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Definition: A set of lines passing through the origin is called 
equiangular, if every pair of lines make the same angle.

Question: What is the maximum number of equiangular lines 
in      ? 

Earliest work: 
Haantjes, Seidel 47-48 
Blumenthal 49  
Van Lint, Seidel 66 
Lemmens, Seidel 73 
…
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Connections: 
• Elliptic geometry 
• Frame theory 
• Theory of polytopes 
• Algebraic number theory 
• Quantum information theory

Considered to be one of the founding problems of algebraic 
graph theory.



Examples
r = 2:

3 lines

r = 3:

6 lines

Triangle Icosahedron

r = 7:

28 lines

Take all 28 
permutations of the 

vector 
(3,3,-1,-1,-1,-1,-1,-1). 

r = 23:

Schläfli Graph 

276 lines

McLaughlin  
Graph 



Consider the matrices                          . They live in the           
        -dimensional space of symmetric matrices       .

Theorem[Absolute bound] (Gerzon 73): The number of 
equiangular lines in      is at most          .

Proof: Let                   be unit vectors along the given lines. 
Then                         for some                  .

⇤Hence they are linearly independent.
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Recalling the Frobenius inner product of matrices
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we have
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This bound is tight in dimension 2,3, 7 and also 23. No other 
cases are known.

Theorem (Gerzon 73): The number of equiangular lines in      is 
at most          .

Theorem (de Caen ’00 / Jedwab, Wiebe ’15 / Greaves, et al. ’15):  
There exist            equiangular lines in      .
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These constructions all have                      .

Question (Lemmens, Seidel 73): 
Determine            , the maximum number of equiangular lines 
in      with common angle                ?
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Theorem (Neumann 73): If             then          is an integer.
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Theorem[Relative Bound] (Lemmens, Seidel 73):                                
for all              .

What is known?

Theorem (B., Dräxler, Keevash, Sudakov 17):                                for all 
                      with equality if and only if 
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Question: What about for                                  ?

Theorem (Jiang, Tidor, Yao, Zhang, Zhao 19): Let    be the minimum 
number of vertices in a graph with spectral radius        . Then 
                            for all                   , where            is a constant.

<latexit sha1_base64="fJepXnIp8OLr7dmjlJPHhL+vlmM="></latexit>

N↵(r) =
j
k(r�1)
(k�1)

k

<latexit sha1_base64="FpIGnDgSL7BQJB2g9sdhfEcY5ew="></latexit>

k
<latexit sha1_base64="kbQv18xrHgcV/cn+siw1PEVnayI="></latexit>

1�↵
2↵

<latexit sha1_base64="5wKs1ncHJ/XQXzjyB3wEm+uBpcw="></latexit>

↵  1
3

<latexit sha1_base64="LA9ZZooUzC7B3ouBasxbjqpLpXs="></latexit>

↵ � 1p
log r

<latexit sha1_base64="tRytaxlEjuADROFHK5Z0ygqWEpk="></latexit>

1p
r
 ↵  O

⇣
1p
log r

⌘

<latexit sha1_base64="5lq3coLREWqPlp5PwtastpOTIDk="></latexit>

↵ � Ck
log log r

<latexit sha1_base64="0NJzjptECklq625Pr+RMnpwS8sM="></latexit>

C > 0

<latexit sha1_base64="u7iLN1zXU8LpLxDPsj1klG2Hwyw="></latexit>

N↵(r)  r 1�↵2

1�r↵2



Theorem(B.):                                    .
New results

Theorem(B.):                   
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• Based on bounding eigenvalues of a Gram matrix.

• Based on bounding degrees of a graph, bootstrapped via 
an Alon-Boppana theorem.
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More new results

Theorem(B.): Let            be an integer and suppose that  
                     . Then                                                               .

<latexit sha1_base64="P5XnK9ZXY+hPZ0ye7R/qa/GHv3A="></latexit>

↵ � 1
r1/(2s+1)

<latexit sha1_base64="6knM73eZXAR7mlVtZTvC1TXDr8k="></latexit>

s � 2
<latexit sha1_base64="GqFWMOi+rY9DmURE8sPmSMsy/oE="></latexit>

N↵(r)  (1 + o(1))

✓
1 + 1

4 cos2( ⇡
s+2 )

◆
r

In particular, if              then                                   .
<latexit sha1_base64="5SxcKy/ByUmZYH79o4oCenn9mUs="></latexit>

N↵(r)  (1 + o(1)) 54r
<latexit sha1_base64="fycAO7sKh7CGKY5HURd/J7iE19o="></latexit>s ! 1

• Based on improved Alon-Boppana theorem (Jiang-Polyanskii)
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Given a pair of complex lines                , the quantity              is 
the same for all unit vectors                      and so  
is called the Hermitian angle between     and    .

