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Definition: A set of lines passing through the origin is called 
equiangular, if every pair of lines make the same angle.



Question: Determine         , the maximum number of 
equiangular lines in     .  

Definition: A set of lines passing through the origin is called 
equiangular, if every pair of lines make the same angle.
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Question: Determine         , the maximum number of 
equiangular lines in     .  

Definition: A set of lines passing through the origin is called 
equiangular, if every pair of lines make the same angle.

Earliest work:

Haantjes, Seidel 47-48

Blumenthal 49 

Van Lint, Seidel 66

Lemmens, Seidel 73

…
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Question: Determine         , the maximum number of 
equiangular lines in     .  

Definition: A set of lines passing through the origin is called 
equiangular, if every pair of lines make the same angle.

Earliest work:

Haantjes, Seidel 47-48

Blumenthal 49 

Van Lint, Seidel 66

Lemmens, Seidel 73

…

Connections: 
• Elliptic geometry

• Frame theory

• Theory of polytopes

• Banach space theory

• Spectral graph theory

• Algebraic number theory

• Quantum information theory
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Theorem[Absolute bound] (Gerzon 73):                       .
What is known?
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Theorem[Absolute bound] (Gerzon 73):                       .
What is known?

- tight in dimension 2,3, 7 and 23. (Hard) open problem to 
determine if there are any other cases of equality
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Theorem (de Caen 00):                          .
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Theorem[Absolute bound] (Gerzon 73):                       .
What is known?

- tight in dimension 2,3, 7 and 23. (Hard) open problem to 
determine if there are any other cases of equality

Question (Lemmens, Seidel 73):

Determine           , the maximum number of equiangular lines 
in      with common angle                , especially when 
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Theorem[Absolute bound] (Gerzon 73):                       .
What is known?

- tight in dimension 2,3, 7 and 23. (Hard) open problem to 
determine if there are any other cases of equality

Question (Lemmens, Seidel 73):

Determine           , the maximum number of equiangular lines 
in      with common angle                , especially when 
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Theorem[Absolute bound] (Gerzon 73):                       .
What is known?

- tight in dimension 2,3, 7 and 23. (Hard) open problem to 
determine if there are any other cases of equality

Question (Lemmens, Seidel 73):

Determine           , the maximum number of equiangular lines 
in      with common angle                , especially when 
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<latexit sha1_base64="B+l6tC8nvRLJ1p6CRvzhCtkyUU8=">AAAB/nicbVDJSgNBEO2JW4xbVDx5aRKEBCHMBFGPg148aQSzQGYMPZ1K0qRnsbtHCEPAj/AHvHhQxKvf4S1/Y2c5aOKDgsd7VVTV8yLOpDLNkZFaWl5ZXUuvZzY2t7Z3srt7NRnGgkKVhjwUDY9I4CyAqmKKQyMSQHyPQ93rX479+iMIycLgTg0icH3SDViHUaK01MoeXBdEETtdeMDOjQ9dUhD35WIrmzdL5gR4kVgzkrdzzvHzyB5UWtlvpx3S2IdAUU6kbFpmpNyECMUoh2HGiSVEhPZJF5qaBsQH6SaT84f4SCtt3AmFrkDhifp7IiG+lAPf050+UT05743F/7xmrDrnbsKCKFYQ0OmiTsyxCvE4C9xmAqjiA00IFUzfimmPCEKVTiyjQ7DmX14ktXLJOi2d3Fp5+wJNkUaHKIcKyEJnyEZXqIKqiKIEvaA39G48Ga/Gh/E5bU0Zs5l99AfG1w/II5cU</latexit>

N(r) � ⌦(r2)

<latexit sha1_base64="oc3R8nh9Hjtvp9E0ToTfBA/I89I=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahXkpSinqSghdPUsF+QBvCZrtpl242YXdTKKH/xIsHRbz6T7z5b9y2OWjrg4HHezPMzAsSzpR2nG+rsLG5tb1T3C3t7R8cHtnHJ20Vp5LQFol5LLsBVpQzQVuaaU67iaQ4CjjtBOO7ud+ZUKlYLJ70NKFehIeChYxgbSTfth/8PubJCFfkJbpFNenbZafqLIDWiZuTMuRo+vZXfxCTNKJCE46V6rlOor0MS80Ip7NSP1U0wWSMh7RnqMARVV62uHyGLowyQGEsTQmNFurviQxHSk2jwHRGWI/UqjcX//N6qQ5vvIyJJNVUkOWiMOVIx2geAxowSYnmU0MwkczcisgIS0y0CatkQnBXX14n7VrVvarWH+vlRiOPowhncA4VcOEaGnAPTWgBgQk8wyu8WZn1Yr1bH8vWgpXPnMIfWJ8/gAKSRg==</latexit>

N↵(r) > 2r
<latexit sha1_base64="1Ds26HySrb1iFtsvvTBvtjioxDw="></latexit>

1
2

�
1
↵ � 1

�
2 N

Fact:                  . 
<latexit sha1_base64="RJcsS0igGX88s/TYukP50mk1svI=">AAAB+3icbVDJSgNBEO2JS2Lcxnj00hiEeAkz4nYc8OJJEjALJMPQ06lJmvQsdveIYcivePGgiFd/xJs/IH6GneWgiQ8KHu9VUVXPTziTyrI+jdzK6tp6vrBR3Nza3tk190pNGaeCQoPGPBZtn0jgLIKGYopDOxFAQp9Dyx9eTfzWPQjJ4uhWjRJwQ9KPWMAoUVryzNKN1yU8GZCKOMbdPtxh4Zllq2pNgZeJPSdlB9e/vwr5s5pnfnR7MU1DiBTlRMqObSXKzYhQjHIYF7uphITQIelDR9OIhCDdbHr7GB9ppYeDWOiKFJ6qvycyEko5Cn3dGRI1kIveRPzP66QquHQzFiWpgojOFgUpxyrGkyBwjwmgio80IVQwfSumAyIIVTquog7BXnx5mTRPqvZ59bRulx0HzVBAB+gQVZCNLpCDrlENNRBFD+gRPaMXY2w8Ga/G26w1Z8xn9tEfGO8/UGKWQw==</latexit>

N↵(r) � r



Theorem[Absolute bound] (Gerzon 73):                       .

Theorem[Relative Bound] (Lemmens, Seidel 73):                                
for all                      .

What is known?

<latexit sha1_base64="u7iLN1zXU8LpLxDPsj1klG2Hwyw="></latexit>

N↵(r)  r 1�↵2

1�r↵2

- tight in dimension 2,3, 7 and 23. (Hard) open problem to 
determine if there are any other cases of equality

Question (Lemmens, Seidel 73):

Determine           , the maximum number of equiangular lines 
in      with common angle                , especially when 

                                

<latexit sha1_base64="clR0P7xWuqgWJV2TWxJOrjdsSFE="></latexit>

Rr
<latexit sha1_base64="gcJiVn/BBX78dDsAE2AcMlQUp/g="></latexit>

arccos(↵)

<latexit sha1_base64="8ZWlu8Ue4ATQN0LHzFSEVbgrwXg="></latexit>

N↵(r)

Theorem (Neumann 73): If                     then                        .

<latexit sha1_base64="MXkDC87RwuAPusvzaeP/wqLg0pk=">AAACAXicbVDLSsNAFJ34aq2vqBvBzWARKkJJiq9lwI0racE+oAllMp20QyeTODMRSogbf8WNC0Xc+hfu/AHxM5w+Ftp64MLhnHu59x4/ZlQqy/o0FhaXlldy+dXC2vrG5pa5vdOQUSIwqeOIRaLlI0kY5aSuqGKkFQuCQp+Rpj+4HPnNOyIkjfiNGsbEC1GP04BipLTUMfeuS+IIuozcQtenPApTcWxnaSXrmEWrbI0B54k9JUUH1r6/8rnTasf8cLsRTkLCFWZIyrZtxcpLkVAUM5IV3ESSGOEB6pG2phyFRHrp+IMMHmqlC4NI6OIKjtXfEykKpRyGvu4MkerLWW8k/ue1ExVceCnlcaIIx5NFQcKgiuAoDtilgmDFhpogLKi+FeI+EggrHVpBh2DPvjxPGpWyfVY+qdlFxwET5ME+OAAlYINz4IArUAV1gME9eATP4MV4MJ6MV+Nt0rpgTGd2wR8Y7z+pAJiy</latexit>

N(r) 
�r+1

2

�

<latexit sha1_base64="yiRK9UE3WfLsBRyY7Ff/scpq+Xg=">AAACB3icbVDLSsNAFJ3UR2t9RV0KMlgEF6Umaq0bIeDGZQv2AU0ok8mkHTp5MDMRSujOjb/ixoUibv0Fd/6A+BlO2i609cBcDufcy5173JhRIQ3jU8stLa+s5gtrxfWNza1tfWe3JaKEY9LEEYt4x0WCMBqSpqSSkU7MCQpcRtru8Drz23eECxqFt3IUEydA/ZD6FCOppJ5+YCMWDxC8gubJWVmValZqZWgzL5Kip5eMijEBXCTmjJQs2Pj+KuSr9Z7+YXsRTgISSsyQEF3TiKWTIi4pZmRctBNBYoSHqE+6ioYoIMJJJ3eM4ZFSPOhHXL1Qwon6eyJFgRCjwFWdAZIDMe9l4n9eN5H+pZPSME4kCfF0kZ8wKCOYhQI9ygmWbKQIwpyqv0I8QBxhqaIrqhDM+ZMXSeu0Yl5UzhtmybLAFAWwDw7BMTBBDVjgBtRBE2BwDx7BM3jRHrQn7VV7m7bmtNnMHvgD7f0HLjGYog==</latexit>

↵ = 1/3, 1/5, 1/7, . . .

