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Question: Determine         , the maximum number of 
equiangular lines in     .  

Definition: A set of lines passing through the origin is called 
equiangular, if every pair of lines make the same angle.

Earliest work: 
Haantjes, Seidel 47-48 
Blumenthal 49  
Van Lint, Seidel 66 
Lemmens, Seidel 73 
…

Connections: 
• Elliptic geometry 
• Frame theory 
• Theory of polytopes 
• Spectral graph theory 
• Algebraic number theory 
• Quantum information theory
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Examples
r = 2:

3 lines

r = 3:

6 lines

Regular Hexagon Regular Icosahedron

r = 7:

28 lines

Take all 28 
permutations of the 

vector 
(3,3,-1,-1,-1,-1,-1,-1). 

r = 23:

Schläfli Graph 

276 lines

McLaughlin  
Graph 



Consider the matrices                          . They live in the           
        -dimensional space of symmetric matrices       .

Theorem[Absolute bound] (Gerzon 73):

Proof: Let                   be unit vectors along the given lines. 
Then                         for some                  .

⇤Hence they are linearly independent.
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Recalling the Frobenius inner product of matrices
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Theorem[Absolute bound] (Gerzon 73):                       .

Theorem[Relative Bound] (Lemmens, Seidel 73):                                
for all              .

What is known?
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- tight in dimension 2,3, 7 and 23. No other cases of equality 
are known.

Question (Lemmens, Seidel 73): 
Determine           , the maximum number of equiangular lines 
in      with common angle                , especially when  
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Recent progress

Theorem (B., Dräxler, Keevash, Sudakov 17):                                for all 
                      with equality if and only if 

<latexit sha1_base64="HLy62ygk1zcJgWhNYJKYc+uQR/Q="></latexit>

N↵(r)  2r � 2
<latexit sha1_base64="M2aj8QDvh45WKuO5/0rOUB23uvs="></latexit>

↵ = 1/3.

Theorem (Glazyrin, Yu 18):                                                   for all              .
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Question: What about for                                  ?

Theorem (Jiang, Tidor, Yao, Zhang, Zhao 19): Let      be the minimum 
number of vertices in a graph with spectral radius        . Then 
                              for all                    .
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Theorem (Yu 17):                                                          for all                                 
                               .
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Theorem(B.):                                    .
New results

Theorem(B.):                   
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• Based on bounding the largest eigenvalue of a Gram matrix.

• Based on bounding degrees of a graph, bootstrapped via 
an Alon-Boppana theorem.
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Corollary(B.): Let      be a   -regular graph with second and last 
eigenvalue           . If the spectral gap satisfies                   , then

New results for regular graphs
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Theorem(B.): If     is a   -regular graph with                   , then 

with equality in both whenever                                     , i.e. 
when     corresponds to a set of real equiangular lines meeting 
the absolute bound in dimension                             .
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Corollary(B.): Let      be a   -regular graph with second 
eigenvalue      . If the spectral gap satisfies                   , then
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Note that                         is equidistant from each    .

Proof sketch: Starting with the adjacency matrix     , let  
                 and define                                            .

<latexit sha1_base64="LT5qkXR5g1iIrcoKGziiqtP4ExU=">AAAB8HicbVC7SgNBFL3rM8ZXNKXNYBAsJOwGUcsFG8sI5iHJEmZnJ8mQmdllZlYISxp/wcZCEVs/x0LwD/wGKyePQhMPXDiccy73ESacaeO6n87S8srq2npuI7+5tb2zW9jbr+s4VYTWSMxj1QyxppxJWjPMcNpMFMUi5LQRDi7HfuOOKs1ieWOGCQ0E7knWZQQbK922uY1GuFPpFEpu2Z0ALRJvRkp+8eP7/mt0Uu0U3ttRTFJBpSEca93y3MQEGVaGEU5H+XaqaYLJAPdoy1KJBdVBNll4hI6sEqFurGxJgybq744MC62HIrRJgU1fz3tj8T+vlZruRZAxmaSGSjId1E05MjEaX48ipigxfGgJJorZXRHpY4WJsT/K2yd48ycvknql7J2VT6+9ku/DFDk4gEM4Bg/OwYcrqEINCAh4gCd4dpTz6Lw4r9PokjPrKcIfOG8/FBqUXA==</latexit>