New results in the complex setting
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We define            to be the maximum number of complex 
equiangular lines in      with common Hermitian angle                .
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Theorem[Absolute bound] (Delsarte, Goethals, Seidel 75):
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Collections of     complex equiangular lines in      are known as 
SICs/SIC-POVMs and their existence has great theoretical and 
practical importance in quantum theory.
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New results in the complex setting

Theorem(B.):                                   .
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Theorem[Relative Bound] (Delsarte, Goethals, Seidel 75):                                  
                            for all              .
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Conjecture (Zauner 99): For each          ,                             and a 
construction can be obtained as the orbit of a vector under 
the action of a Weyl-Heisenberg group.
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Theorem[Improved Welch](B.): Given unit vectors                           
let      be the           matrix defined by                            . Then                     
                  , where       is the Moore-Penrose generalised 
inverse, and moreover
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Theorem(B.): Let      be a    -regular graph with second and last 
eigenvalue           . If the spectral gap satisfies                   , then 

with equality in both whenever                                     , i.e. 
when     corresponds to a set of equiangular lines meeting the 
absolute bound.

New results for regular graphs
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Its squared Frobenius norm changes from                     to   
               .

Theorem[Relative Bound] (Lemmens, Seidel 73):                                
for all              .
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Proof: Using the Frobenius inner product, orthogonally project 
the          identity matrix    onto the span of                        .
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Relied on applying Ramsey’s theorem to find a large 
independent set in the graph     with vertex set                                   
                                 and edge set                                               .
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New Idea: Instead of looking for such a simplex in the 
vertices, recall that                         already form a large simplex 
with respect to the Frobenius inner product. 
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Previous approaches in the case
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Theorem(B.): Let                  be the Gram matrix of                  
and let                 . Then for all                

with equality whenever                 .

A new inequality
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<latexit sha1_base64="9EkVulBk2d4cnhW7tew05ZSCGoE="></latexit>

f : R ! R
<latexit sha1_base64="sfAJ2SRt1fCbxFDPuVMULccEMs4="></latexit>

v 2 Rn
<latexit sha1_base64="+32omKQzbGQ1qR0lPRdzhdC8ZnM="></latexit>

f(vi)
<latexit sha1_base64="PXtI/5AkyGhn45FsUX06aTUWrMI="></latexit>

i

<latexit sha1_base64="47BeWO2KbMSQRgqC4qSNpHbL0aA="></latexit>

f(v) 2 Rn

<latexit sha1_base64="EU83yiiz4mo0ZDqqeG/8xvocPco="></latexit>

n =
�r+1

2

�

Taking         to be eigenvectors of      or standard basis vectors 
yields bounds on eigenvalues of      or the degrees of     .

<latexit sha1_base64="jHqxpd2qo/m1qFgnzJurSHafDZg="></latexit>x, y
<latexit sha1_base64="NVC65Xj0rMCNuZ1I7zh3v2Ljg6Q="></latexit>

M
<latexit sha1_base64="NVC65Xj0rMCNuZ1I7zh3v2Ljg6Q="></latexit>

M
<latexit sha1_base64="7i7oY1b+LsNiD8y/g8wPQQ763II="></latexit>

G



Definition: Given a linear map                      , we let                          
denote the adjoint map which is defined by                                      
for all                           . For a single matrix              , we define                   
                 where                       is given by               .

<latexit sha1_base64="KQGoiY6tlUWO0svLWoLjyutwSiU="></latexit>⌦
L#M, v

↵
= hM,LviF

<latexit sha1_base64="0NAKswH0Am+G8egFAqrtovRPONI="></latexit>

v 2 Rn,M 2 Sr

<latexit sha1_base64="6keth3hVZgm33kPGoMfP9VgqUY0="></latexit>

L : Rn ! Sr

<latexit sha1_base64="0jH0kp65cn4FPTDPTCE2kV1fAuQ="></latexit>

L# : Sr ! Rn

If we identify each           matrix with a vector in      , then    
becomes an            matrix and       becomes its            transpose.