<latexit sha1_base64="dLMoURF9KLmwgKYW0rJ+ZslFgmM=">AAAB/nicbVDJSgNBEO2JS2LcRsWTl8YgeDHOBLfjgBePCZgFMmOo6fQkjT2L3T1CGAL+ihcPinj1O7z5A+Jn2FkOmvig4PFeFVX1/IQzqSzr08gtLC4t5wsrxdW19Y1Nc2u7IeNUEFonMY9FywdJOYtoXTHFaSsRFEKf06Z/eznym/dUSBZH12qQUC+EXsQCRkBpqWPuCuxyeoftYxd40oebCj7ClY5ZssrWGHie2FNScnDt+6uQP612zA+3G5M0pJEiHKRs21aivAyEYoTTYdFNJU2A3EKPtjWNIKTSy8bnD/GBVro4iIWuSOGx+nsig1DKQejrzhBUX856I/E/r52q4MLLWJSkikZksihIOVYxHmWBu0xQovhAEyCC6Vsx6YMAonRiRR2CPfvyPGlUyvZZ+aRmlxwHTVBAe2gfHSIbnSMHXaEqqiOCMvSIntGL8WA8Ga/G26Q1Z0xndtAfGO8/BSSWhQ==</latexit>

r  1/↵2 � 2

Theorem (de Caen 00):                          .
<latexit sha1_base64="B+l6tC8nvRLJ1p6CRvzhCtkyUU8=">AAAB/nicbVDJSgNBEO2JW4xbVDx5aRKEBCHMBFGPg148aQSzQGYMPZ1K0qRnsbtHCEPAj/AHvHhQxKvf4S1/Y2c5aOKDgsd7VVTV8yLOpDLNkZFaWl5ZXUuvZzY2t7Z3srt7NRnGgkKVhjwUDY9I4CyAqmKKQyMSQHyPQ93rX479+iMIycLgTg0icH3SDViHUaK01MoeXBdEETtdeMDOjQ9dUhD35WIrmzdL5gR4kVgzkrdzzvHzyB5UWtlvpx3S2IdAUU6kbFpmpNyECMUoh2HGiSVEhPZJF5qaBsQH6SaT84f4SCtt3AmFrkDhifp7IiG+lAPf050+UT05743F/7xmrDrnbsKCKFYQ0OmiTsyxCvE4C9xmAqjiA00IFUzfimmPCEKVTiyjQ7DmX14ktXLJOi2d3Fp5+wJNkUaHKIcKyEJnyEZXqIKqiKIEvaA39G48Ga/Gh/E5bU0Zs5l99AfG1w/II5cU</latexit>

N(r) � ⌦(r2)

<latexit sha1_base64="oc3R8nh9Hjtvp9E0ToTfBA/I89I=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahXkpSinqSghdPUsF+QBvCZrtpl242YXdTKKH/xIsHRbz6T7z5b9y2OWjrg4HHezPMzAsSzpR2nG+rsLG5tb1T3C3t7R8cHtnHJ20Vp5LQFol5LLsBVpQzQVuaaU67iaQ4CjjtBOO7ud+ZUKlYLJ70NKFehIeChYxgbSTfth/8PubJCFfkJbpFNenbZafqLIDWiZuTMuRo+vZXfxCTNKJCE46V6rlOor0MS80Ip7NSP1U0wWSMh7RnqMARVV62uHyGLowyQGEsTQmNFurviQxHSk2jwHRGWI/UqjcX//N6qQ5vvIyJJNVUkOWiMOVIx2geAxowSYnmU0MwkczcisgIS0y0CatkQnBXX14n7VrVvarWH+vlRiOPowhncA4VcOEaGnAPTWgBgQk8wyu8WZn1Yr1bH8vWgpXPnMIfWJ8/gAKSRg==</latexit>

N↵(r) > 2r
<latexit sha1_base64="1Ds26HySrb1iFtsvvTBvtjioxDw="></latexit>

1
2

�
1
↵ � 1

�
2 N

Fact:                  . 
<latexit sha1_base64="RJcsS0igGX88s/TYukP50mk1svI=">AAAB+3icbVDJSgNBEO2JS2Lcxnj00hiEeAkz4nYc8OJJEjALJMPQ06lJmvQsdveIYcivePGgiFd/xJs/IH6GneWgiQ8KHu9VUVXPTziTyrI+jdzK6tp6vrBR3Nza3tk190pNGaeCQoPGPBZtn0jgLIKGYopDOxFAQp9Dyx9eTfzWPQjJ4uhWjRJwQ9KPWMAoUVryzNKN1yU8GZCKOMbdPtxh4Zllq2pNgZeJPSdlB9e/vwr5s5pnfnR7MU1DiBTlRMqObSXKzYhQjHIYF7uphITQIelDR9OIhCDdbHr7GB9ppYeDWOiKFJ6qvycyEko5Cn3dGRI1kIveRPzP66QquHQzFiWpgojOFgUpxyrGkyBwjwmgio80IVQwfSumAyIIVTquog7BXnx5mTRPqvZ59bRulx0HzVBAB+gQVZCNLpCDrlENNRBFD+gRPaMXY2w8Ga/G26w1Z8xn9tEfGO8/UGKWQw==</latexit>

N↵(r) � r



What is known?

Theorem (B., Dräxler, Keevash, Sudakov 17):                                 if    is 
exponentially large in          , with equality if and only if 

<latexit sha1_base64="HLy62ygk1zcJgWhNYJKYc+uQR/Q="></latexit>

N↵(r)  2r � 2
<latexit sha1_base64="M2aj8QDvh45WKuO5/0rOUB23uvs="></latexit>

↵ = 1/3.

<latexit sha1_base64="c3sUZeVAmMcZF8y/y3yTaBpRVp0=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simznC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxllkNw=</latexit>r
<latexit sha1_base64="W4rf6p5wHJLzcnvZa1ucaIP4sY8=">AAAB8XicbZDJSgNBEIZr4pIYt6hHL41B8BRngtsx4MVjAmbBJIaaTk/SpKdn6O4RQshbePGgiFffxpsvID6GneWgiT80fPx/FV1Vfiy4Nq776aRWVtfW05mN7ObW9s5ubm+/pqNEUValkYhUw0fNBJesargRrBErhqEvWN0fXE/y+gNTmkfy1gxj1g6xJ3nAKRpr3XmnLRRxH++LnVzeLbhTkWXw5pAvkcr3VyZ9Xu7kPlrdiCYhk4YK1LrpubFpj1AZTgUbZ1uJZjHSAfZY06LEkOn2aDrxmBxbp0uCSNknDZm6vztGGGo9DH1bGaLp68VsYv6XNRMTXLVHXMaJYZLOPgoSQUxEJuuTLleMGjG0gFRxOyuhfVRIjT1S1h7BW1x5GWrFgndROKt4+VIJZsrAIRzBCXhwCSW4gTJUgYKER3iGF0c7T86r8zYrTTnzngP4I+f9B01Tkvc=</latexit>

1/↵2



What is known?

Theorem (B., Dräxler, Keevash, Sudakov 17):                                 if    is 
exponentially large in          , with equality if and only if 

<latexit sha1_base64="HLy62ygk1zcJgWhNYJKYc+uQR/Q="></latexit>

N↵(r)  2r � 2
<latexit sha1_base64="M2aj8QDvh45WKuO5/0rOUB23uvs="></latexit>

↵ = 1/3.

Theorem (Jiang, Tidor, Yao, Zhang, Zhao 19): Let      be the minimum 
number of vertices in a graph with spectral radius                 . If     

   is doubly exponentially large in          , then

<latexit sha1_base64="zcQR6i0FH5bUhhsuELjS/WojtbQ="></latexit>

k↵

<latexit sha1_base64="9OYQG735b1Cni5z1kHVS7+vXx9Y="></latexit>

N↵(r) =
j

r�1
1�1/k↵

k

<latexit sha1_base64="c3sUZeVAmMcZF8y/y3yTaBpRVp0=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simznC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxllkNw=</latexit>r
<latexit sha1_base64="W4rf6p5wHJLzcnvZa1ucaIP4sY8=">AAAB8XicbZDJSgNBEIZr4pIYt6hHL41B8BRngtsx4MVjAmbBJIaaTk/SpKdn6O4RQshbePGgiFffxpsvID6GneWgiT80fPx/FV1Vfiy4Nq776aRWVtfW05mN7ObW9s5ubm+/pqNEUValkYhUw0fNBJesargRrBErhqEvWN0fXE/y+gNTmkfy1gxj1g6xJ3nAKRpr3XmnLRRxH++LnVzeLbhTkWXw5pAvkcr3VyZ9Xu7kPlrdiCYhk4YK1LrpubFpj1AZTgUbZ1uJZjHSAfZY06LEkOn2aDrxmBxbp0uCSNknDZm6vztGGGo9DH1bGaLp68VsYv6XNRMTXLVHXMaJYZLOPgoSQUxEJuuTLleMGjG0gFRxOyuhfVRIjT1S1h7BW1x5GWrFgndROKt4+VIJZsrAIRzBCXhwCSW4gTJUgYKER3iGF0c7T86r8zYrTTnzngP4I+f9B01Tkvc=</latexit>

1/↵2

<latexit sha1_base64="c3sUZeVAmMcZF8y/y3yTaBpRVp0=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simznC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxllkNw=</latexit>r
<latexit sha1_base64="iJXpzKQpYfTIkPxjPCYAxksZgLE=">AAAB+nicbZDLSsNAFIZP6qW13lJduhksgquaiLdlwI3LFuwF2hAm00k7dHJhZqKU2Edx40IRtz6JO19AfAynTRfa+sPAx3/O4Zz5/YQzqSzr0yisrK6tF0sb5c2t7Z1ds7LXknEqCG2SmMei42NJOYtoUzHFaScRFIc+p21/dD2tt++okCyObtU4oW6IBxELGMFKW55ZGXk9zJMhRicoB8+sWjVrJrQM9hyqDmp8f5WK53XP/Oj1Y5KGNFKEYym7tpUoN8NCMcLppNxLJU0wGeEB7WqMcEilm81On6Aj7fRREAv9IoVm7u+JDIdSjkNfd4ZYDeVibWr+V+umKrhyMxYlqaIRyRcFKUcqRtMcUJ8JShQfa8BEMH0rIkMsMFE6rbIOwV788jK0Tmv2Re2sYVcdB3KV4AAO4RhsuAQHbqAOTSBwD4/wDC/Gg/FkvBpveWvBmM/swx8Z7z/15pYZ</latexit>

k↵/↵

<latexit sha1_base64="yJVT/4czpEERArdDWPH+gKp8pNo=">AAACFnicbVDJSgNBEO2JW4zbqEcvjUGJh4SZIOox4MVjAmaBTAg9nZ6kSc9Cd40Qhjn5CV78lHjxoIhX8ebf2FkQTXxQ8Hiviqp6biS4Asv6MjIrq2vrG9nN3Nb2zu6euX/QUGEsKavTUISy5RLFBA9YHTgI1ookI74rWNMdXk/85h2TiofBLYwi1vFJP+AepwS01DWLjicJTew0KaeOYB4UfgSHiGhAUlzENnYk7w/grGvmrZI1BV4m9pzkK6djfl9rjatd89PphTT2WQBUEKXathVBJyESOBUszTmxYhGhQ9JnbU0D4jPVSaZvpfhEKz3shVJXAHiq/p5IiK/UyHd1p09goBa9ifif147Bu+okPIhiYAGdLfJigSHEk4xwj0tGQYw0IVRyfSumA6JjAZ1kTodgL768TBrlkn1ROq/Z+UoFzZBFR+gYFZCNLlEF3aAqqiOKHtATekGvxqPxbLwZ77PWjDGfOUR/YHx8A98hojI=</latexit>

1
2

�
1
↵ � 1

�

.



