit>

rank+(M) <latexit sha1_base64="c3sUZeVAmMcZF8y/y3yTaBpRVp0=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simznC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxllkNw=</latexit>r
<latexit sha1_base64="Jjbz4nXxCYeYy8L7kwzB0kjQIqc=">AAAB/nicbVDLSsNAFJ34rPUVFVduBoPgqiYi6qYQcONGqGIf0MYwmU7asTNJmJkIJQTc+CFuXCji1pULP8Gdf+P0sdDWAxcO59zLvfcECaNS2fa3MTM7N7+wWFgqLq+srq2bG5s1GacCkyqOWSwaAZKE0YhUFVWMNBJBEA8YqQe9s4FfvyNC0ji6Vv2EeBx1IhpSjJSWfHP7ApZhS6bcz2jZyW9EduXT3Dctu2QPAaeJMyaWaz0cfJLbj4pvfrXaMU45iRRmSMqmYyfKy5BQFDOSF1upJAnCPdQhTU0jxIn0suH5OdzTShuGsdAVKThUf09kiEvZ54Hu5Eh15aQ3EP/zmqkKT72MRkmqSIRHi8KUQRXDQRawTQXBivU1QVhQfSvEXSQQVjqxog7BmXx5mtQOS85x6ejSsVwXjFAAO2AX7AMHnAAXnIMKqAIMMvAInsGLcW88Ga/G26h1xhjPbIE/MN5/ANIgmHI=</latexit>

M =
Pr

i=1 Ri
<latexit sha1_base64="pXoNsiMAlS1M7TqPbH0kZdb0x8w=">AAAB6nicbZC7SgNBFIbPeo3xFk1pMxgECwm7Imq5YGMZL7lAsoTZyWwyZHZmmZkVwpLG3sZCEVufyELwDXwGKyeXQhN/GPj4/3OYc06YcKaN6346C4tLyyurubX8+sbm1nZhZ7emZaoIrRLJpWqEWFPOBK0aZjhtJIriOOS0HvYvRnn9jirNpLg1g4QGMe4KFjGCjbVurtusXSi5ZXcsNA/eFEp+8eP7/mt4VGkX3lsdSdKYCkM41rrpuYkJMqwMI5wO861U0wSTPu7SpkWBY6qDbDzqEB1Yp4MiqewTBo3d3x0ZjrUexKGtjLHp6dlsZP6XNVMTnQcZE0lqqCCTj6KUIyPRaG/UYYoSwwcWMFHMzopIDytMjL1O3h7Bm115HmrHZe+0fHLllXwfJsrBHuzDIXhwBj5cQgWqQKALD/AEzw53Hp0X53VSuuBMe4rwR87bD9Jkkew=</latexit>

Ri

Question(Hrubeš 12): What is the maximum of                 over 
all nonnegative            matrices?

<latexit sha1_base64="V4x/73wVreXMxupkhjq4eDwNZ5s=">AAACEnicbVDLSsNAFJ3UV62vqks3wSK0CCURUTdCwY0boYJ9QBvCZDpph04mYeZGLCHf4MZfceNCEZe6cqXf4Q84fSxq64ELZ865l7n3eBFnCizr28gsLC4tr2RXc2vrG5tb+e2dugpjSWiNhDyUTQ8rypmgNWDAaTOSFAcepw2vfzH0G7dUKhaKGxhE1AlwVzCfEQxacvOlti8xSdpA7yCRWPRTNzlMi1eldFobvt18wSpbI5jzxJ6QQsV6T7/kz3nVzX+2OyGJAyqAcKxUy7YicBIsgRFO01w7VjTCpI+7tKWpwAFVTjI6KTUPtNIx/VDqEmCO1OmJBAdKDQJPdwYYemrWG4r/ea0Y/DMnYSKKgQoy/siPuQmhOczH7DBJCfCBJphIpnc1SQ/rjECnmNMh2LMnz5P6Udk+KR9f24VKBY2RRXtoHxWRjU5RBV2iKqohgu7RI3pGL8aD8WS8Gm/j1owxmdlFf2B8/ALwvqKr</latexit>

rank+(M)
rank(M)