(Finite-dimensional) Hilbert spaces

<latexit sha1_base64="eamPutvepdjal3Je4Zhry2hEdjs="></latexit>r ⇥ r
<latexit sha1_base64="awnNjP1/5jLKQx71bWaEJf0Ca+w="></latexit>

Rr2 <latexit sha1_base64="Kcn1lgfOsAnISSbz2av1jYb0B7A="></latexit>

L
<latexit sha1_base64="MW9zLDiP57OeACOYK/ZXqnoXlWs="></latexit>

r2 ⇥ n
<latexit sha1_base64="np+qBPmBvaFGqT/xYscGqcY5sdA="></latexit>

L#
<latexit sha1_base64="nhtmlymYlKdu248MAf3mXKN5vRc="></latexit>

n⇥ r2

Fact: Let                              and define                        by  
                . Then                             is the orthogonal projection 
(with respect to the Frobenius inner product) onto the span of   
                   .

<latexit sha1_base64="Nroa1w+UEBXM66Cc3eTFfmvd6Ik="></latexit>

W1, . . . ,Wn 2 Sr

<latexit sha1_base64="7KYxhVhYHT+L7oychT0QTP7R/u4="></latexit>

W : Rn ! Sr
<latexit sha1_base64="MJTHHx9nfLtbU+resU1cr5wTOFk="></latexit>

W ei = Wi

<latexit sha1_base64="TFjGd0z/dIdwoBzfEQ2MlrfPoHM="></latexit>

W (W #W )�1W #

<latexit sha1_base64="vacaTBfb9EI3VRZ1gn+xAKrHvgQ="></latexit>

W1, . . . ,Wn

<latexit sha1_base64="NWMfogZBIFoacPFcy5Ae+XSraUc="></latexit>

X 2 Sr
<latexit sha1_base64="YmMcJaKrloPDM8fkJgtA1iPiwQA="></latexit>

X# = L#
<latexit sha1_base64="uRleWHK61Rvi1umTtg6ms+09U7M="></latexit>

L : R1 ! Sr
<latexit sha1_base64="WkeH58N1xc/wRX9xzBIZCnTwuV0="></latexit>

Le1 = X

Recall that       is the Hilbert space of           symmetric matrices 
with respect to the Frobenius inner product.

<latexit sha1_base64="IXxsPgq3bJZ/fw0ik8E7IMSlT8s="></latexit>

Sr
<latexit sha1_base64="eamPutvepdjal3Je4Zhry2hEdjs="></latexit>r ⇥ r



Theorem(B.): Let                  be the Gram matrix of                  
and let                 . Then for all                

with equality whenever                 .

<latexit sha1_base64="gSDEBnUv3fhV7d8aqVKzgVLRzlc="></latexit>

M = V |V <latexit sha1_base64="VbKwLUZIXtZ1xKZwQ38HRMxZHcg="></latexit>v1, . . . , vn
<latexit sha1_base64="bn6izTNV7SJBMGe+7/u2VS5fliY="></latexit>

x, y 2 Rn

<latexit sha1_base64="3jT6rZXwGmonyCI4sDGRd4pctKY="></latexit>

1� ↵2

2

⇣
hx,Mxi hy,Myi+ hx,Myi2

⌘
+

↵2

↵2n+ 1� ↵2
hMx,Myi2 � hf(Mx), f(My)i

<latexit sha1_base64="ZKcv8zDlRI5qxr0Eiw6sg3D38SA="></latexit>

f(x) = x2

<latexit sha1_base64="EU83yiiz4mo0ZDqqeG/8xvocPco="></latexit>

n =
�r+1

2

�

Proof: Define                        by                    and let 
be the orthogonal projection onto the span of                        , 
so that                                     .

<latexit sha1_base64="7KYxhVhYHT+L7oychT0QTP7R/u4="></latexit>

W : Rn ! Sr
<latexit sha1_base64="8IYq14Bj48IFwWje5TJmmob7nrM="></latexit>

W ei = viv
|
i

<latexit sha1_base64="y8VvVpR+TKR9GNckOFXwwdwBbtw="></latexit>

P = W (W #W )�1W #

<latexit sha1_base64="UMBY+5FbwacYNadxWmkkju4LTtM="></latexit>

v1v
|
1 , . . . , vnv

|
n

Define                                                 and let                  . Then
<latexit sha1_base64="KFA4cqXerKRR3wEj5Zk/NGEetXI="></latexit>

X = 1
2 (V x(V y)| + V y(V x)|)

<latexit sha1_base64="o1bAakogAG/iNkOwB/Ld8JviGzU="></latexit>

u = W #X

Observe that                                           is invertible, with 
                                                          .