What is known?

Theorem (B., Dräxler, Keevash, Sudakov 17):                                 if    is 
exponentially large in          , with equality if and only if 

<latexit sha1_base64="HLy62ygk1zcJgWhNYJKYc+uQR/Q="></latexit>

N↵(r)  2r � 2
<latexit sha1_base64="M2aj8QDvh45WKuO5/0rOUB23uvs="></latexit>

↵ = 1/3.

Theorem (Jiang, Tidor, Yao, Zhang, Zhao 19): Let      be the minimum 
number of vertices in a graph with spectral radius                 . If     

   is doubly exponentially large in          , then

<latexit sha1_base64="zcQR6i0FH5bUhhsuELjS/WojtbQ="></latexit>

k↵

<latexit sha1_base64="9OYQG735b1Cni5z1kHVS7+vXx9Y="></latexit>

N↵(r) =
j

r�1
1�1/k↵

k

<latexit sha1_base64="c3sUZeVAmMcZF8y/y3yTaBpRVp0=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simznC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxllkNw=</latexit>r
<latexit sha1_base64="W4rf6p5wHJLzcnvZa1ucaIP4sY8=">AAAB8XicbZDJSgNBEIZr4pIYt6hHL41B8BRngtsx4MVjAmbBJIaaTk/SpKdn6O4RQshbePGgiFffxpsvID6GneWgiT80fPx/FV1Vfiy4Nq776aRWVtfW05mN7ObW9s5ubm+/pqNEUValkYhUw0fNBJesargRrBErhqEvWN0fXE/y+gNTmkfy1gxj1g6xJ3nAKRpr3XmnLRRxH++LnVzeLbhTkWXw5pAvkcr3VyZ9Xu7kPlrdiCYhk4YK1LrpubFpj1AZTgUbZ1uJZjHSAfZY06LEkOn2aDrxmBxbp0uCSNknDZm6vztGGGo9DH1bGaLp68VsYv6XNRMTXLVHXMaJYZLOPgoSQUxEJuuTLleMGjG0gFRxOyuhfVRIjT1S1h7BW1x5GWrFgndROKt4+VIJZsrAIRzBCXhwCSW4gTJUgYKER3iGF0c7T86r8zYrTTnzngP4I+f9B01Tkvc=</latexit>

1/↵2

<latexit sha1_base64="c3sUZeVAmMcZF8y/y3yTaBpRVp0=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simznC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxllkNw=</latexit>r
<latexit sha1_base64="iJXpzKQpYfTIkPxjPCYAxksZgLE=">AAAB+nicbZDLSsNAFIZP6qW13lJduhksgquaiLdlwI3LFuwF2hAm00k7dHJhZqKU2Edx40IRtz6JO19AfAynTRfa+sPAx3/O4Zz5/YQzqSzr0yisrK6tF0sb5c2t7Z1ds7LXknEqCG2SmMei42NJOYtoUzHFaScRFIc+p21/dD2tt++okCyObtU4oW6IBxELGMFKW55ZGXk9zJMhRicoB8+sWjVrJrQM9hyqDmp8f5WK53XP/Oj1Y5KGNFKEYym7tpUoN8NCMcLppNxLJU0wGeEB7WqMcEilm81On6Aj7fRREAv9IoVm7u+JDIdSjkNfd4ZYDeVibWr+V+umKrhyMxYlqaIRyRcFKUcqRtMcUJ8JShQfa8BEMH0rIkMsMFE6rbIOwV788jK0Tmv2Re2sYVcdB3KV4AAO4RhsuAQHbqAOTSBwD4/wDC/Gg/FkvBpveWvBmM/swx8Z7z/15pYZ</latexit>

k↵/↵

<latexit sha1_base64="yJVT/4czpEERArdDWPH+gKp8pNo=">AAACFnicbVDJSgNBEO2JW4zbqEcvjUGJh4SZIOox4MVjAmaBTAg9nZ6kSc9Cd40Qhjn5CV78lHjxoIhX8ebf2FkQTXxQ8Hiviqp6biS4Asv6MjIrq2vrG9nN3Nb2zu6euX/QUGEsKavTUISy5RLFBA9YHTgI1ookI74rWNMdXk/85h2TiofBLYwi1vFJP+AepwS01DWLjicJTew0KaeOYB4UfgSHiGhAUlzENnYk7w/grGvmrZI1BV4m9pzkK6djfl9rjatd89PphTT2WQBUEKXathVBJyESOBUszTmxYhGhQ9JnbU0D4jPVSaZvpfhEKz3shVJXAHiq/p5IiK/UyHd1p09goBa9ifif147Bu+okPIhiYAGdLfJigSHEk4xwj0tGQYw0IVRyfSumA6JjAZ1kTodgL768TBrlkn1ROq/Z+UoFzZBFR+gYFZCNLlEF3aAqqiOKHtATekGvxqPxbLwZ77PWjDGfOUR/YHx8A98hojI=</latexit>

1
2

�
1
↵ � 1

�

.

Theorem(B. 21-24):                                                        for             .
<latexit sha1_base64="8qb4ehiRUG9IPi8UhrxH+oNgj7g="></latexit>

N↵(r)  max
⇣�1/↵2�1

2

�
, 2r � (1+↵)2

8↵2

⌘
<latexit sha1_base64="NN4RgIOSLshqlGKWpstXrmzVifo=">AAAB+XicbVDLSsNAFJ3UR2t9RV26GSyCq5qIWpcBNy5bsA9oQplMb9qhk4czk0IJ/RM3LhRx65+48wfEz3DSdqGtBy4czrmXe+/xE86ksqxPo7C2vrFZLG2Vt3d29/bNg8OWjFNBoUljHouOTyRwFkFTMcWhkwggoc+h7Y9uc789BiFZHN2rSQJeSAYRCxglSks903QJT4YEuxwesH1eK/fMilW1ZsCrxF6QioMb31+l4lW9Z364/ZimIUSKciJl17YS5WVEKEY5TMtuKiEhdEQG0NU0IiFIL5tdPsWnWunjIBa6IoVn6u+JjIRSTkJfd4ZEDeWyl4v/ed1UBTdexqIkVRDR+aIg5VjFOI8B95kAqvhEE0IF07diOiSCUKXDykOwl19eJa2Lqn1dvWzYFcdBc5TQMTpBZ8hGNeSgO1RHTUTRGD2iZ/RiZMaT8Wq8zVsLxmLmCP2B8f4DHLGU8w==</latexit>

↵  1/7



What is known?

Theorem (B., Dräxler, Keevash, Sudakov 17):                                 if    is 
exponentially large in          , with equality if and only if 

<latexit sha1_base64="HLy62ygk1zcJgWhNYJKYc+uQR/Q="></latexit>

N↵(r)  2r � 2
<latexit sha1_base64="M2aj8QDvh45WKuO5/0rOUB23uvs="></latexit>

↵ = 1/3.

Theorem (Jiang, Tidor, Yao, Zhang, Zhao 19): Let      be the minimum 
number of vertices in a graph with spectral radius                 . If     

   is doubly exponentially large in          , then

<latexit sha1_base64="zcQR6i0FH5bUhhsuELjS/WojtbQ="></latexit>

k↵

<latexit sha1_base64="9OYQG735b1Cni5z1kHVS7+vXx9Y="></latexit>

N↵(r) =
j

r�1
1�1/k↵

k

<latexit sha1_base64="c3sUZeVAmMcZF8y/y3yTaBpRVp0=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simznC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxllkNw=</latexit>r
<latexit sha1_base64="W4rf6p5wHJLzcnvZa1ucaIP4sY8=">AAAB8XicbZDJSgNBEIZr4pIYt6hHL41B8BRngtsx4MVjAmbBJIaaTk/SpKdn6O4RQshbePGgiFffxpsvID6GneWgiT80fPx/FV1Vfiy4Nq776aRWVtfW05mN7ObW9s5ubm+/pqNEUValkYhUw0fNBJesargRrBErhqEvWN0fXE/y+gNTmkfy1gxj1g6xJ3nAKRpr3XmnLRRxH++LnVzeLbhTkWXw5pAvkcr3VyZ9Xu7kPlrdiCYhk4YK1LrpubFpj1AZTgUbZ1uJZjHSAfZY06LEkOn2aDrxmBxbp0uCSNknDZm6vztGGGo9DH1bGaLp68VsYv6XNRMTXLVHXMaJYZLOPgoSQUxEJuuTLleMGjG0gFRxOyuhfVRIjT1S1h7BW1x5GWrFgndROKt4+VIJZsrAIRzBCXhwCSW4gTJUgYKER3iGF0c7T86r8zYrTTnzngP4I+f9B01Tkvc=</latexit>

1/↵2

<latexit sha1_base64="c3sUZeVAmMcZF8y/y3yTaBpRVp0=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simznC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxllkNw=</latexit>r
<latexit sha1_base64="iJXpzKQpYfTIkPxjPCYAxksZgLE=">AAAB+nicbZDLSsNAFIZP6qW13lJduhksgquaiLdlwI3LFuwF2hAm00k7dHJhZqKU2Edx40IRtz6JO19AfAynTRfa+sPAx3/O4Zz5/YQzqSzr0yisrK6tF0sb5c2t7Z1ds7LXknEqCG2SmMei42NJOYtoUzHFaScRFIc+p21/dD2tt++okCyObtU4oW6IBxELGMFKW55ZGXk9zJMhRicoB8+sWjVrJrQM9hyqDmp8f5WK53XP/Oj1Y5KGNFKEYym7tpUoN8NCMcLppNxLJU0wGeEB7WqMcEilm81On6Aj7fRREAv9IoVm7u+JDIdSjkNfd4ZYDeVibWr+V+umKrhyMxYlqaIRyRcFKUcqRtMcUJ8JShQfa8BEMH0rIkMsMFE6rbIOwV788jK0Tmv2Re2sYVcdB3KV4AAO4RhsuAQHbqAOTSBwD4/wDC/Gg/FkvBpveWvBmM/swx8Z7z/15pYZ</latexit>

k↵/↵

<latexit sha1_base64="yJVT/4czpEERArdDWPH+gKp8pNo=">AAACFnicbVDJSgNBEO2JW4zbqEcvjUGJh4SZIOox4MVjAmaBTAg9nZ6kSc9Cd40Qhjn5CV78lHjxoIhX8ebf2FkQTXxQ8Hiviqp6biS4Asv6MjIrq2vrG9nN3Nb2zu6euX/QUGEsKavTUISy5RLFBA9YHTgI1ookI74rWNMdXk/85h2TiofBLYwi1vFJP+AepwS01DWLjicJTew0KaeOYB4UfgSHiGhAUlzENnYk7w/grGvmrZI1BV4m9pzkK6djfl9rjatd89PphTT2WQBUEKXathVBJyESOBUszTmxYhGhQ9JnbU0D4jPVSaZvpfhEKz3shVJXAHiq/p5IiK/UyHd1p09goBa9ifif147Bu+okPIhiYAGdLfJigSHEk4xwj0tGQYw0IVRyfSumA6JjAZ1kTodgL768TBrlkn1ROq/Z+UoFzZBFR+gYFZCNLlEF3aAqqiOKHtATekGvxqPxbLwZ77PWjDGfOUR/YHx8A98hojI=</latexit>

1
2

�
1
↵ � 1

�

.