<latexit sha1_base64="koOTnM8dVTXTdgxpDAcbLkr+OMA=">AAAB8XicbVA9SwNBEJ2LJsb4FbW0WQyCVbgTUcuAjWUE84HJEfY2m2TJ3t6xOyeEI62/wEZQEVv9NXb+EHs3H4UmPhh4vDfDm5kglsKg6345mZXVbG4tv17Y2Nza3inu7tVNlGjGayySkW4G1HApFK+hQMmbseY0DCRvBMPLid+449qISN3gKOZ+SPtK9ASjaKVbRdooQm6I6hRLbtmdgiwTb05KldzTt/q4z1Y7xc92N2JJyBUySY1peW6Mfko1Cib5uNBODI8pG9I+b1mqqI3x0+nGY3JklS7pRdqWQjJVf0+kNDRmFAa2M6Q4MIveRPzPayXYu/BToeIEuWKzoF4iCUZkcj7pCs0ZypEllGlhdyVsQDVlaJ9UsE/wFk9eJvWTsndWPr32SpUKzJCHAziEY/DgHCpwBVWoAQMFD/AML45xHp1X523WmnHmM/vwB877D7Q+k/g=</latexit>n⇥ n

Theorem(Yannakakis 91): The extension complexity of any 
polytope     equals the nonnegative rank of any slack matrix of   .<latexit sha1_base64="eJGTEQteFeAfavqdJSxgKrj2JXI=">AAAB6HicbVC7SgNBFL0bXzG+4qOzGQyCVdgVUTsDFlomYB6QBJmd3E3GzM4uM7NCXPIFNhaK2PoBfoVfYGfpnzh5FBo9cOFwzrnchx8Lro3rfjqZufmFxaXscm5ldW19I7+5VdNRohhWWSQi1fCpRsElVg03AhuxQhr6Aut+/3zk129RaR7JKzOIsR3SruQBZ9RYqVK+zhfcojsG+Uu8KSmcvd99XbztpDb/0epELAlRGiao1k3PjU07pcpwJnCYayUaY8r6tItNSyUNUbfT8aJDsm+VDgkiZUsaMlZ/dqQ01HoQ+jYZUtPTs95I/M9rJiY4badcxolBySaDgkQQE5HR1aTDFTIjBpZQprjdlbAeVZQZ+5ucfYI3e/JfUjssesfFo4pXKJVggizswh4cgAcnUIJLKEMVGCDcwyM8OTfOg/PsvEyiGWfasw2/4Lx+A+XOkLo=</latexit>

P

Any polytope can be described by constraints:
<latexit sha1_base64="JmqfStXvx4xMrsGrV89wcoIhB7A="></latexit>

P = {v : bi � hai, vi � 0, i = 1, . . . , t}

slack
One can define a corresponding slack matrix whose entries are 
the slacks of the vertices of    .

<latexit sha1_base64="eJGTEQteFeAfavqdJSxgKrj2JXI=">AAAB6HicbVC7SgNBFL0bXzG+4qOzGQyCVdgVUTsDFlomYB6QBJmd3E3GzM4uM7NCXPIFNhaK2PoBfoVfYGfpnzh5FBo9cOFwzrnchx8Lro3rfjqZufmFxaXscm5ldW19I7+5VdNRohhWWSQi1fCpRsElVg03AhuxQhr6Aut+/3zk129RaR7JKzOIsR3SruQBZ9RYqVK+zhfcojsG+Uu8KSmcvd99XbztpDb/0epELAlRGiao1k3PjU07pcpwJnCYayUaY8r6tItNSyUNUbfT8aJDsm+VDgkiZUsaMlZ/dqQ01HoQ+jYZUtPTs95I/M9rJiY4badcxolBySaDgkQQE5HR1aTDFTIjBpZQprjdlbAeVZQZ+5ucfYI3e/JfUjssesfFo4pXKJVggizswh4cgAcnUIJLKEMVGCDcwyM8OTfOg/PsvEyiGWfasw2/4Lx+A+XOkLo=</latexit>

P

<latexit sha1_base64="eJGTEQteFeAfavqdJSxgKrj2JXI=">AAAB6HicbVC7SgNBFL0bXzG+4qOzGQyCVdgVUTsDFlomYB6QBJmd3E3GzM4uM7NCXPIFNhaK2PoBfoVfYGfpnzh5FBo9cOFwzrnchx8Lro3rfjqZufmFxaXscm5ldW19I7+5VdNRohhWWSQi1fCpRsElVg03AhuxQhr6Aut+/3zk129RaR7JKzOIsR3SruQBZ9RYqVK+zhfcojsG+Uu8KSmcvd99XbztpDb/0epELAlRGiao1k3PjU07pcpwJnCYayUaY8r6tItNSyUNUbfT8aJDsm+VDgkiZUsaMlZ/dqQ01HoQ+jYZUtPTs95I/M9rJiY4badcxolBySaDgkQQE5HR1aTDFTIjBpZQprjdlbAeVZQZ+5ucfYI3e/JfUjssesfFo4pXKJVggizswh4cgAcnUIJLKEMVGCDcwyM8OTfOg/PsvEyiGWfasw2/4Lx+A+XOkLo=</latexit>