<latexit sha1_base64="RpFw15cASBeMNANZ80qt/xPviJA="></latexit>

W #W = (1� ↵2)I + ↵2J

<latexit sha1_base64="0u91Tc7eTwkO2Tf1E0v8qJLSOkY="></latexit>

||X||2F � ||PX||2F = X#PX = X#W (W #W )�1W #X

=
1

1� ↵2
u|

✓
I � ↵2

↵2n+ 1� ↵2
J

◆
u

<latexit sha1_base64="borVj5bbczfXRCimJfrrQ9P/ybo="></latexit>

P : Sr ! Sr

<latexit sha1_base64="9G+dMEVWATmpn+hJ8ksS0IZZiLg="></latexit>

(W #W )�1 = 1
1�↵2

⇣
I � ↵2

↵2n+1�↵2 J
⌘



So we have                                                               , where 
                                               and                  . 

Theorem(B.): Let                  be the Gram matrix of                  
and let                 . Then for all                

with equality whenever                 .

<latexit sha1_base64="gSDEBnUv3fhV7d8aqVKzgVLRzlc="></latexit>

M = V |V <latexit sha1_base64="VbKwLUZIXtZ1xKZwQ38HRMxZHcg="></latexit>v1, . . . , vn
<latexit sha1_base64="bn6izTNV7SJBMGe+7/u2VS5fliY="></latexit>

x, y 2 Rn

<latexit sha1_base64="3jT6rZXwGmonyCI4sDGRd4pctKY="></latexit>

1� ↵2

2

⇣
hx,Mxi hy,Myi+ hx,Myi2

⌘
+

↵2

↵2n+ 1� ↵2
hMx,Myi2 � hf(Mx), f(My)i

<latexit sha1_base64="ZKcv8zDlRI5qxr0Eiw6sg3D38SA="></latexit>

f(x) = x2

<latexit sha1_base64="EU83yiiz4mo0ZDqqeG/8xvocPco="></latexit>

n =
�r+1

2

�

<latexit sha1_base64="u5cG//QDzUPsIlv92Kek60nklQs="></latexit>

u = W #X

<latexit sha1_base64="/azZZ3SyMzi1p7lNXx/2Ok92alc="></latexit>

(1� ↵2)||X||2F � u|u� ↵2

↵2n+1�↵2u|Ju
<latexit sha1_base64="KFA4cqXerKRR3wEj5Zk/NGEetXI="></latexit>

X = 1
2 (V x(V y)| + V y(V x)|)

Now using the fact that                                        , we compute   
<latexit sha1_base64="9KvOnYxRuQCV8MCXgyvFvkiWE78="></latexit>

hab|, cd|iF = ha, ci hd, bi
<latexit sha1_base64="4ozGVO/affzoK9yw0Ed5D8y2Ir0="></latexit>

hviv|i , V x(V y)|iF = hV ei, V xi hV ei, V yi = hei, V |V xi hei, V |V yi
= (Mx)i(My)i.

By symmetry, we conclude                                                   , and  
thus                                                                         , as well as

<latexit sha1_base64="KD+iM4iMCqyke4O2fw1AUGJvq6o="></latexit>

ui = hviv|i , XiF = (Mx)i(My)i
<latexit sha1_base64="3+KVj05AU0FnOMww6TAiFnTBuTE="></latexit>

u|u =
Pn

i=1 (Mx)2i (My)2i = hf(Mx), f(My)i
<latexit sha1_base64="B9n2yWEeWbQjvdgT1H1wOGtRqvs="></latexit>

u|Ju = u| |u = (
Pn

i=1 ui)
2
= (

Pn
i=1 (Mx)i(My)i)

2
= hMx,Myi2 .



It remains to verify that                                                                 , 
from which the desired inequality follows.

Theorem(B.): Let                  be the Gram matrix of                  
and let                 . Then for all                

with equality whenever                 .

<latexit sha1_base64="gSDEBnUv3fhV7d8aqVKzgVLRzlc="></latexit>

M = V |V <latexit sha1_base64="VbKwLUZIXtZ1xKZwQ38HRMxZHcg="></latexit>v1, . . . , vn
<latexit sha1_base64="bn6izTNV7SJBMGe+7/u2VS5fliY="></latexit>

x, y 2 Rn

<latexit sha1_base64="3jT6rZXwGmonyCI4sDGRd4pctKY="></latexit>

1� ↵2

2

⇣
hx,Mxi hy,Myi+ hx,Myi2

⌘
+

↵2

↵2n+ 1� ↵2
hMx,Myi2 � hf(Mx), f(My)i

<latexit sha1_base64="ZKcv8zDlRI5qxr0Eiw6sg3D38SA="></latexit>

f(x) = x2

<latexit sha1_base64="EU83yiiz4mo0ZDqqeG/8xvocPco="></latexit>

n =
�r+1

2

�

<latexit sha1_base64="KKimjsRcXNt3xFJLQ35atlhC5Jw="></latexit>

||X||2F = 1
2

⇣
hx,Mxi hy,Myi+ hx,Myi2

⌘

Moreover, recall that       has dimension          and  
are linearly independent. Therefore, if                  then  
                        span      , in which case      is the identity map 
and so we have equality above.