Theorem(B. 21-24):                                                        for             .
<latexit sha1_base64="8qb4ehiRUG9IPi8UhrxH+oNgj7g="></latexit>

N↵(r)  max
⇣�1/↵2�1

2

�
, 2r � (1+↵)2

8↵2

⌘
<latexit sha1_base64="NN4RgIOSLshqlGKWpstXrmzVifo=">AAAB+XicbVDLSsNAFJ3UR2t9RV26GSyCq5qIWpcBNy5bsA9oQplMb9qhk4czk0IJ/RM3LhRx65+48wfEz3DSdqGtBy4czrmXe+/xE86ksqxPo7C2vrFZLG2Vt3d29/bNg8OWjFNBoUljHouOTyRwFkFTMcWhkwggoc+h7Y9uc789BiFZHN2rSQJeSAYRCxglSks903QJT4YEuxwesH1eK/fMilW1ZsCrxF6QioMb31+l4lW9Z364/ZimIUSKciJl17YS5WVEKEY5TMtuKiEhdEQG0NU0IiFIL5tdPsWnWunjIBa6IoVn6u+JjIRSTkJfd4ZEDeWyl4v/ed1UBTdexqIkVRDR+aIg5VjFOI8B95kAqvhEE0IF07diOiSCUKXDykOwl19eJa2Lqn1dvWzYFcdBc5TQMTpBZ8hGNeSgO1RHTUTRGD2iZ/RiZMaT8Wq8zVsLxmLmCP2B8f4DHLGU8w==</latexit>

↵  1/7

Transition occurs roughly 
when

<latexit sha1_base64="DqtUBLhKwaxvTgKKahzef9q5Rw8="></latexit>

r ⇡ 1
4↵4



What is known?

Theorem (B., Dräxler, Keevash, Sudakov 17):                                 if    is 
exponentially large in          , with equality if and only if 

<latexit sha1_base64="HLy62ygk1zcJgWhNYJKYc+uQR/Q="></latexit>

N↵(r)  2r � 2
<latexit sha1_base64="M2aj8QDvh45WKuO5/0rOUB23uvs="></latexit>

↵ = 1/3.

Theorem (Jiang, Tidor, Yao, Zhang, Zhao 19): Let      be the minimum 
number of vertices in a graph with spectral radius                 . If     

   is doubly exponentially large in          , then

<latexit sha1_base64="zcQR6i0FH5bUhhsuELjS/WojtbQ="></latexit>

k↵

<latexit sha1_base64="9OYQG735b1Cni5z1kHVS7+vXx9Y="></latexit>

N↵(r) =
j

r�1
1�1/k↵

k

<latexit sha1_base64="c3sUZeVAmMcZF8y/y3yTaBpRVp0=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simznC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxllkNw=</latexit>r
<latexit sha1_base64="W4rf6p5wHJLzcnvZa1ucaIP4sY8=">AAAB8XicbZDJSgNBEIZr4pIYt6hHL41B8BRngtsx4MVjAmbBJIaaTk/SpKdn6O4RQshbePGgiFffxpsvID6GneWgiT80fPx/FV1Vfiy4Nq776aRWVtfW05mN7ObW9s5ubm+/pqNEUValkYhUw0fNBJesargRrBErhqEvWN0fXE/y+gNTmkfy1gxj1g6xJ3nAKRpr3XmnLRRxH++LnVzeLbhTkWXw5pAvkcr3VyZ9Xu7kPlrdiCYhk4YK1LrpubFpj1AZTgUbZ1uJZjHSAfZY06LEkOn2aDrxmBxbp0uCSNknDZm6vztGGGo9DH1bGaLp68VsYv6XNRMTXLVHXMaJYZLOPgoSQUxEJuuTLleMGjG0gFRxOyuhfVRIjT1S1h7BW1x5GWrFgndROKt4+VIJZsrAIRzBCXhwCSW4gTJUgYKER3iGF0c7T86r8zYrTTnzngP4I+f9B01Tkvc=</latexit>

1/↵2

<latexit sha1_base64="c3sUZeVAmMcZF8y/y3yTaBpRVp0=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simznC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxllkNw=</latexit>r
<latexit sha1_base64="iJXpzKQpYfTIkPxjPCYAxksZgLE=">AAAB+nicbZDLSsNAFIZP6qW13lJduhksgquaiLdlwI3LFuwF2hAm00k7dHJhZqKU2Edx40IRtz6JO19AfAynTRfa+sPAx3/O4Zz5/YQzqSzr0yisrK6tF0sb5c2t7Z1ds7LXknEqCG2SmMei42NJOYtoUzHFaScRFIc+p21/dD2tt++okCyObtU4oW6IBxELGMFKW55ZGXk9zJMhRicoB8+sWjVrJrQM9hyqDmp8f5WK53XP/Oj1Y5KGNFKEYym7tpUoN8NCMcLppNxLJU0wGeEB7WqMcEilm81On6Aj7fRREAv9IoVm7u+JDIdSjkNfd4ZYDeVibWr+V+umKrhyMxYlqaIRyRcFKUcqRtMcUJ8JShQfa8BEMH0rIkMsMFE6rbIOwV788jK0Tmv2Re2sYVcdB3KV4AAO4RhsuAQHbqAOTSBwD4/wDC/Gg/FkvBpveWvBmM/swx8Z7z/15pYZ</latexit>

k↵/↵

<latexit sha1_base64="yJVT/4czpEERArdDWPH+gKp8pNo=">AAACFnicbVDJSgNBEO2JW4zbqEcvjUGJh4SZIOox4MVjAmaBTAg9nZ6kSc9Cd40Qhjn5CV78lHjxoIhX8ebf2FkQTXxQ8Hiviqp6biS4Asv6MjIrq2vrG9nN3Nb2zu6euX/QUGEsKavTUISy5RLFBA9YHTgI1ookI74rWNMdXk/85h2TiofBLYwi1vFJP+AepwS01DWLjicJTew0KaeOYB4UfgSHiGhAUlzENnYk7w/grGvmrZI1BV4m9pzkK6djfl9rjatd89PphTT2WQBUEKXathVBJyESOBUszTmxYhGhQ9JnbU0D4jPVSaZvpfhEKz3shVJXAHiq/p5IiK/UyHd1p09goBa9ifif147Bu+okPIhiYAGdLfJigSHEk4xwj0tGQYw0IVRyfSumA6JjAZ1kTodgL768TBrlkn1ROq/Z+UoFzZBFR+gYFZCNLlEF3aAqqiOKHtATekGvxqPxbLwZ77PWjDGfOUR/YHx8A98hojI=</latexit>

1
2

�
1
↵ � 1

�

.

Theorem(B. 21-24):                                                        for             .
<latexit sha1_base64="8qb4ehiRUG9IPi8UhrxH+oNgj7g="></latexit>

N↵(r)  max
⇣�1/↵2�1

2

�
, 2r � (1+↵)2

8↵2

⌘
<latexit sha1_base64="NN4RgIOSLshqlGKWpstXrmzVifo=">AAAB+XicbVDLSsNAFJ3UR2t9RV26GSyCq5qIWpcBNy5bsA9oQplMb9qhk4czk0IJ/RM3LhRx65+48wfEz3DSdqGtBy4czrmXe+/xE86ksqxPo7C2vrFZLG2Vt3d29/bNg8OWjFNBoUljHouOTyRwFkFTMcWhkwggoc+h7Y9uc789BiFZHN2rSQJeSAYRCxglSks903QJT4YEuxwesH1eK/fMilW1ZsCrxF6QioMb31+l4lW9Z364/ZimIUSKciJl17YS5WVEKEY5TMtuKiEhdEQG0NU0IiFIL5tdPsWnWunjIBa6IoVn6u+JjIRSTkJfd4ZEDeWyl4v/ed1UBTdexqIkVRDR+aIg5VjFOI8B95kAqvhEE0IF07diOiSCUKXDykOwl19eJa2Lqn1dvWzYFcdBc5TQMTpBZ8hGNeSgO1RHTUTRGD2iZ/RiZMaT8Wq8zVsLxmLmCP2B8f4DHLGU8w==</latexit>

↵  1/7

For                               , equality 
occurs if and only if the absolute 
bound is tight in dimension               

Transition occurs roughly 
when

<latexit sha1_base64="DqtUBLhKwaxvTgKKahzef9q5Rw8="></latexit>

r ⇡ 1
4↵4

<latexit sha1_base64="Ip9pWwFuFYah+gROmI9ghT7ONLU="></latexit>

1
↵2 � 2

<latexit sha1_base64="mYcc5E4V/Zx8ACNvEr8zjGUnpVo="></latexit>

1
↵2 � 2  r . 1

4↵4



What is known?

Theorem (B., Dräxler, Keevash, Sudakov 17):                                 if    is 
exponentially large in          , with equality if and only if 

<latexit sha1_base64="HLy62ygk1zcJgWhNYJKYc+uQR/Q="></latexit>

N↵(r)  2r � 2
<latexit sha1_base64="M2aj8QDvh45WKuO5/0rOUB23uvs="></latexit>

↵ = 1/3.