P



Extension Complexity of Polytopes

Answer(Kwan, Sauermann, Zhao 22): At least

Question(Hrubeš 12): What is the maximum of                 over 
all nonnegative            matrices?

<latexit sha1_base64="V4x/73wVreXMxupkhjq4eDwNZ5s=">AAACEnicbVDLSsNAFJ3UV62vqks3wSK0CCURUTdCwY0boYJ9QBvCZDpph04mYeZGLCHf4MZfceNCEZe6cqXf4Q84fSxq64ELZ865l7n3eBFnCizr28gsLC4tr2RXc2vrG5tb+e2dugpjSWiNhDyUTQ8rypmgNWDAaTOSFAcepw2vfzH0G7dUKhaKGxhE1AlwVzCfEQxacvOlti8xSdpA7yCRWPRTNzlMi1eldFobvt18wSpbI5jzxJ6QQsV6T7/kz3nVzX+2OyGJAyqAcKxUy7YicBIsgRFO01w7VjTCpI+7tKWpwAFVTjI6KTUPtNIx/VDqEmCO1OmJBAdKDQJPdwYYemrWG4r/ea0Y/DMnYSKKgQoy/siPuQmhOczH7DBJCfCBJphIpnc1SQ/rjECnmNMh2LMnz5P6Udk+KR9f24VKBY2RRXtoHxWRjU5RBV2iKqohgu7RI3pGL8aD8WS8Gm/j1owxmdlFf2B8/ALwvqKr</latexit>

rank+(M)
rank(M)

<latexit sha1_base64="koOTnM8dVTXTdgxpDAcbLkr+OMA=">AAAB8XicbVA9SwNBEJ2LJsb4FbW0WQyCVbgTUcuAjWUE84HJEfY2m2TJ3t6xOyeEI62/wEZQEVv9NXb+EHs3H4UmPhh4vDfDm5kglsKg6345mZXVbG4tv17Y2Nza3inu7tVNlGjGayySkW4G1HApFK+hQMmbseY0DCRvBMPLid+449qISN3gKOZ+SPtK9ASjaKVbRdooQm6I6hRLbtmdgiwTb05KldzTt/q4z1Y7xc92N2JJyBUySY1peW6Mfko1Cib5uNBODI8pG9I+b1mqqI3x0+nGY3JklS7pRdqWQjJVf0+kNDRmFAa2M6Q4MIveRPzPayXYu/BToeIEuWKzoF4iCUZkcj7pCs0ZypEllGlhdyVsQDVlaJ9UsE/wFk9eJvWTsndWPr32SpUKzJCHAziEY/DgHCpwBVWoAQMFD/AML45xHp1X523WmnHmM/vwB877D7Q+k/g=</latexit>n⇥ n
<latexit sha1_base64="Q9B8B0mirSeXaVJkbWID2m7Lc48="></latexit>

n1�O(log logn/
p
logn)

Answer(B. 24): At least                                   .
<latexit sha1_base64="OuB6Bq6nxncYvEqpyXcaKRl/avY="></latexit>

n1�O(
p
log logn/

p
logn)

Proof sketch: For a nonnegative matrix     ,                  is at 
least the minimum number of rectangles whose union is the  
support of     .

<latexit sha1_base64="ri4fWNOlsLvY5EKiO9ajIPohY8I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAe9CAmYBZIh9HRqktaenqG7R4hDnsCLB0W8+gA+hU/gzaNvYmc5aOIPDR//X0VXlR9zprTjfFmZufmFxaXscm5ldW19I7+5VVNRIilWacQj2fCJQs4EVjXTHBuxRBL6HOv+7fkwr9+hVCwS17ofoxeSrmABo0Qbq3LVzhecojOSPQvuBApnH/ffF+87abmd/2x1IpqEKDTlRKmm68TaS4nUjHIc5FqJwpjQW9LFpkFBQlReOhp0YO8bp2MHkTRPaHvk/u5ISahUP/RNZUh0T01nQ/O/rJno4NRLmYgTjYKOPwoSbuvIHm5td5hEqnnfAKGSmVlt2iOSUG1ukzNHcKdXnoXaYdE9Lh5V3EKpBGNlYRf24ABcOIESXEIZqkAB4QGe4Nm6sR6tF+t1XJqxJj3b8EfW2w/hQpC3</latexit>