<latexit sha1_base64="HvcJJrgwTCQ0q/JjVEpCwkUSSg8="></latexit>

Sr

<latexit sha1_base64="bi/9oM9pQdSJtT/AFb2op+eQGQs="></latexit>�r+1
2

�
<latexit sha1_base64="JqCKY1Er9QeSQiNrPbxrZEuUZgY="></latexit>

v1v
|
1 , . . . , vnv

|
n

<latexit sha1_base64="EU83yiiz4mo0ZDqqeG/8xvocPco="></latexit>

n =
�r+1

2

�
<latexit sha1_base64="JqCKY1Er9QeSQiNrPbxrZEuUZgY="></latexit>

v1v
|
1 , . . . , vnv

|
n

<latexit sha1_base64="HvcJJrgwTCQ0q/JjVEpCwkUSSg8="></latexit>

Sr
<latexit sha1_base64="LA2UAbxUtaIWLgIfNBwn7LaNSg4="></latexit>

P

⇤

So we have
<latexit sha1_base64="B5vnfDWaFdY7z2UcJOLuUPOSIk4="></latexit>

(1� ↵2)||X||2F � hf(Mx), f(My)i � ↵2

↵2n+1�↵2 hMx,Myi2 .



Theorem(B.): Let                  be the Gram matrix of                  
and let                 . Then for all                

with equality whenever                 .

<latexit sha1_base64="gSDEBnUv3fhV7d8aqVKzgVLRzlc="></latexit>

M = V |V <latexit sha1_base64="VbKwLUZIXtZ1xKZwQ38HRMxZHcg="></latexit>v1, . . . , vn
<latexit sha1_base64="bn6izTNV7SJBMGe+7/u2VS5fliY="></latexit>

x, y 2 Rn

<latexit sha1_base64="3jT6rZXwGmonyCI4sDGRd4pctKY="></latexit>

1� ↵2

2

⇣
hx,Mxi hy,Myi+ hx,Myi2

⌘
+

↵2

↵2n+ 1� ↵2
hMx,Myi2 � hf(Mx), f(My)i

<latexit sha1_base64="ZKcv8zDlRI5qxr0Eiw6sg3D38SA="></latexit>

f(x) = x2

<latexit sha1_base64="EU83yiiz4mo0ZDqqeG/8xvocPco="></latexit>

n =
�r+1

2

�

Corollary(B.): For all         , the degree          of the   th vertex 
of      satisfies  

with equality whenever                 

Switching: For any unit vector     along the   th line, we can 
replace it with       . This flips all edges and non-edges incident 
to     . Therefore, without loss of generality, we may switch  
                so that                     for all          .

<latexit sha1_base64="BaueFnt1yt8e6DscElTm5boOqNU="></latexit>vi
<latexit sha1_base64="PXtI/5AkyGhn45FsUX06aTUWrMI="></latexit>

i
<latexit sha1_base64="1ITVu/r1DMEKRcW07qJhAdaVMac="></latexit>�vi

<latexit sha1_base64="BaueFnt1yt8e6DscElTm5boOqNU="></latexit>vi
<latexit sha1_base64="+KmGZj0W0K3GEeel+Ttf1gA12t0="></latexit>v2, . . . , vn

<latexit sha1_base64="tzWJOTSbIpTIaNW0Ze7g3QAOyms="></latexit>

hvi, v1i = ↵
<latexit sha1_base64="GlFx6k/I925bjdhQPhBxjGj+rr4="></latexit>

i � 2

<latexit sha1_base64="7i7oY1b+LsNiD8y/g8wPQQ763II="></latexit>

G

<latexit sha1_base64="GlFx6k/I925bjdhQPhBxjGj+rr4="></latexit>

i � 2

<latexit sha1_base64="Kxme4NwUIWbi6NzGp+V4E1rsRDA="></latexit>�
n� 2d(vi) +

2
↵ � 2

�2 �
�
n+ 1

↵2 � 1
� �

n� 1
2

�
1
↵2 � 1

� �
1
↵2 � 3

��
,

<latexit sha1_base64="0uz7eSKjK6d4lUn+zuYvsIOtsSY="></latexit>

n =
�r+1

2

�
.