�2

<latexit sha1_base64="zrrppln8tVTzOyWIMtnKxhCoatc=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNiAc9JmAWSIbQ06lJWnt6hu4eIQ55Ai8eFPHqA/gUPoE3j76JneWgiT80fPx/FV1VfsyZ0o7zZWXm5hcWl7LLuZXVtfWN/OZWTUWJpFilEY9kwycKORNY1UxzbMQSSehzrPu3F8O8fodSsUhc636MXki6ggWMEm2synk7X3CKzkj2LLgTKJx93H9fvu+k5Xb+s9WJaBKi0JQTpZquE2svJVIzynGQayUKY0JvSRebBgUJUXnpaNCBvW+cjh1E0jyh7ZH7uyMloVL90DeVIdE9NZ0Nzf+yZqKDUy9lIk40Cjr+KEi4rSN7uLXdYRKp5n0DhEpmZrVpj0hCtblNzhzBnV55FmqHRfe4eFRxC6USjJWFXdiDA3DhBEpwBWWoAgWEB3iCZ+vGerRerNdxacaa9GzDH1lvP88SkKs=</latexit>

A
<latexit sha1_base64="nklSvYKLzyGHM32H6LrsBiR6kzY=">AAACCnicbVC7SgNBFJ2NrxhfUUub0SAISthdRG2EgI1lBDcJZMNyd3Y2GTL7YGZWCGtqG3/FxkIRWytLO//GyaPQxAMDh3Pu4c49fsqZVKb5bRQWFpeWV4qrpbX1jc2t8vZOQyaZINQhCU9EywdJOYupo5jitJUKCpHPadPvX4385h0VkiXxrRqktBNBN2YhI6C05JX3XeBpD/AldkMBJLeGue1ynQ/As/ExtoZeuWJWzTHwPLGmpFI7+TQdG+7rXvnLDRKSRTRWhIOUbctMVScHoRjhdFhyM0lTIH3o0ramMURUdvLxKUN8qJUAh4nQL1Z4rP5O5BBJOYh8PRmB6slZbyT+57UzFV50chanmaIxmSwKM45Vgke94IAJShQfaAJEMP1XTHqgK1G6vZIuwZo9eZ407Kp1Vj29sSq1GpqgiPbQATpCFjpHNXSN6shBBD2gJ/SCXo1H49l4M94nowVjmtlFf2B8/ACRjJvX</latexit>

↵ = 1
2�2+1

<latexit sha1_base64="Sc1WiJgnZ0Wdg2zSMHp7izWVTq4=">AAACEXicbZDJSgNBEIZ73BLjNurRS2EQIpIwE9wuwogXFYQEzAJJCD2dTtKkZ6G7RwhDXsGLr+LFgyJevXnzBcTHsLMcNPGHho+/qqiu3w05k8qyPo25+YXFpURyObWyura+YW5ulWUQCUJLJOCBqLpYUs58WlJMcVoNBcWey2nF7V0M65U7KiQL/FvVD2nDwx2ftRnBSltNM3MDZ5Cxs1DHPOzifbiCgwnDNWQhP+Hzppm2ctZIMAv2BNIOFL+/komjQtP8qLcCEnnUV4RjKWu2FapGjIVihNNBqh5JGmLSwx1a0+hjj8pGPLpoAHvaaUE7EPr5Ckbu74kYe1L2PVd3elh15XRtaP5Xq0WqfdqImR9GivpkvKgdcVABDOOBFhOUKN7XgIlg+q9AulhgonSIKR2CPX3yLJTzOfs4d1i0046DxkqiHbSLMshGJ8hBl6iASoige/SIntGL8WA8Ga/G27h1zpjMbKM/Mt5/AHzhm/8=</latexit>

M = (1� ↵)I + ↵J � 2↵A

Straightforward to check that      is positive semidefinite, so it 
is the Gram matrix of some unit vectors                 .
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M
<latexit sha1_base64="GEd8wMH3GbMun1FmNjfNd0gjH+s=">AAAB+XicbVDLSsNAFJ34rPUVdSUuHCyCi1ISEXUZcOOygn1AG8JkMmmHTmbCzCRQQtf+hBsXirj1T7rzO/wBp4+Fth64cDjnXu69J0wZVdpxvqyV1bX1jc3SVnl7Z3dv3z44bCqRSUwaWDAh2yFShFFOGppqRtqpJCgJGWmFg7uJ38qJVFTwRz1MiZ+gHqcxxUgbKbDtPHCrsMsioVUV5oGRKk7NmQIuE3dOKt7xUyDGp9/1wB53I4GzhHCNGVKq4zqp9gskNcWMjMrdTJEU4QHqkY6hHCVE+cX08hE8N0oEYyFNcQ2n6u+JAiVKDZPQdCZI99WiNxH/8zqZjm/9gvI004Tj2aI4Y1ALOIkBRlQSrNnQEIQlNbdC3EcSYW3CKpsQ3MWXl0nzsuZe164e3IrngRlK4AScgQvgghvggXtQBw2AQQ6ewSt4swrrxXq3PmatK9Z85gj8gfX5A/CTlkQ=</latexit>v1, . . . , vn