M
<latexit sha1_base64="qXukXI4Jtb8ycyICF0XC5mAYWMo=">AAAB+XicbVDJSgNBEO2JS2LcRj16aQxCRAgz4nYc8OJFSMAskAyhp9NJmvT0DN01wTDkT7x4UMSrf+LNHxA/w85y0MQHBY/3qqiqF8SCa3CcTyuzsrq2ns1t5De3tnd27b39mo4SRVmVRiJSjYBoJrhkVeAgWCNWjISBYPVgcDPx60OmNI/kPYxi5oekJ3mXUwJGatt2C9gDpIrIwbh9Wrw7adsFp+RMgZeJOycFD1e+v3LZi3Lb/mh1IpqETAIVROum68Tgp0QBp4KN861Es5jQAemxpqGShEz76fTyMT42Sgd3I2VKAp6qvydSEmo9CgPTGRLo60VvIv7nNRPoXvspl3ECTNLZom4iMER4EgPucMUoiJEhhCpubsW0TxShYMLKmxDcxZeXSe2s5F6WzituwfPQDDl0iI5QEbnoCnnoFpVRFVE0RI/oGb1YqfVkvVpvs9aMNZ85QH9gvf8AufGV/w==</latexit>

rank+(M)

<latexit sha1_base64="ri4fWNOlsLvY5EKiO9ajIPohY8I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAe9CAmYBZIh9HRqktaenqG7R4hDnsCLB0W8+gA+hU/gzaNvYmc5aOIPDR//X0VXlR9zprTjfFmZufmFxaXscm5ldW19I7+5VVNRIilWacQj2fCJQs4EVjXTHBuxRBL6HOv+7fkwr9+hVCwS17ofoxeSrmABo0Qbq3LVzhecojOSPQvuBApnH/ffF+87abmd/2x1IpqEKDTlRKmm68TaS4nUjHIc5FqJwpjQW9LFpkFBQlReOhp0YO8bp2MHkTRPaHvk/u5ISahUP/RNZUh0T01nQ/O/rJno4NRLmYgTjYKOPwoSbuvIHm5td5hEqnnfAKGSmVlt2iOSUG1ukzNHcKdXnoXaYdE9Lh5V3EKpBGNlYRf24ABcOIESXEIZqkAB4QGe4Nm6sR6tF+t1XJqxJj3b8EfW2w/hQpC3</latexit>

M

Consider the Gram matrix      of an orthonormal representation 
of an    -free graph on    vertices (for     being the complete 
bipartite graph with parts of size   ).

<latexit sha1_base64="Rb5I4ByHmoijnrmDWndKdzxG58A=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAdzTMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8331dve2llU7+o92NaBKi0JQTpVquE2svJVIzynGUaycKY0IHpIctg4KEqLx0MujIPjRO1w4iaZ7Q9sT92ZGSUKlh6JvKkOi+ms/G5n9ZK9HBuZcyEScaBZ1+FCTc1pE93truMolU86EBQiUzs9q0TySh2twmZ47gzq/8F+rHRfe0eFJ1C6USTJWFfTiAI3DhDEpQhgrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9mukLI=</latexit>

H
<latexit sha1_base64="SGFf/4A1NZk+ng5omUS5BaHpIf4=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simjnC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxNVkNg=</latexit>n

<latexit sha1_base64="Rb5I4ByHmoijnrmDWndKdzxG58A=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAdzTMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8331dve2llU7+o92NaBKi0JQTpVquE2svJVIzynGUaycKY0IHpIctg4KEqLx0MujIPjRO1w4iaZ7Q9sT92ZGSUKlh6JvKkOi+ms/G5n9ZK9HBuZcyEScaBZ1+FCTc1pE93truMolU86EBQiUzs9q0TySh2twmZ47gzq/8F+rHRfe0eFJ1C6USTJWFfTiAI3DhDEpQhgrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9mukLI=</latexit>