Proof: Apply the above theorem with            and           .<latexit sha1_base64="P28xqKrj+CioZOu+SVsJ+SAAWdU="></latexit>x = e1
<latexit sha1_base64="edLtd/0buvuFmc9YsxkejpSkKDE="></latexit>y = ei ⇤

<latexit sha1_base64="PXtI/5AkyGhn45FsUX06aTUWrMI="></latexit>

i
<latexit sha1_base64="ApyA02Kwl+RdUcoBQvDrf3OSLxg="></latexit>

d(vi)



In particular, if                                        then for each          , we 
have either                     or                          .

<latexit sha1_base64="GlFx6k/I925bjdhQPhBxjGj+rr4="></latexit>

i � 2
<latexit sha1_base64="Vsw1CKNvLCYXr9oA1qXW2NKuAE0="></latexit>

n > 1
2

�
1
↵2 � 1

� �
1
↵2 � 3

�
<latexit sha1_base64="tqbdrcsuc/tGttHcb21Sex3lsZ4="></latexit>

d(vi) <
1

4↵4

<latexit sha1_base64="TX4GzakXrGf6QGRJ0Iz2ieo6vTk="></latexit>

d(vi) > n� 1
4↵4

Since      is positive semidefinite<latexit sha1_base64="NVC65Xj0rMCNuZ1I7zh3v2Ljg6Q="></latexit>

M

Observation: The Gram matrix      satisfies  
                                      where     is the adjacency matrix of    .

<latexit sha1_base64="NVC65Xj0rMCNuZ1I7zh3v2Ljg6Q="></latexit>

M
<latexit sha1_base64="B0epY+jI5PMODht7Y0orl/9etoY="></latexit>

1
2↵M = 1

2J �A+ 1�↵
2↵ I

<latexit sha1_base64="aEDlnS9Aaen0XvB0Yj9NdaIAlJM="></latexit>

A
<latexit sha1_base64="7i7oY1b+LsNiD8y/g8wPQQ763II="></latexit>

G

<latexit sha1_base64="MNylKw94FNW8YO/gthyEYxT66iQ="></latexit>

0  | 1

2↵
M =

1

2
|J � |A +

1� ↵

2↵
|I

=
n2

2
�

nX

i=1

d(vi) +
1� ↵

2↵
n,

so that the average degree    of     is at most               . 
<latexit sha1_base64="7i7oY1b+LsNiD8y/g8wPQQ763II="></latexit>

G
<latexit sha1_base64="iRnPuo9Y/2tAfErbNhA2vxNA/sc="></latexit>

n
2 + 1�↵

2↵

<latexit sha1_base64="NIgZaoOrONcp+3wyfMHC1UcTOaI="></latexit>

d

Corollary(B.): For all         , the degree          of the   th vertex 
of      satisfies  

with equality whenever                 

<latexit sha1_base64="7i7oY1b+LsNiD8y/g8wPQQ763II="></latexit>

G

<latexit sha1_base64="GlFx6k/I925bjdhQPhBxjGj+rr4="></latexit>

i � 2

<latexit sha1_base64="Kxme4NwUIWbi6NzGp+V4E1rsRDA="></latexit>�
n� 2d(vi) +

2
↵ � 2

�2 �
�
n+ 1

↵2 � 1
� �

n� 1
2

�
1
↵2 � 1

� �
1
↵2 � 3

��
,

<latexit sha1_base64="0uz7eSKjK6d4lUn+zuYvsIOtsSY="></latexit>

n =
�r+1

2

�
.

<latexit sha1_base64="PXtI/5AkyGhn45FsUX06aTUWrMI="></latexit>

i
<latexit sha1_base64="ApyA02Kwl+RdUcoBQvDrf3OSLxg="></latexit>

d(vi)



In particular, if              then                              . 

Thus                     , and using this improved bound in the 
above, we actually conclude                      .

Therefore, letting                                             be the set of high 
degree vertices, we have                                                 .

<latexit sha1_base64="wzfnSR/ZnEIzGQSI5NrX0rOi9z8="></latexit>

H = {vi : d(vi) > n� 1
4↵4 }

<latexit sha1_base64="MesGbnKr8ySeqpCUkyrmMyscvXE="></latexit>

n
2 + 1�↵

2↵ � d � |H|
�
1� 1

4↵4n

�

<latexit sha1_base64="DjzPpCxe9ffhH9avuxLlMVhItcM="></latexit>

n � 1
↵4

<latexit sha1_base64="ojvW4c0pEg6BfCmNdUrOgDjakOM="></latexit>

|H|  (1 + o(1))n2

In this case, we can actually get a stronger bound by double 
counting the edges between      and its complement      :