Theorem (Jiang, Tidor, Yao, Zhang, Zhao 19): Let      be the minimum 
number of vertices in a graph with spectral radius                 . If     

   is doubly exponentially large in          , then

<latexit sha1_base64="zcQR6i0FH5bUhhsuELjS/WojtbQ="></latexit>

k↵

<latexit sha1_base64="9OYQG735b1Cni5z1kHVS7+vXx9Y="></latexit>

N↵(r) =
j

r�1
1�1/k↵

k

<latexit sha1_base64="c3sUZeVAmMcZF8y/y3yTaBpRVp0=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simznC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxllkNw=</latexit>r
<latexit sha1_base64="W4rf6p5wHJLzcnvZa1ucaIP4sY8=">AAAB8XicbZDJSgNBEIZr4pIYt6hHL41B8BRngtsx4MVjAmbBJIaaTk/SpKdn6O4RQshbePGgiFffxpsvID6GneWgiT80fPx/FV1Vfiy4Nq776aRWVtfW05mN7ObW9s5ubm+/pqNEUValkYhUw0fNBJesargRrBErhqEvWN0fXE/y+gNTmkfy1gxj1g6xJ3nAKRpr3XmnLRRxH++LnVzeLbhTkWXw5pAvkcr3VyZ9Xu7kPlrdiCYhk4YK1LrpubFpj1AZTgUbZ1uJZjHSAfZY06LEkOn2aDrxmBxbp0uCSNknDZm6vztGGGo9DH1bGaLp68VsYv6XNRMTXLVHXMaJYZLOPgoSQUxEJuuTLleMGjG0gFRxOyuhfVRIjT1S1h7BW1x5GWrFgndROKt4+VIJZsrAIRzBCXhwCSW4gTJUgYKER3iGF0c7T86r8zYrTTnzngP4I+f9B01Tkvc=</latexit>

1/↵2

<latexit sha1_base64="c3sUZeVAmMcZF8y/y3yTaBpRVp0=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simznC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxllkNw=</latexit>r
<latexit sha1_base64="iJXpzKQpYfTIkPxjPCYAxksZgLE=">AAAB+nicbZDLSsNAFIZP6qW13lJduhksgquaiLdlwI3LFuwF2hAm00k7dHJhZqKU2Edx40IRtz6JO19AfAynTRfa+sPAx3/O4Zz5/YQzqSzr0yisrK6tF0sb5c2t7Z1ds7LXknEqCG2SmMei42NJOYtoUzHFaScRFIc+p21/dD2tt++okCyObtU4oW6IBxELGMFKW55ZGXk9zJMhRicoB8+sWjVrJrQM9hyqDmp8f5WK53XP/Oj1Y5KGNFKEYym7tpUoN8NCMcLppNxLJU0wGeEB7WqMcEilm81On6Aj7fRREAv9IoVm7u+JDIdSjkNfd4ZYDeVibWr+V+umKrhyMxYlqaIRyRcFKUcqRtMcUJ8JShQfa8BEMH0rIkMsMFE6rbIOwV788jK0Tmv2Re2sYVcdB3KV4AAO4RhsuAQHbqAOTSBwD4/wDC/Gg/FkvBpveWvBmM/swx8Z7z/15pYZ</latexit>

k↵/↵

<latexit sha1_base64="yJVT/4czpEERArdDWPH+gKp8pNo=">AAACFnicbVDJSgNBEO2JW4zbqEcvjUGJh4SZIOox4MVjAmaBTAg9nZ6kSc9Cd40Qhjn5CV78lHjxoIhX8ebf2FkQTXxQ8Hiviqp6biS4Asv6MjIrq2vrG9nN3Nb2zu6euX/QUGEsKavTUISy5RLFBA9YHTgI1ookI74rWNMdXk/85h2TiofBLYwi1vFJP+AepwS01DWLjicJTew0KaeOYB4UfgSHiGhAUlzENnYk7w/grGvmrZI1BV4m9pzkK6djfl9rjatd89PphTT2WQBUEKXathVBJyESOBUszTmxYhGhQ9JnbU0D4jPVSaZvpfhEKz3shVJXAHiq/p5IiK/UyHd1p09goBa9ifif147Bu+okPIhiYAGdLfJigSHEk4xwj0tGQYw0IVRyfSumA6JjAZ1kTodgL768TBrlkn1ROq/Z+UoFzZBFR+gYFZCNLlEF3aAqqiOKHtATekGvxqPxbLwZ77PWjDGfOUR/YHx8A98hojI=</latexit>

1
2

�
1
↵ � 1

�

.

Theorem(B. 21-24):                                                        for             .
<latexit sha1_base64="8qb4ehiRUG9IPi8UhrxH+oNgj7g="></latexit>

N↵(r)  max
⇣�1/↵2�1

2

�
, 2r � (1+↵)2

8↵2

⌘
<latexit sha1_base64="NN4RgIOSLshqlGKWpstXrmzVifo=">AAAB+XicbVDLSsNAFJ3UR2t9RV26GSyCq5qIWpcBNy5bsA9oQplMb9qhk4czk0IJ/RM3LhRx65+48wfEz3DSdqGtBy4czrmXe+/xE86ksqxPo7C2vrFZLG2Vt3d29/bNg8OWjFNBoUljHouOTyRwFkFTMcWhkwggoc+h7Y9uc789BiFZHN2rSQJeSAYRCxglSks903QJT4YEuxwesH1eK/fMilW1ZsCrxF6QioMb31+l4lW9Z364/ZimIUSKciJl17YS5WVEKEY5TMtuKiEhdEQG0NU0IiFIL5tdPsWnWunjIBa6IoVn6u+JjIRSTkJfd4ZEDeWyl4v/ed1UBTdexqIkVRDR+aIg5VjFOI8B95kAqvhEE0IF07diOiSCUKXDykOwl19eJa2Lqn1dvWzYFcdBc5TQMTpBZ8hGNeSgO1RHTUTRGD2iZ/RiZMaT8Wq8zVsLxmLmCP2B8f4DHLGU8w==</latexit>

↵  1/7

For                               , equality 
occurs if and only if the absolute 
bound is tight in dimension               

Transition occurs roughly 
when

<latexit sha1_base64="DqtUBLhKwaxvTgKKahzef9q5Rw8="></latexit>

r ⇡ 1
4↵4

<latexit sha1_base64="Ip9pWwFuFYah+gROmI9ghT7ONLU="></latexit>

1
↵2 � 2

<latexit sha1_base64="mYcc5E4V/Zx8ACNvEr8zjGUnpVo="></latexit>

1
↵2 � 2  r . 1

4↵4

Can improve this to 
<latexit sha1_base64="dlCOIXTCbNrdSJoHfhhPf3xZFkU=">AAACAHicdVDLTgIxFO3gA8TXqAsXbhqJCW5whgDCjsSNS0gETICQO6VAQ6czaTsmZMLGX3HjQmPc+hnu/AHjZ1geJmr0JDc5Pefe9N7jhZwp7ThvVmJldW09mdpIb25t7+zae/tNFUSS0AYJeCCvPVCUM0EbmmlOr0NJwfc4bXnji5nfuqFSsUBc6UlIuz4MBRswAtpIPftw3OsAD0eAOzwYZt2zxeu0Z2ecXKVcyBfL2Mk5c8xIvlIslLC7VDJVXP94TyWLtZ792ukHJPKp0ISDUm3XCXU3BqkZ4XSa7kSKhkDGMKRtQwX4VHXj+QFTfGKUPh4E0pTQeK5+n4jBV2rie6bTBz1Sv72Z+JfXjvSg3I2ZCCNNBVl8NIg41gGepYH7TFKi+cQQIJKZXTEZgQSiTWZpE8LXpfh/0szn3FKuUHcz1SpaIIWO0DHKIhedoyq6RDXUQARN0R16QI/WrXVvPVnPi9aEtZw5QD9gvXwCYg+Ykw==</latexit>

k↵ log(1/↵)



New results
Question: What happens when                                        ?

<latexit sha1_base64="9X8DYTc8VLWezTXyiVDRTTUvVpk="></latexit>

1
4↵4 . r  22

O(k↵ log(1/↵))



New results

Conjecture(B. 24):                                                        .
<latexit sha1_base64="jbyn32zHc2Nn5suIXQQUS6Jxqio="></latexit>

N↵(r)  max
⇣�1/↵2�1

2

�
,
j

r�1
1�1/k↵

k⌘

Question: What happens when                                        ?
<latexit sha1_base64="9X8DYTc8VLWezTXyiVDRTTUvVpk="></latexit>

1
4↵4 . r  22

O(k↵ log(1/↵))



New results

Conjecture(B. 24):                                                        .
<latexit sha1_base64="jbyn32zHc2Nn5suIXQQUS6Jxqio="></latexit>

N↵(r)  max
⇣�1/↵2�1

2

�
,
j

r�1
1�1/k↵

k⌘
always equality when 
this term is larger      

Question: What happens when                                        ?
<latexit sha1_base64="9X8DYTc8VLWezTXyiVDRTTUvVpk="></latexit>

1
4↵4 . r  22

O(k↵ log(1/↵))



New results

Conjecture(B. 24):                                                        .
<latexit sha1_base64="jbyn32zHc2Nn5suIXQQUS6Jxqio="></latexit>

N↵(r)  max
⇣�1/↵2�1

2

�
,
j

r�1
1�1/k↵

k⌘
always equality when 
this term is larger      

- verified for               by Lemmens and Seidel in 1973 and for

                by Cao, Koolen, Lin, and Yu in 2022 (building on the 
work of Neumaier)

<latexit sha1_base64="UeRMv9B/eCedO3lQ2v+WagtKvUM=">AAAB83icbVDJSgNBEO2JS2Lcoh69NAbBU5xxvwgBLx4TMAtkhlDT6Uma9PQ03T1CGPIbXjwo4tWf8eYPiJ9hZzlo9EHB470qquqFkjNtXPfDyS0tr6zmC2vF9Y3Nre3Szm5TJ6kitEESnqh2CJpyJmjDMMNpWyoKcchpKxzeTPzWPVWaJeLOjCQNYugLFjECxkq+D1wOAF9j7/i0Wyq7FXcK/Jd4c1Ku4vrXZyF/XuuW3v1eQtKYCkM4aN3xXGmCDJRhhNNx0U81lUCG0KcdSwXEVAfZ9OYxPrRKD0eJsiUMnqo/JzKItR7Foe2MwQz0ojcR//M6qYmugowJmRoqyGxRlHJsEjwJAPeYosTwkSVAFLO3YjIABcTYmIo2BG/x5b+keVLxLipnda9craIZCmgfHaAj5KFLVEW3qIYaiCCJHtATenZS59F5cV5nrTlnPrOHfsF5+wbQP5Mr</latexit>

↵ = 1/3
<latexit sha1_base64="HuPr8UZi/1ejeqc3Bqp08ing/e4=">AAAB83icbVDLSgNBEJyNj8T4inr0MhgET3FXjHoRFrx4TMA8ILuE3skkGTI7O8zMCmHJb3jxoIhXf8abPyB+hpPHQaMFDUVVN91dkeRMG9f9cHIrq2vr+cJGcXNre2e3tLff1EmqCG2QhCeqHYGmnAnaMMxw2paKQhxx2opGN1O/dU+VZom4M2NJwxgGgvUZAWOlIAAuh4CvsXda7ZbKbsWdAf8l3oKUfVz/+izkq7Vu6T3oJSSNqTCEg9Ydz5UmzEAZRjidFINUUwlkBAPasVRATHWYzW6e4GOr9HA/UbaEwTP150QGsdbjOLKdMZihXvam4n9eJzX9qzBjQqaGCjJf1E85NgmeBoB7TFFi+NgSIIrZWzEZggJibExFG4K3/PJf0jyreBeV87pX9n00RwEdoiN0gjx0iXx0i2qogQiS6AE9oWcndR6dF+d13ppzFjMH6Bect2/TR5Mt</latexit>