H
<latexit sha1_base64="VuWd1j9ijuHICrpsg2btt9AbQ2I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2sSr+dLzhFZyx7HtwpFC4+7r+v3vfScjv/2epENAlRaMqJUk3XibWXEqkZ5TjMtRKFMaF90sWmQUFCVF46HnRoHxqnYweRNE9oe+z+7khJqNQg9E1lSHRPzWYj87+smejg3EuZiBONgk4+ChJu68gebW13mESq+cAAoZKZWW3aI5JQbW6TM0dwZ1eeh9px0T0tnlTcQqkEE2VhHw7gCFw4gxJcQxmqQAHhAZ7g2bq1Hq0X63VSmrGmPbvwR9bbDw7JkNU=</latexit>

k

So any rectangle in the support of      has cardinality at most 

<latexit sha1_base64="ri4fWNOlsLvY5EKiO9ajIPohY8I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAe9CAmYBZIh9HRqktaenqG7R4hDnsCLB0W8+gA+hU/gzaNvYmc5aOIPDR//X0VXlR9zprTjfFmZufmFxaXscm5ldW19I7+5VVNRIilWacQj2fCJQs4EVjXTHBuxRBL6HOv+7fkwr9+hVCwS17ofoxeSrmABo0Qbq3LVzhecojOSPQvuBApnH/ffF+87abmd/2x1IpqEKDTlRKmm68TaS4nUjHIc5FqJwpjQW9LFpkFBQlReOhp0YO8bp2MHkTRPaHvk/u5ISahUP/RNZUh0T01nQ/O/rJno4NRLmYgTjYKOPwoSbuvIHm5td5hEqnnfAKGSmVlt2iOSUG1ukzNHcKdXnoXaYdE9Lh5V3EKpBGNlYRf24ABcOIESXEIZqkAB4QGe4Nm6sR6tF+t1XJqxJj3b8EfW2w/hQpC3</latexit>

M

<latexit sha1_base64="ri4fWNOlsLvY5EKiO9ajIPohY8I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAe9CAmYBZIh9HRqktaenqG7R4hDnsCLB0W8+gA+hU/gzaNvYmc5aOIPDR//X0VXlR9zprTjfFmZufmFxaXscm5ldW19I7+5VVNRIilWacQj2fCJQs4EVjXTHBuxRBL6HOv+7fkwr9+hVCwS17ofoxeSrmABo0Qbq3LVzhecojOSPQvuBApnH/ffF+87abmd/2x1IpqEKDTlRKmm68TaS4nUjHIc5FqJwpjQW9LFpkFBQlReOhp0YO8bp2MHkTRPaHvk/u5ISahUP/RNZUh0T01nQ/O/rJno4NRLmYgTjYKOPwoSbuvIHm5td5hEqnnfAKGSmVlt2iOSUG1ukzNHcKdXnoXaYdE9Lh5V3EKpBGNlYRf24ABcOIESXEIZqkAB4QGe4Nm6sR6tF+t1XJqxJj3b8EfW2w/hQpC3</latexit>

M
<latexit sha1_base64="XffL83gYO33OvnzTZ5qUpodOJbM=">AAAB6nicbZDLSgMxFIbP1Futt3rZuQkWwVWZKaLuLLjQZUV7gXYomTTThmaSIckIdegjuHGhiFvXPoVP4M6lb2J6WWjrD4GP/z+HnHOCmDNtXPfLySwsLi2vZFdza+sbm1v57Z2alokitEokl6oRYE05E7RqmOG0ESuKo4DTetC/GOX1O6o0k+LWDGLqR7grWMgINta6KfVFO19wi+5YaB68KRTOP+6/L9/30ko7/9nqSJJEVBjCsdZNz42Nn2JlGOF0mGslmsaY9HGXNi0KHFHtp+NRh+jQOh0USmWfMGjs/u5IcaT1IApsZYRNT89mI/O/rJmY8MxPmYgTQwWZfBQmHBmJRnujDlOUGD6wgIlidlZEelhhYux1cvYI3uzK81ArFb2T4vG1VyiXYaIs7MMBHIEHp1CGK6hAFQh04QGe4NnhzqPz4rxOSjPOtGcX/sh5+wFL8ZGJ</latexit>