<latexit sha1_base64="fMS6kARAoK8oDUvb/nnzwGjeues="></latexit>

H
<latexit sha1_base64="gRDFTp9TDJhCBibCWFwu2x1UZvM="></latexit>

H
c

<latexit sha1_base64="wiFXUduBTqHq17SJIieQEabKg1k="></latexit>

|H|  1+o(1)
2↵4

<latexit sha1_base64="AzXWI/T6Ytfq5M+oAxu8OONtki0="></latexit>

|H|  1+o(1)
4↵4

By switching all vertices in    , we obtain a graph with 
<latexit sha1_base64="fMS6kARAoK8oDUvb/nnzwGjeues="></latexit>

H

<latexit sha1_base64="nf/UWzpn5iMDvhmSXCP/5jc9lFQ="></latexit>

�  1+o(1)
2↵4 .

<latexit sha1_base64="JZm8MoHwwLXBN5DCluf2OdA2+aU="></latexit>

(1� o(1))|H|(n� |H|) 
X

v2H

(d(v)� |H|)  e(H,H
c) 

X

v2Hc

d(v)  n

4↵4



Recalling that                                      , we have for any           

Lemma(B.): If             , then we can choose                 such that 
the corresponding graph has max degree  

<latexit sha1_base64="DjzPpCxe9ffhH9avuxLlMVhItcM="></latexit>

n � 1
↵4

<latexit sha1_base64="+bVQ/zVSsTBpdALbh1/WhnbWgxM="></latexit>v1, . . . , vn
<latexit sha1_base64="nf/UWzpn5iMDvhmSXCP/5jc9lFQ="></latexit>

�  1+o(1)
2↵4 .

Lemma(B.): If             , then for all           ,                              .

Idea: As in the Alon-Boppana theorem, use a vertex and its 
neighbors to construct a vector           with          large.

<latexit sha1_base64="HmxcaoUfuxpWqsoZk3sOkLA3ihY="></latexit>

y ?
<latexit sha1_base64="heqmBYuKV88Vac/z4qTS5bvxZq8="></latexit>

A = 1
2J + 1�↵

2↵ I � 1
2↵M

<latexit sha1_base64="pfQWS5TiOTLz2VgNbrS32frSeWw="></latexit>

y|Ay = 1�↵
2↵ y|y � 1

2↵y
|My  1�↵

2↵ y|y.

<latexit sha1_base64="HmxcaoUfuxpWqsoZk3sOkLA3ihY="></latexit>

y ?
<latexit sha1_base64="l7rxISMaO6aCv1tUAdThWj0j9Lg="></latexit>

y|Ay
y|y

<latexit sha1_base64="DjzPpCxe9ffhH9avuxLlMVhItcM="></latexit>

n � 1
↵4

<latexit sha1_base64="xHyWZ4ja4uS71i6AQ+nVFGHbZaU="></latexit>

t  �
<latexit sha1_base64="bRpiCqLycEf6GsOcS3RW/P+Wb64="></latexit>

1+o(1)
2↵ �

p
t� t�

n

Proof: WLOG assume      has                     as neighbors and 
define               by                                          , so that                  .

<latexit sha1_base64="+rEOxAtv9FM4C8w4WsLb5ChuNYA="></latexit>v1

The result follows by taking                          to be the projection 
of     onto the orthogonal complement of   .

<latexit sha1_base64="IyNcl1lTT9dT51q4mMsu22rYIWQ="></latexit>v2, . . . , vt+1
<latexit sha1_base64="AosfJdjpiF+aDIB0g6/xqXCNqbM="></latexit>

xi =

8
><

>:

1 if i = 1

1/
p
t if 2  i  t+ 1

0 otherwise

<latexit sha1_base64="DvPJ1ieawR0FHxjcEdCn4YB2zaI="></latexit>

x 2 Rn
<latexit sha1_base64="gcxGa1sDdABsiMVMN87yP46Fiuo="></latexit>

x|Ax
x|x =

p
t

<latexit sha1_base64="ULSCux7wk8g2JFENq9CKbPCWazM="></latexit>

y = x� hx, i
n

<latexit sha1_base64="QfEroojscR6HDeNsPhumbbK5U8Q="></latexit>x
<latexit sha1_base64="fda3VP7A8SayzAhkQS1Qv0t/bgk="></latexit> ⇤