↵ = 1/5

Question: What happens when                                        ?
<latexit sha1_base64="9X8DYTc8VLWezTXyiVDRTTUvVpk="></latexit>

1
4↵4 . r  22

O(k↵ log(1/↵))



New results

Conjecture(B. 24):                                                        .
<latexit sha1_base64="jbyn32zHc2Nn5suIXQQUS6Jxqio="></latexit>

N↵(r)  max
⇣�1/↵2�1

2

�
,
j

r�1
1�1/k↵

k⌘
always equality when 
this term is larger      

- verified for               by Lemmens and Seidel in 1973 and for

                by Cao, Koolen, Lin, and Yu in 2022 (building on the 
work of Neumaier)

<latexit sha1_base64="UeRMv9B/eCedO3lQ2v+WagtKvUM=">AAAB83icbVDJSgNBEO2JS2Lcoh69NAbBU5xxvwgBLx4TMAtkhlDT6Uma9PQ03T1CGPIbXjwo4tWf8eYPiJ9hZzlo9EHB470qquqFkjNtXPfDyS0tr6zmC2vF9Y3Nre3Szm5TJ6kitEESnqh2CJpyJmjDMMNpWyoKcchpKxzeTPzWPVWaJeLOjCQNYugLFjECxkq+D1wOAF9j7/i0Wyq7FXcK/Jd4c1Ku4vrXZyF/XuuW3v1eQtKYCkM4aN3xXGmCDJRhhNNx0U81lUCG0KcdSwXEVAfZ9OYxPrRKD0eJsiUMnqo/JzKItR7Foe2MwQz0ojcR//M6qYmugowJmRoqyGxRlHJsEjwJAPeYosTwkSVAFLO3YjIABcTYmIo2BG/x5b+keVLxLipnda9craIZCmgfHaAj5KFLVEW3qIYaiCCJHtATenZS59F5cV5nrTlnPrOHfsF5+wbQP5Mr</latexit>

↵ = 1/3
<latexit sha1_base64="HuPr8UZi/1ejeqc3Bqp08ing/e4=">AAAB83icbVDLSgNBEJyNj8T4inr0MhgET3FXjHoRFrx4TMA8ILuE3skkGTI7O8zMCmHJb3jxoIhXf8abPyB+hpPHQaMFDUVVN91dkeRMG9f9cHIrq2vr+cJGcXNre2e3tLff1EmqCG2QhCeqHYGmnAnaMMxw2paKQhxx2opGN1O/dU+VZom4M2NJwxgGgvUZAWOlIAAuh4CvsXda7ZbKbsWdAf8l3oKUfVz/+izkq7Vu6T3oJSSNqTCEg9Ydz5UmzEAZRjidFINUUwlkBAPasVRATHWYzW6e4GOr9HA/UbaEwTP150QGsdbjOLKdMZihXvam4n9eJzX9qzBjQqaGCjJf1E85NgmeBoB7TFFi+NgSIIrZWzEZggJibExFG4K3/PJf0jyreBeV87pX9n00RwEdoiN0gjx0iXx0i2qogQiS6AE9oWcndR6dF+d13ppzFjMH6Bect2/TR5Mt</latexit>

↵ = 1/5

Theorem(B., Bucić): If            and                   , then <latexit sha1_base64="rQc8QOF76hAXVSNjN7qiJvNnLaw=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5JIUZcFNy4r2Ac0odxMJ83QySTMTJQair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7T5ByprTjfFulldW19Y3yZmVre2d3z94/aKskk4S2SMIT2Q1AUc4EbWmmOe2mkkIccNoJRtdTv3NPpWKJuNPjlPoxDAULGQFtpL595AFPI8CeZMNIg5TJA3b6dtWpOTPgZeIWpIoKNPv2lzdISBZToQkHpXquk2o/B6kZ4XRS8TJFUyAjGNKeoQJiqvx8dv0EnxplgMNEmhIaz9TfEznESo3jwHTGoCO16E3F/7xepsMrP2cizTQVZL4ozDjWCZ5GgQdMUqL52BAgkplbMYlAAtEmsIoJwV18eZm0z2vuRa1+W682GkUcZXSMTtAZctElaqAb1EQtRNAjekav6M16sl6sd+tj3lqyiplD9AfW5w8DUpTx</latexit>

↵ ! 0
<latexit sha1_base64="VrMdoy6CN7r/CKBwlFPWEL1BjEQ=">AAACBHicbVDJSgNBEO2JW4zbqMdcGoMQL3FGgnoMePEYwSyQiaGmU0ma9Cx29whhyMGLv+LFgyJe/Qhv/o2d5aCJDwoe71VRVc+PBVfacb6tzMrq2vpGdjO3tb2zu2fvH9RVlEiGNRaJSDZ9UCh4iDXNtcBmLBECX2DDH15N/MYDSsWj8FaPYmwH0A95jzPQRurYeUm9Pt5T99QDEQ/gLvWiAPtQdE/GHbvglJwp6DJx56RA5qh27C+vG7EkwFAzAUq1XCfW7RSk5kzgOOclCmNgQ+hjy9AQAlTtdPrEmB4bpUt7kTQVajpVf0+kECg1CnzTGYAeqEVvIv7ntRLdu2ynPIwTjSGbLeolguqIThKhXS6RaTEyBJjk5lbKBiCBaZNbzoTgLr68TOpnJfe8VL4pFyqVeRxZkidHpEhcckEq5JpUSY0w8kieySt5s56sF+vd+pi1Zqz5zCH5A+vzB/qalwo=</latexit>

r � 1/↵!(1)

<latexit sha1_base64="0Q05K5YSn4JoVib0pqxzP9bwBJc=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSxCihASKepGKLhxJRXsA9oQJtNJO3QyE2YmQil146+4caGIW//CnX/jtM1CWw9cOJxzL/feE6WMKu1539bS8srq2npho7i5tb2za+/tN5TIJCZ1LJiQrQgpwigndU01I61UEpREjDSjwfXEbz4Qqajg93qYkiBBPU5jipE2Umgf3oYdxNI+cmQZXkHHPxWOXy5LN7RLnutNAReJn5MSyFEL7a9OV+AsIVxjhpRq+16qgxGSmmJGxsVOpkiK8AD1SNtQjhKigtH0gzE8MUoXxkKa4hpO1d8TI5QoNUwi05kg3Vfz3kT8z2tnOr4MRpSnmSYczxbFGYNawEkcsEslwZoNDUFYUnMrxH0kEdYmtKIJwZ9/eZE0zlz/3K3cVUrVah5HARyBY+AAH1yAKrgBNVAHGDyCZ/AK3qwn68V6tz5mrUtWPnMA/sD6/AFBJ5Qv</latexit>

N↵(r) = (1 + o(1))r.

Question: What happens when                                        ?
<latexit sha1_base64="9X8DYTc8VLWezTXyiVDRTTUvVpk="></latexit>

1
4↵4 . r  22

O(k↵ log(1/↵))



New results

Conjecture(B. 24):                                                        .
<latexit sha1_base64="jbyn32zHc2Nn5suIXQQUS6Jxqio="></latexit>

N↵(r)  max
⇣�1/↵2�1

2

�
,
j

r�1
1�1/k↵

k⌘
always equality when 
this term is larger      

Theorem(B., Bucić): For any positive integer   , if                   then
<latexit sha1_base64="VuWd1j9ijuHICrpsg2btt9AbQ2I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2sSr+dLzhFZyx7HtwpFC4+7r+v3vfScjv/2epENAlRaMqJUk3XibWXEqkZ5TjMtRKFMaF90sWmQUFCVF46HnRoHxqnYweRNE9oe+z+7khJqNQg9E1lSHRPzWYj87+smejg3EuZiBONgk4+ChJu68gebW13mESq+cAAoZKZWW3aI5JQbW6TM0dwZ1eeh9px0T0tnlTcQqkEE2VhHw7gCFw4gxJcQxmqQAHhAZ7g2bq1Hq0X63VSmrGmPbvwR9bbDw7JkNU=</latexit>

k
<latexit sha1_base64="uSTK0w0Y5j9udMTVH+pE59ijK4c="></latexit>

N 1
2k�1

(r) =

�
r � 1

1� 1/k

⌫
.

- verified for               by Lemmens and Seidel in 1973 and for

                by Cao, Koolen, Lin, and Yu in 2022 (building on the 
work of Neumaier)

<latexit sha1_base64="UeRMv9B/eCedO3lQ2v+WagtKvUM=">AAAB83icbVDJSgNBEO2JS2Lcoh69NAbBU5xxvwgBLx4TMAtkhlDT6Uma9PQ03T1CGPIbXjwo4tWf8eYPiJ9hZzlo9EHB470qquqFkjNtXPfDyS0tr6zmC2vF9Y3Nre3Szm5TJ6kitEESnqh2CJpyJmjDMMNpWyoKcchpKxzeTPzWPVWaJeLOjCQNYugLFjECxkq+D1wOAF9j7/i0Wyq7FXcK/Jd4c1Ku4vrXZyF/XuuW3v1eQtKYCkM4aN3xXGmCDJRhhNNx0U81lUCG0KcdSwXEVAfZ9OYxPrRKD0eJsiUMnqo/JzKItR7Foe2MwQz0ojcR//M6qYmugowJmRoqyGxRlHJsEjwJAPeYosTwkSVAFLO3YjIABcTYmIo2BG/x5b+keVLxLipnda9craIZCmgfHaAj5KFLVEW3qIYaiCCJHtATenZS59F5cV5nrTlnPrOHfsF5+wbQP5Mr</latexit>

↵ = 1/3
<latexit sha1_base64="HuPr8UZi/1ejeqc3Bqp08ing/e4=">AAAB83icbVDLSgNBEJyNj8T4inr0MhgET3FXjHoRFrx4TMA8ILuE3skkGTI7O8zMCmHJb3jxoIhXf8abPyB+hpPHQaMFDUVVN91dkeRMG9f9cHIrq2vr+cJGcXNre2e3tLff1EmqCG2QhCeqHYGmnAnaMMxw2paKQhxx2opGN1O/dU+VZom4M2NJwxgGgvUZAWOlIAAuh4CvsXda7ZbKbsWdAf8l3oKUfVz/+izkq7Vu6T3oJSSNqTCEg9Ydz5UmzEAZRjidFINUUwlkBAPasVRATHWYzW6e4GOr9HA/UbaEwTP150QGsdbjOLKdMZihXvam4n9eJzX9qzBjQqaGCjJf1E85NgmeBoB7TFFi+NgSIIrZWzEZggJibExFG4K3/PJf0jyreBeV87pX9n00RwEdoiN0gjx0iXx0i2qogQiS6AE9oWcndR6dF+d13ppzFjMH6Bect2/TR5Mt</latexit>