2kn

and thus                             , where      is the size of the support.
<latexit sha1_base64="31r/8I/jvE9we5HjDHr4W6rcWpU=">AAACDHicbVC7SgNBFJ31bXxFBRubwaAoQtgVUcuAjY2gYFTIhjA7uRuHzM6uM3fFsOwH2PgrNhaK2ApiZ+dP+AM2ThILXwcGDuecy517gkQKg6775gwMDg2PjI6NFyYmp6ZnirNzxyZONYcqj2WsTwNmQAoFVRQo4TTRwKJAwknQ3u36JxegjYjVEXYSqEespUQoOEMrNYolH+ESM81UO2+sr+6vUb8F59QPNeNZlGcbbZXblFt2e6B/ifdFSpUV/vz+8rFw0Ci++s2YpxEo5JIZU/PcBOsZ0yi4hLzgpwYSxtusBTVLFYvA1LPeMTldtkqThrG2TyHtqd8nMhYZ04kCm4wYnpnfXlf8z6ulGO7UM6GSFEHx/qIwlRRj2m2GNoUGjrJjCeNa2L9SfsZsD2j7K9gSvN8n/yXHG2Vvq7x56JUqFdLHGFkkS2SVeGSbVMgeOSBVwskVuSF35N65dm6dB+exHx1wvmbmyQ84T59AY5+P</latexit>

rank+(M) � m
2kn

<latexit sha1_base64="ciOZu9lu9uZZVlMbGYJNfvuHcHw=">AAAB6HicbZDLSgMxFIbP1Futt3rZuQkWwVWZEVF3FlzosgV7gXYomTTTxiaZIckIdegTuHGhiFsfwKfwCdy59E1MLwtt/SHw8f/nkHNOEHOmjet+OZmFxaXllexqbm19Y3Mrv71T01GiCK2SiEeqEWBNOZO0apjhtBErikXAaT3oX47y+h1VmkXyxgxi6gvclSxkBBtrVUQ7X3CL7lhoHrwpFC4+7r+v3vfScjv/2epEJBFUGsKx1k3PjY2fYmUY4XSYayWaxpj0cZc2LUosqPbT8aBDdGidDgojZZ80aOz+7kix0HogAlspsOnp2Wxk/pc1ExOe+ymTcWKoJJOPwoQjE6HR1qjDFCWGDyxgopidFZEeVpgYe5ucPYI3u/I81I6L3mnxpOIVSiWYKAv7cABH4MEZlOAaylAFAhQe4AmenVvn0XlxXielGWfaswt/5Lz9ABHRkNc=</latexit>m



Can the following be improved (or proven)?
Let      be the family of all    -free graphs on    vertices where     
is the clique of size   .     

<latexit sha1_base64="VuWd1j9ijuHICrpsg2btt9AbQ2I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2sSr+dLzhFZyx7HtwpFC4+7r+v3vfScjv/2epENAlRaMqJUk3XibWXEqkZ5TjMtRKFMaF90sWmQUFCVF46HnRoHxqnYweRNE9oe+z+7khJqNQg9E1lSHRPzWYj87+smejg3EuZiBONgk4+ChJu68gebW13mESq+cAAoZKZWW3aI5JQbW6TM0dwZ1eeh9px0T0tnlTcQqkEE2VhHw7gCFw4gxJcQxmqQAHhAZ7g2bq1Hq0X63VSmrGmPbvwR9bbDw7JkNU=</latexit>

k

<latexit sha1_base64="Rb5I4ByHmoijnrmDWndKdzxG58A=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAdzTMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8331dve2llU7+o92NaBKi0JQTpVquE2svJVIzynGUaycKY0IHpIctg4KEqLx0MujIPjRO1w4iaZ7Q9sT92ZGSUKlh6JvKkOi+ms/G5n9ZK9HBuZcyEScaBZ1+FCTc1pE93truMolU86EBQiUzs9q0TySh2twmZ47gzq/8F+rHRfe0eFJ1C6USTJWFfTiAI3DhDEpQhgrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9mukLI=</latexit>

H
<latexit sha1_base64="SGFf/4A1NZk+ng5omUS5BaHpIf4=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simjnC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxNVkNg=</latexit>n

<latexit sha1_base64="Rb5I4ByHmoijnrmDWndKdzxG58A=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAdzTMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8331dve2llU7+o92NaBKi0JQTpVquE2svJVIzynGUaycKY0IHpIctg4KEqLx0MujIPjRO1w4iaZ7Q9sT92ZGSUKlh6JvKkOi+ms/G5n9ZK9HBuZcyEScaBZ1+FCTc1pE93truMolU86EBQiUzs9q0TySh2twmZ47gzq/8F+rHRfe0eFJ1C6USTJWFfTiAI3DhDEpQhgrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9mukLI=</latexit>