<latexit sha1_base64="Wj3qO6xshtwocMN+6qCEp0+MFSQ="></latexit>

v = 1
n

Pn
i=1 vi

<latexit sha1_base64="s25MTop0OChGx7t57L0r9Wan6bs=">AAAB6nicbZC7SgNBFIbPeI3xFk1pMxgECwm7Imq5YGMZ0VwgWcLsZDYZMju7zMwGwpLG3sZCEVufyELwDXwGKyeXQhN/GPj4/3OYc06QCK6N43yipeWV1bX13EZ+c2t7Z7ewt1/Tcaooq9JYxKoREM0El6xquBGskShGokCwetC/Guf1AVOax/LODBPmR6QrecgpMda6HbR5u1Byys5EeBHcGZS84sf3/dfopNIuvLc6MU0jJg0VROum6yTGz4gynAo2yrdSzRJC+6TLmhYliZj2s8moI3xknQ4OY2WfNHji/u7ISKT1MApsZURMT89nY/O/rJma8NLPuExSwySdfhSmApsYj/fGHa4YNWJogVDF7ayY9ogi1Njr5O0R3PmVF6F2WnbPy2c3bsnzYKocHMAhHIMLF+DBNVSgChS68ABP8IwEekQv6HVauoRmPUX4I/T2AwlLkhA=</latexit>vi

Project                           onto the span of                         
(orthogonally with respect to the Frobenius inner product).

<latexit sha1_base64="w0Dc+w3yU2/uFjBslRuPwfY/jW4=">AAACJXicbVDLSgMxFL1TX7W+qi5cuIkWQRDKjIi6UBhw47KCfUBbSyZN29BMZkgyhTL0Z9z4Cf6CGxctIrjRXzHTFrTVA4GTc869yb1eyJnStv1hpRYWl5ZX0quZtfWNza3s9k5JBZEktEgCHsiKhxXlTNCiZprTSigp9j1Oy173JvHLPSoVC8S97oe07uO2YC1GsDZSI3tVQega1QKTSVrEvQHqNZyHGhOaSoI5OknuM4Efs5HN2Xl7DPSXOFOScw+8Txg+7xUa2VGtGZDIp0ITjpWqOnao6zGWmhFOB5lapGiISRe3adVQgX2q6vF4ygE6MkoTtQJpjtBorP6uiLGvVN/3TNLHuqPmvUT8z6tGunVZj5kII00FmTzUijjSAUpWhppMUqJ53xBMJDN/RaSDJSZmCypjluDMj/yXlE7zznn+7M7JuS5MkIZ9OIRjcOACXLiFAhSBwCO8wBBG1pP1ar1Z75NoyprW7MIMrK9vleyoZw==</latexit>

X = vv|1 + v1v
|

The (Frobenius) norm of      can only decrease!
<latexit sha1_base64="L76z0Drcyp5h/W/9sFJMgCchvAQ=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8YgeAozIurNgAc9JmAWSIbQ06lJ2vQsdPcIccgTePGgiFcfwKfwCbx59E3sLAdN/KHh4/+r6KryYsGVtu0vK7OwuLS8kl3Nra1vbG7lt3dqKkokwyqLRCQbHlUoeIhVzbXARiyRBp7Aute/HOX1O5SKR+GNHsToBrQbcp8zqo1VabTzBbtoj0XmwZlC4eLj/vvqfS8tt/OfrU7EkgBDzQRVqunYsXZTKjVnAoe5VqIwpqxPu9g0GNIAlZuOBx2SQ+N0iB9J80JNxu7vjpQGSg0Cz1QGVPfUbDYy/8uaifbP3ZSHcaIxZJOP/EQQHZHR1qTDJTItBgYok9zMSliPSsq0uU3OHMGZXXkeasdF57R4UnEKpRJMlIV9OIAjcOAMSnANZagCA4QHeIJn69Z6tF6s10lpxpr27MIfWW8/8e6Qwg==</latexit>

X

<latexit sha1_base64="UMBY+5FbwacYNadxWmkkju4LTtM="></latexit>

v1v
|
1 , . . . , vnv

|
n

⇤



Given a pair of complex lines                , the quantity              is 
the same for all unit vectors                      and so  
is called the Hermitian angle between     and    .