Lemma(B.): If             , then for all           ,                              .
<latexit sha1_base64="DjzPpCxe9ffhH9avuxLlMVhItcM="></latexit>

n � 1
↵4

<latexit sha1_base64="xHyWZ4ja4uS71i6AQ+nVFGHbZaU="></latexit>

t  �
<latexit sha1_base64="bRpiCqLycEf6GsOcS3RW/P+Wb64="></latexit>

1+o(1)
2↵ �

p
t� t�

n

Theorem(B.):                                
<latexit sha1_base64="dTMUAw2Rz5c/VTNNKH3v3d2xhtA="></latexit>

n  (1 + o(1))max
�

1
↵5 , 2r

�

Proof: WLOG suppose that                      . If                  , 
<latexit sha1_base64="Wl+mqk6NMw49MhaVGFKK/80mprM="></latexit>

n � 1
↵5 � 1

↵4

apply above lemma with               to conclude                     , so 
that 

<latexit sha1_base64="S/uAVeMAKUlZK8pjqqujYYjjKg4="></latexit>

n  2�3/2
<latexit sha1_base64="+pIQboSpGUKZnmZxmzd9ArVU6jo="></latexit>

t = n2

4�2

<latexit sha1_base64="cgTe74NBabiRihd15rjyZkWdrS8="></latexit>

1+o(1)
2↵ � n

4�<latexit sha1_base64="+x8C6tkcxoVPB5xjC8sQr+7VIEI="></latexit>

n  (1 + o(1)) 2�↵  1+o(1)
↵5 .

Otherwise,                   and so taking            in the above 
lemma gives                                                   .

<latexit sha1_base64="sChLM9zNwqTNhwoWa7+tdytLsQ8="></latexit>

n > 2�3/2 <latexit sha1_base64="AfhkzLOQHdCQlFQkGTr/d2FeVxM="></latexit>

t = �
<latexit sha1_base64="MYNmHGPIe4r7BOWfEzqzXxaGhYQ="></latexit>

1+o(1)
2↵ �

p
�
⇣
1� �3/2
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⌘
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p
�
2

Thus                   , so that                                   and thus 
applying the above inequality again we conclude                   .

<latexit sha1_base64="+RKnsT+Dedv3c6Pxv3f7TuEfSJM="></latexit>

�  1+o(1)
↵2

<latexit sha1_base64="p0EPYjR6EtgcKir5wrvIalQ/fi4="></latexit>

�3/2

n  1+o(1)
↵3n = o(1)

Now consider                      , and observe that                          
and                                                                                        .

<latexit sha1_base64="hGwDkGvveu6z/Vd92ba1vECfyHo="></latexit>

S = M � ↵J
<latexit sha1_base64="PKXqp7VX1MfFezY7y+1aMMaf2qU="></latexit>

tr(S) = (1� ↵)n

Using                        and applying the eigenvalue Cauchy-
Schwarz inequality                                    implies the desired.

<latexit sha1_base64="mYDqEWCmzRdHoLo8MssCmHo8NTo="></latexit>

�  1+o(1)
4↵2

<latexit sha1_base64="+Rafl6IVc0/vhJnCVSt3r/lu21k="></latexit>

tr(S2) =
Pn

i=1

�
(1� ↵)2 + (�2↵)2d(vi)

�
 (2 + o(1))n

<latexit sha1_base64="u5CyIX02nNWuiWd7HczywC68WDg="></latexit>

tr(S)2  rk(S) tr(S2)

<latexit sha1_base64="owPIISwN5EBf5OVD7tA7R3ze/Ms="></latexit>

rk(S)  r + 1

⇤



Future directions for research
• Unit vectors corresponding to equiangular lines are 

equivalently spherical              -codes. Extend methods to all 
spherical    -codes with             as well as                    .  

• Generalize to equiangular subspaces. 

• Generalize to signed graphs and unitarily-signed graphs  

• Apply methods to other graph matrices (ex: Laplacian).  

• There is a conjecture on the multiplicity of the second 
eigenvalue of Laplacians on surfaces (due to Colin de 
Verdière).  Prove a version of this conjecture for the 
adjacency matrix of (regular) graphs:                                        .

<latexit sha1_base64="FDUGznVHjcD9f1/3oIs2BwDcq5Y="></latexit>

{↵,�↵}
<latexit sha1_base64="+4+soWZPVcldvmhglygKcPoad18="></latexit>

L
<latexit sha1_base64="6ro9h2oDOBJyV2+RF8UTv76uZao="></latexit>

|L| = s

<latexit sha1_base64="gTgKtdHt173VR4j/Okt/FGnLx60="></latexit>

mult(�2)  O(
p

|E(G)|)

<latexit sha1_base64="Ch4eFIrP+1jKtTdT9NOIVWbs2fU="></latexit>

L = [�1,↵]