H

<latexit sha1_base64="nonJXYAJpbgoBUmXaalVc8yz4Ew="></latexit>

n
1�O(1/ log k)  max{#(G) : G 2 Fn}  O

�
n
1�2/k

�

<latexit sha1_base64="pNSnGwtn+PL/63SWq+hHZwK+Svw="></latexit>

⌦
�
n3/k

�
 min{msr(G) : G 2 Fn}  nO(log log k/ log k)

<latexit sha1_base64="LJYQgGHzdFrTxAuryhuHSoqRRXI=">AAAB9HicbVDLSgMxFL1TX7W+ql26CRbBhZQZEXU5IIjLCvYB7VAyadqGZjJjkimUYTb+hBsXirj1Y1wI/oHf4MpM24W2HggczrmXe3L8iDOlbfvTyi0tr6yu5dcLG5tb2zvF3b26CmNJaI2EPJRNHyvKmaA1zTSnzUhSHPicNvzhZeY3RlQqFopbPY6oF+C+YD1GsDaS1w6wHhDMk6u0IzrFsl2xJ0CLxJmRslv6+L7/So+rneJ7uxuSOKBCE46Vajl2pL0ES80Ip2mhHSsaYTLEfdoyVOCAKi+ZhE7RoVG6qBdK84RGE/X3RoIDpcaBbyazkGrey8T/vFasexdewkQUayrI9FAv5kiHKGsAdZmkRPOxIZhIZrIiMsASE216KpgSnPkvL5L6ScU5q5zeOGXXhSnysA8HcAQOnIML11CFGhC4gwd4gmdrZD1aL9brdDRnzXZK8AfW2w+tqpZ3</latexit>

Fn

Fix     and let       be the family of all    -free graphs with     edges.  

<latexit sha1_base64="Rb5I4ByHmoijnrmDWndKdzxG58A=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAdzTMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8331dve2llU7+o92NaBKi0JQTpVquE2svJVIzynGUaycKY0IHpIctg4KEqLx0MujIPjRO1w4iaZ7Q9sT92ZGSUKlh6JvKkOi+ms/G5n9ZK9HBuZcyEScaBZ1+FCTc1pE93truMolU86EBQiUzs9q0TySh2twmZ47gzq/8F+rHRfe0eFJ1C6USTJWFfTiAI3DhDEpQhgrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9mukLI=</latexit>

H
<latexit sha1_base64="eBeFbEvj2ofLKF43XmG+wETFkVM=">AAAB9HicbVDLSgMxFL1TX7W+ql26CRbBhZQZEXU5IIjLCvYB7VAyadqGJjNjkimUYTb+hBsXirj1Y1wI/oHf4MpM24W2HggczrmXe3L8iDOlbfvTyi0tr6yu5dcLG5tb2zvF3b26CmNJaI2EPJRNHyvKWUBrmmlOm5GkWPicNvzhZeY3RlQqFga3ehxRT+B+wHqMYG0kry2wHhDMk6u0IzrFsl2xJ0CLxJmRslv6+L7/So+rneJ7uxuSWNBAE46Vajl2pL0ES80Ip2mhHSsaYTLEfdoyNMCCKi+ZhE7RoVG6qBdK8wKNJurvjQQLpcbCN5NZSDXvZeJ/XivWvQsvYUEUaxqQ6aFezJEOUdYA6jJJieZjQzCRzGRFZIAlJtr0VDAlOPNfXiT1k4pzVjm9ccquC1PkYR8O4AgcOAcXrqEKNSBwBw/wBM/WyHq0XqzX6WjOmu2U4A+stx+sJpZ2</latexit>

Fm
<latexit sha1_base64="ciOZu9lu9uZZVlMbGYJNfvuHcHw=">AAAB6HicbZDLSgMxFIbP1Futt3rZuQkWwVWZEVF3FlzosgV7gXYomTTTxiaZIckIdegTuHGhiFsfwKfwCdy59E1MLwtt/SHw8f/nkHNOEHOmjet+OZmFxaXllexqbm19Y3Mrv71T01GiCK2SiEeqEWBNOZO0apjhtBErikXAaT3oX47y+h1VmkXyxgxi6gvclSxkBBtrVUQ7X3CL7lhoHrwpFC4+7r+v3vfScjv/2epEJBFUGsKx1k3PjY2fYmUY4XSYayWaxpj0cZc2LUosqPbT8aBDdGidDgojZZ80aOz+7kix0HogAlspsOnp2Wxk/pc1ExOe+ymTcWKoJJOPwoQjE6HR1qjDFCWGDyxgopidFZEeVpgYe5ucPYI3u/I81I6L3mnxpOIVSiWYKAv7cABH4MEZlOAaylAFAhQe4AmenVvn0XlxXielGWfaswt/5Lz9ABHRkNc=</latexit>m

Conjecture(Alon, Krivelevich, Sudakov 05): Does there exist          
such that                                                                             ?