New results in the complex setting
<latexit sha1_base64="2+jL0kmVyhdTy8lhNqMikoO9ou8="></latexit>

U, V ⇢ Cr

<latexit sha1_base64="cpl887hs4yWu7xCa9XjsQs/0k0k="></latexit>

u 2 U, v 2 V

<latexit sha1_base64="sTWBTnMWbYDRRjhDABIxAJOfXzc="></latexit>

| hu, vi |

<latexit sha1_base64="vbZ0VfxTMbxPElhhE1TdI/lXatg="></latexit>

U
<latexit sha1_base64="8Lr7wYy+8o4yi4Ii1BfGsq6Dgl0="></latexit>

V

<latexit sha1_base64="Pe39bk6kJ1hVh25ZbxApvQgbb2U="></latexit>

arccos | hu, vi |

We define            to be the maximum number of complex 
equiangular lines in      with common Hermitian angle                .

<latexit sha1_base64="HQRxjhP06Otz9sC/TOMBM2QGE8E="></latexit>

NC
↵ (r)

<latexit sha1_base64="ljGRezzWRDKaNntJgLL+qh0F6SU="></latexit>

Cr
<latexit sha1_base64="hvLdLCbYvL+fPqZoFH/IgY8ew0Q="></latexit>

arccos(↵)

Theorem[Absolute bound] (Delsarte, Goethals, Seidel 75):
<latexit sha1_base64="u/j+IbVRy4YU5MU7qrJGYrf3ihQ="></latexit>

NC
↵ (r)  r2

Collections of     complex equiangular lines in      are known as 
SICs/SIC-POVMs in quantum information theory. 

<latexit sha1_base64="HUSW30pPeTnt1kM4eKwbVBpHqjQ="></latexit>

r2
<latexit sha1_base64="ljGRezzWRDKaNntJgLL+qh0F6SU="></latexit>

Cr

Conjecture (Zauner 99): For each          ,                             and a 
construction can be obtained as the orbit of a vector under 
the action of a Weyl-Heisenberg group.

<latexit sha1_base64="l0bHw4Qg1pGSb2eo/6NseGoXeNA="></latexit>

r 2 N
<latexit sha1_base64="wmvDq+PBtnTnVrXnwnh3i2xaI44="></latexit>

max↵ NC
↵ (r) = r2



New results in the complex setting

Theorem(B.):                                   .
<latexit sha1_base64="+YQfbSpsszTa0wpSwq1vkXIoo/s="></latexit>

NC
↵ (r) 

p
r

↵3 + (1+↵)r
↵

Theorem[Relative Bound] (Delsarte, Goethals, Seidel 75):                                  
                            for all              .

<latexit sha1_base64="kaMiRt7PFjH4DRn7QeNAPwlzuHA="></latexit>

↵ < 1p
r

<latexit sha1_base64="B912TXnWdGYbSmO141+P5JRF6ZU="></latexit>

NC
↵ (r)  r 1�↵2

1�r↵2

Theorem[Improved Welch bound](B.): Given unit vectors                           
                        , we have                        and moreover,

<latexit sha1_base64="7FqJOjhPvpxpLvzauiJBs3/43AM="></latexit>P
i,j H

†
i,j  r

<latexit sha1_base64="32V+8aimpU9GYwR+pSTHXzH2nvk="></latexit>P
i,j |hvi, vji|

2 � n2

r

⇣
2� 1

r

P
i,j H

†
i,j

⌘
.

Definition: Given vectors                 , let      be the           matrix 
defined by                             and let       be its Moore-Penrose 
generalized inverse.

<latexit sha1_base64="fMS6kARAoK8oDUvb/nnzwGjeues="></latexit>

H
<latexit sha1_base64="dPYIQnZkMdLPzdKRCrm1ZLWF7aQ="></latexit>n⇥ n

<latexit sha1_base64="c+Ijc+QUGdJnsyUDjCH34tyEC7s="></latexit>

Hi,j = | hvi, vji |2
<latexit sha1_base64="NAC3hwj7QiZkBPXj/thA+H7T3yE="></latexit>

H
†

<latexit sha1_base64="hYZvXs6lgX4jGEtslkTJPOJH4oI="></latexit>

v1, . . . , vn 2 Cr

<latexit sha1_base64="+bVQ/zVSsTBpdALbh1/WhnbWgxM="></latexit>v1, . . . , vn



Future directions for research

• Unit vectors corresponding to equiangular lines are 
equivalently spherical              -codes. Extend methods to 
more general spherical    -codes. 

• Generalize to equiangular subspaces. 

• Generalize to signed graphs and unitarily-signed graphs. 

• Apply methods to other graph matrices (ex: Laplacian).

<latexit sha1_base64="FDUGznVHjcD9f1/3oIs2BwDcq5Y="></latexit>

{↵,�↵}
<latexit sha1_base64="+4+soWZPVcldvmhglygKcPoad18="></latexit>

L