↵ = 1/5

Theorem(B., Bucić): If            and                   , then <latexit sha1_base64="rQc8QOF76hAXVSNjN7qiJvNnLaw=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5JIUZcFNy4r2Ac0odxMJ83QySTMTJQair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7T5ByprTjfFulldW19Y3yZmVre2d3z94/aKskk4S2SMIT2Q1AUc4EbWmmOe2mkkIccNoJRtdTv3NPpWKJuNPjlPoxDAULGQFtpL595AFPI8CeZMNIg5TJA3b6dtWpOTPgZeIWpIoKNPv2lzdISBZToQkHpXquk2o/B6kZ4XRS8TJFUyAjGNKeoQJiqvx8dv0EnxplgMNEmhIaz9TfEznESo3jwHTGoCO16E3F/7xepsMrP2cizTQVZL4ozDjWCZ5GgQdMUqL52BAgkplbMYlAAtEmsIoJwV18eZm0z2vuRa1+W682GkUcZXSMTtAZctElaqAb1EQtRNAjekav6M16sl6sd+tj3lqyiplD9AfW5w8DUpTx</latexit>

↵ ! 0
<latexit sha1_base64="VrMdoy6CN7r/CKBwlFPWEL1BjEQ=">AAACBHicbVDJSgNBEO2JW4zbqMdcGoMQL3FGgnoMePEYwSyQiaGmU0ma9Cx29whhyMGLv+LFgyJe/Qhv/o2d5aCJDwoe71VRVc+PBVfacb6tzMrq2vpGdjO3tb2zu2fvH9RVlEiGNRaJSDZ9UCh4iDXNtcBmLBECX2DDH15N/MYDSsWj8FaPYmwH0A95jzPQRurYeUm9Pt5T99QDEQ/gLvWiAPtQdE/GHbvglJwp6DJx56RA5qh27C+vG7EkwFAzAUq1XCfW7RSk5kzgOOclCmNgQ+hjy9AQAlTtdPrEmB4bpUt7kTQVajpVf0+kECg1CnzTGYAeqEVvIv7ntRLdu2ynPIwTjSGbLeolguqIThKhXS6RaTEyBJjk5lbKBiCBaZNbzoTgLr68TOpnJfe8VL4pFyqVeRxZkidHpEhcckEq5JpUSY0w8kieySt5s56sF+vd+pi1Zqz5zCH5A+vzB/qalwo=</latexit>

r � 1/↵!(1)

<latexit sha1_base64="0Q05K5YSn4JoVib0pqxzP9bwBJc=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSxCihASKepGKLhxJRXsA9oQJtNJO3QyE2YmQil146+4caGIW//CnX/jtM1CWw9cOJxzL/feE6WMKu1539bS8srq2npho7i5tb2za+/tN5TIJCZ1LJiQrQgpwigndU01I61UEpREjDSjwfXEbz4Qqajg93qYkiBBPU5jipE2Umgf3oYdxNI+cmQZXkHHPxWOXy5LN7RLnutNAReJn5MSyFEL7a9OV+AsIVxjhpRq+16qgxGSmmJGxsVOpkiK8AD1SNtQjhKigtH0gzE8MUoXxkKa4hpO1d8TI5QoNUwi05kg3Vfz3kT8z2tnOr4MRpSnmSYczxbFGYNawEkcsEslwZoNDUFYUnMrxH0kEdYmtKIJwZ9/eZE0zlz/3K3cVUrVah5HARyBY+AAH1yAKrgBNVAHGDyCZ/AK3qwn68V6tz5mrUtWPnMA/sD6/AFBJ5Qv</latexit>

N↵(r) = (1 + o(1))r.

Question: What happens when                                        ?
<latexit sha1_base64="9X8DYTc8VLWezTXyiVDRTTUvVpk="></latexit>

1
4↵4 . r  22

O(k↵ log(1/↵))

<latexit sha1_base64="WkTeXnRUFjbg8Xq1zLAQFtdwbW0=">AAACAnicbVDJSgNBEO2JWxaXMZ7ES2MQIkiYCaIeB7x4M6JZIBs9ncqkSc9id48QhuDFX/HiQRGv/oPgzb+xk3jQxAcFj/eqqKrnRpxJZVlfRmppeWV1LZ3J5tY3NrfM7XxNhrGgUKUhD0XDJRI4C6CqmOLQiAQQ3+VQd4fnE79+B0KyMLhRowjaPvEC1meUKC11zV2BWx7c4nInaV364JHisJOUrfHhuGsWrJI1BV4k9g8pOPncdSVz9FHpmp+tXkhjHwJFOZGyaVuRaidEKEY5jLOtWEJE6JB40NQ0ID7IdjJ9YYwPtNLD/VDoChSeqr8nEuJLOfJd3ekTNZDz3kT8z2vGqn/WTlgQxQoCOlvUjzlWIZ7kgXtMAFV8pAmhgulbMR0QQajSqWV1CPb8y4ukVi7ZJ6XjK7vgOGiGNNpD+6iIbHSKHHSBKqiKKLpHj+gZvRgPxpPxarzNWlPGz8wO+gPj/Rsxxpg5</latexit>

r � 2⌦(k20)



Given a family of     equiangular lines in       with common 
angle                , we can pick a unit vector along each line to 
get vectors                 satisfying                       for all         .

Connection to graphs
<latexit sha1_base64="cHzqUcq0sObHYsWpadeV78L772I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simjnC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxWnUCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxMFkNc=</latexit>n

<latexit sha1_base64="t0YGGeDfsmNrg7irNU/oLBRGm5E=">AAAB9HicbVDLTgIxFL2DL8QXPnZuGomJKzJjjLqTxIUu0cgjgZF0SgcaOp2x7ZDghO9w40Jj3PIVfoE7l/6JHWCh4EmanJxzb+7p8SLOlLbtLyuzsLi0vJJdza2tb2xu5bd3qiqMJaEVEvJQ1j2sKGeCVjTTnNYjSXHgcVrzepepX+tTqVgo7vQgom6AO4L5jGBtJLcZYN31vOR2eC9zrXzBLtpjoHniTEnh4uPx+2q0l5Rb+c9mOyRxQIUmHCvVcOxIuwmWmhFOh7lmrGiESQ93aMNQgQOq3GQceogOjdJGfijNExqN1d8bCQ6UGgSemUxDqlkvFf/zGrH2z92EiSjWVJDJIT/mSIcobQC1maRE84EhmEhmsiLSxRITbXpKS3BmvzxPqsdF57R4cuMUSiWYIAv7cABH4MAZlOAaylABAg/wBC/wavWtZ+vNep+MZqzpzi78gTX6AcBsldA=</latexit>

Rr

<latexit sha1_base64="gcJiVn/BBX78dDsAE2AcMlQUp/g="></latexit>

arccos(↵)
<latexit sha1_base64="GEd8wMH3GbMun1FmNjfNd0gjH+s=">AAAB+XicbVDLSsNAFJ34rPUVdSUuHCyCi1ISEXUZcOOygn1AG8JkMmmHTmbCzCRQQtf+hBsXirj1T7rzO/wBp4+Fth64cDjnXu69J0wZVdpxvqyV1bX1jc3SVnl7Z3dv3z44bCqRSUwaWDAh2yFShFFOGppqRtqpJCgJGWmFg7uJ38qJVFTwRz1MiZ+gHqcxxUgbKbDtPHCrsMsioVUV5oGRKk7NmQIuE3dOKt7xUyDGp9/1wB53I4GzhHCNGVKq4zqp9gskNcWMjMrdTJEU4QHqkY6hHCVE+cX08hE8N0oEYyFNcQ2n6u+JAiVKDZPQdCZI99WiNxH/8zqZjm/9gvI004Tj2aI4Y1ALOIkBRlQSrNnQEIQlNbdC3EcSYW3CKpsQ3MWXl0nzsuZe164e3IrngRlK4AScgQvgghvggXtQBw2AQQ6ewSt4swrrxXq3PmatK9Z85gj8gfX5A/CTlkQ=</latexit>v1, . . . , vn

<latexit sha1_base64="3RVhott5a/wj14v3Fvw2uRyAnxY=">AAACDnicbVC7SgNBFJ2Nrxhfq5aCDAkBCwm7ImojBGwsI5gHZJdwdzKbjM7OLjOzgRBSWdr4C36CjYUittZ2foqdk0ehiQfu5XDOvczcEyScKe04X1ZmYXFpeSW7mltb39jcsrd3aipOJaFVEvNYNgJQlDNBq5ppThuJpBAFnNaD24uRX+9RqVgsrnU/oX4EHcFCRkAbqWUXPQ6iwynutdihaTfYkxPhHHtJhD3gSRdadsEpOWPgeeJOSaGcf7z73m/HlZb96bVjkkZUaMJBqabrJNofgNSMcDrMeamiCZBb6NCmoQIiqvzB+JwhLhqljcNYmhIaj9XfGwOIlOpHgZmMQHfVrDcS//OaqQ7P/AETSaqpIJOHwpRjHeNRNrjNJCWa9w0BIpn5KyZdkEC0STBnQnBnT54ntaOSe1I6vnIL5TKaIIv2UB4dIBedojK6RBVURQTdoyf0gl6tB+vZerPeJ6MZa7qzi/7A+vgB91qedg==</latexit>

hvi, vji = ±↵
<latexit sha1_base64="tuVKveCJjmJqMVUs1UOznD8SnhM=">AAAB73icbZDLSgMxFIYzXmu9VV2JC4NFcFVmRNTlgBuXFewF2qFk0jNtbCaZJhmhDF27d+NCEbe+Tnc+hy9gello6w+Bj/8/h5xzwoQzbVz3y1laXlldW89t5De3tnd2C3v7VS1TRaFCJZeqHhINnAmoGGY41BMFJA451MLezTivPYLSTIp7M0ggiElHsIhRYqxVZ7gpoI8fWoWiW3InwovgzaDoHz615Oj4u9wqjJptSdMYhKGcaN3w3MQEGVGGUQ7DfDPVkBDaIx1oWBQkBh1kk3mH+NQ6bRxJZZ8weOL+7shIrPUgDm1lTExXz2dj87+skZroOsiYSFIDgk4/ilKOjcTj5XGbKaCGDywQqpidFdMuUYQae6K8PYI3v/IiVM9L3mXp4s4r+j6aKoeO0Ak6Qx66Qj66RWVUQRRx9Ixe0ZvTd16cd+djWrrkzHoO0B85nz8gWJMT</latexit>

i 6= j



Given a family of     equiangular lines in       with common 
angle                , we can pick a unit vector along each line to 
get vectors                 satisfying                       for all         .