<latexit sha1_base64="Rb5I4ByHmoijnrmDWndKdzxG58A=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAdzTMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8331dve2llU7+o92NaBKi0JQTpVquE2svJVIzynGUaycKY0IHpIctg4KEqLx0MujIPjRO1w4iaZ7Q9sT92ZGSUKlh6JvKkOi+ms/G5n9ZK9HBuZcyEScaBZ1+FCTc1pE93truMolU86EBQiUzs9q0TySh2twmZ47gzq/8F+rHRfe0eFJ1C6USTJWFfTiAI3DhDEpQhgrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9mukLI=</latexit>

H

<latexit sha1_base64="3+JGLdwaR3tW9nsedKBMsaD1avU="></latexit>

min{MaxCut(G)�m/2 : G 2 Fm} = ⇥
�
mc(H)

�
<latexit sha1_base64="wMHJVqISTtJaR6RarXBlu3Z4CGY=">AAAB63icbZDLSgMxFIbPeGutt6pLN8Ei1E2ZEW/LATddtmAv0A4lk2ba0CQzJBmhlL6CGxeKuPWF3PkC4mOYabvQ1h8CH/9/DjnnhAln2rjup7O2vrG5lctvF3Z29/YPiodHTR2nitAGiXms2iHWlDNJG4YZTtuJoliEnLbC0V2Wtx6o0iyW92ac0EDggWQRI9hkFilXz3vFkltxZ0Kr4C2g5KP691c+d1XrFT+6/ZikgkpDONa647mJCSZYGUY4nRa6qaYJJiM8oB2LEguqg8ls1ik6s04fRbGyTxo0c393TLDQeixCWymwGerlLDP/yzqpiW6DCZNJaqgk84+ilCMTo2xx1GeKEsPHFjBRzM6KyBArTIw9T8EewVteeRWaFxXvunJZ90q+D3Pl4QROoQwe3IAPVahBAwgM4RGe4cURzpPz6rzNS9ecRc8x/JHz/gPYqJBl</latexit>

c(H)

<latexit sha1_base64="nLd1d6M5GbAwlIOLKzcbJ2q+j8g="></latexit>

n
1�O

⇣q
log log n

log n

⌘

 max
n

rank+(M)
rank(M) : M is nonnegative and n⇥ n

o
 ?

Conjecture(Alon, Bollobás, Krivelevich, Sudakov 03):                   .     

Conjecture(Elphick 23):                                                    .
<latexit sha1_base64="E2CaPMARtJbg86+eHvwwIHxlc/Y="></latexit>

MaxCut(G)� m
2 � 1

3 · m
�vec(G)�1

<latexit sha1_base64="L85lOJCa0xDaOGkvGoR9EecXIJc=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSLUS93Vop6k4KXHCvYD26Vk02wbmmSXJCuUpf/CiwdFvPpvvPlvTNs9aOuDgcd7M8zMC2LOtHHdb2dldW19YzO3ld/e2d3bLxwcNnWUKEIbJOKRagdYU84kbRhmOG3HimIRcNoKRndTv/VElWaRfDDjmPoCDyQLGcHGSo+kVDtDt+jyvNIrFN2yOwNaJl5GipCh3it8dfsRSQSVhnCsdcdzY+OnWBlGOJ3ku4mmMSYjPKAdSyUWVPvp7OIJOrVKH4WRsiUNmqm/J1IstB6LwHYKbIZ60ZuK/3mdxIQ3fspknBgqyXxRmHBkIjR9H/WZosTwsSWYKGZvRWSIFSbGhpS3IXiLLy+T5kXZuypX7ivFajWLIwfHcAIl8OAaqlCDOjSAgIRneIU3RzsvzrvzMW9dcbKZI/gD5/MHqauO9Q==</latexit>

c(H) > 3/4