Connection to graphs
<latexit sha1_base64="cHzqUcq0sObHYsWpadeV78L772I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simjnC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxWnUCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxMFkNc=</latexit>n

<latexit sha1_base64="t0YGGeDfsmNrg7irNU/oLBRGm5E=">AAAB9HicbVDLTgIxFL2DL8QXPnZuGomJKzJjjLqTxIUu0cgjgZF0SgcaOp2x7ZDghO9w40Jj3PIVfoE7l/6JHWCh4EmanJxzb+7p8SLOlLbtLyuzsLi0vJJdza2tb2xu5bd3qiqMJaEVEvJQ1j2sKGeCVjTTnNYjSXHgcVrzepepX+tTqVgo7vQgom6AO4L5jGBtJLcZYN31vOR2eC9zrXzBLtpjoHniTEnh4uPx+2q0l5Rb+c9mOyRxQIUmHCvVcOxIuwmWmhFOh7lmrGiESQ93aMNQgQOq3GQceogOjdJGfijNExqN1d8bCQ6UGgSemUxDqlkvFf/zGrH2z92EiSjWVJDJIT/mSIcobQC1maRE84EhmEhmsiLSxRITbXpKS3BmvzxPqsdF57R4cuMUSiWYIAv7cABH4MAZlOAaylABAg/wBC/wavWtZ+vNep+MZqzpzi78gTX6AcBsldA=</latexit>

Rr

<latexit sha1_base64="gcJiVn/BBX78dDsAE2AcMlQUp/g="></latexit>

arccos(↵)
<latexit sha1_base64="GEd8wMH3GbMun1FmNjfNd0gjH+s=">AAAB+XicbVDLSsNAFJ34rPUVdSUuHCyCi1ISEXUZcOOygn1AG8JkMmmHTmbCzCRQQtf+hBsXirj1T7rzO/wBp4+Fth64cDjnXu69J0wZVdpxvqyV1bX1jc3SVnl7Z3dv3z44bCqRSUwaWDAh2yFShFFOGppqRtqpJCgJGWmFg7uJ38qJVFTwRz1MiZ+gHqcxxUgbKbDtPHCrsMsioVUV5oGRKk7NmQIuE3dOKt7xUyDGp9/1wB53I4GzhHCNGVKq4zqp9gskNcWMjMrdTJEU4QHqkY6hHCVE+cX08hE8N0oEYyFNcQ2n6u+JAiVKDZPQdCZI99WiNxH/8zqZjm/9gvI004Tj2aI4Y1ALOIkBRlQSrNnQEIQlNbdC3EcSYW3CKpsQ3MWXl0nzsuZe164e3IrngRlK4AScgQvgghvggXtQBw2AQQ6ewSt4swrrxXq3PmatK9Z85gj8gfX5A/CTlkQ=</latexit>v1, . . . , vn

<latexit sha1_base64="3RVhott5a/wj14v3Fvw2uRyAnxY=">AAACDnicbVC7SgNBFJ2Nrxhfq5aCDAkBCwm7ImojBGwsI5gHZJdwdzKbjM7OLjOzgRBSWdr4C36CjYUittZ2foqdk0ehiQfu5XDOvczcEyScKe04X1ZmYXFpeSW7mltb39jcsrd3aipOJaFVEvNYNgJQlDNBq5ppThuJpBAFnNaD24uRX+9RqVgsrnU/oX4EHcFCRkAbqWUXPQ6iwynutdihaTfYkxPhHHtJhD3gSRdadsEpOWPgeeJOSaGcf7z73m/HlZb96bVjkkZUaMJBqabrJNofgNSMcDrMeamiCZBb6NCmoQIiqvzB+JwhLhqljcNYmhIaj9XfGwOIlOpHgZmMQHfVrDcS//OaqQ7P/AETSaqpIJOHwpRjHeNRNrjNJCWa9w0BIpn5KyZdkEC0STBnQnBnT54ntaOSe1I6vnIL5TKaIIv2UB4dIBedojK6RBVURQTdoyf0gl6tB+vZerPeJ6MZa7qzi/7A+vgB91qedg==</latexit>

hvi, vji = ±↵

The Gram matrix       of these vectors, defined by                       ,

is           , positive semidefinite, and has rank at most   .

<latexit sha1_base64="ri4fWNOlsLvY5EKiO9ajIPohY8I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAe9CAmYBZIh9HRqktaenqG7R4hDnsCLB0W8+gA+hU/gzaNvYmc5aOIPDR//X0VXlR9zprTjfFmZufmFxaXscm5ldW19I7+5VVNRIilWacQj2fCJQs4EVjXTHBuxRBL6HOv+7fkwr9+hVCwS17ofoxeSrmABo0Qbq3LVzhecojOSPQvuBApnH/ffF+87abmd/2x1IpqEKDTlRKmm68TaS4nUjHIc5FqJwpjQW9LFpkFBQlReOhp0YO8bp2MHkTRPaHvk/u5ISahUP/RNZUh0T01nQ/O/rJno4NRLmYgTjYKOPwoSbuvIHm5td5hEqnnfAKGSmVlt2iOSUG1ukzNHcKdXnoXaYdE9Lh5V3EKpBGNlYRf24ABcOIESXEIZqkAB4QGe4Nm6sR6tF+t1XJqxJj3b8EfW2w/hQpC3</latexit>

M

<latexit sha1_base64="tuVKveCJjmJqMVUs1UOznD8SnhM=">AAAB73icbZDLSgMxFIYzXmu9VV2JC4NFcFVmRNTlgBuXFewF2qFk0jNtbCaZJhmhDF27d+NCEbe+Tnc+hy9gello6w+Bj/8/h5xzwoQzbVz3y1laXlldW89t5De3tnd2C3v7VS1TRaFCJZeqHhINnAmoGGY41BMFJA451MLezTivPYLSTIp7M0ggiElHsIhRYqxVZ7gpoI8fWoWiW3InwovgzaDoHz615Oj4u9wqjJptSdMYhKGcaN3w3MQEGVGGUQ7DfDPVkBDaIx1oWBQkBh1kk3mH+NQ6bRxJZZ8weOL+7shIrPUgDm1lTExXz2dj87+skZroOsiYSFIDgk4/ilKOjcTj5XGbKaCGDywQqpidFdMuUYQae6K8PYI3v/IiVM9L3mXp4s4r+j6aKoeO0Ak6Qx66Qj66RWVUQRRx9Ixe0ZvTd16cd+djWrrkzHoO0B85nz8gWJMT</latexit>

i 6= j

<latexit sha1_base64="hDGm576xzxTpxBhHxOYfutVW3ZQ=">AAACC3icbVDLSgMxFM34rPU16lKQ0CK4KGVGRN0IBTduhAr2AZ0yZNK0TZtJhiRTKENXbtz4Ef6AGxeKuPUH3Pkp7kynXWjrgXs5nHMvyT1BxKjSjvNlLSwuLa+sZtay6xubW9v2zm5ViVhiUsGCCVkPkCKMclLRVDNSjyRBYcBILehfjv3agEhFBb/Vw4g0Q9ThtE0x0kby7dy1n9BCbwQvoMcQ7zACBz4tmNaDnkwF3847RScFnCfulORLuce774OWKPv2p9cSOA4J15ghpRquE+lmgqSmmJFR1osViRDuow5pGMpRSFQzSW8ZwUOjtGBbSFNcw1T9vZGgUKlhGJjJEOmumvXG4n9eI9bt82ZCeRRrwvHkoXbMoBZwHAxsUUmwZkNDEJbU/BXiLpIIaxNf1oTgzp48T6rHRfe0eHLj5kslMEEG7IMcOAIuOAMlcAXKoAIwuAdP4AW8Wg/Ws/VmvU9GF6zpzh74A+vjB7OEnUA=</latexit>

Mi,j = hvi, vji
<latexit sha1_base64="koOTnM8dVTXTdgxpDAcbLkr+OMA=">AAAB8XicbVA9SwNBEJ2LJsb4FbW0WQyCVbgTUcuAjWUE84HJEfY2m2TJ3t6xOyeEI62/wEZQEVv9NXb+EHs3H4UmPhh4vDfDm5kglsKg6345mZXVbG4tv17Y2Nza3inu7tVNlGjGayySkW4G1HApFK+hQMmbseY0DCRvBMPLid+449qISN3gKOZ+SPtK9ASjaKVbRdooQm6I6hRLbtmdgiwTb05KldzTt/q4z1Y7xc92N2JJyBUySY1peW6Mfko1Cib5uNBODI8pG9I+b1mqqI3x0+nGY3JklS7pRdqWQjJVf0+kNDRmFAa2M6Q4MIveRPzPayXYu/BToeIEuWKzoF4iCUZkcj7pCs0ZypEllGlhdyVsQDVlaJ9UsE/wFk9eJvWTsndWPr32SpUKzJCHAziEY/DgHCpwBVWoAQMFD/AML45xHp1X523WmnHmM/vwB877D7Q+k/g=</latexit>n⇥ n <latexit sha1_base64="c3sUZeVAmMcZF8y/y3yTaBpRVp0=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simznC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxllkNw=</latexit>r



Given a family of     equiangular lines in       with common 
angle                , we can pick a unit vector along each line to 
get vectors                 satisfying                       for all         .

Connection to graphs
<latexit sha1_base64="cHzqUcq0sObHYsWpadeV78L772I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simjnC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxWnUCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxMFkNc=</latexit>n

<latexit sha1_base64="t0YGGeDfsmNrg7irNU/oLBRGm5E=">AAAB9HicbVDLTgIxFL2DL8QXPnZuGomJKzJjjLqTxIUu0cgjgZF0SgcaOp2x7ZDghO9w40Jj3PIVfoE7l/6JHWCh4EmanJxzb+7p8SLOlLbtLyuzsLi0vJJdza2tb2xu5bd3qiqMJaEVEvJQ1j2sKGeCVjTTnNYjSXHgcVrzepepX+tTqVgo7vQgom6AO4L5jGBtJLcZYN31vOR2eC9zrXzBLtpjoHniTEnh4uPx+2q0l5Rb+c9mOyRxQIUmHCvVcOxIuwmWmhFOh7lmrGiESQ93aMNQgQOq3GQceogOjdJGfijNExqN1d8bCQ6UGgSemUxDqlkvFf/zGrH2z92EiSjWVJDJIT/mSIcobQC1maRE84EhmEhmsiLSxRITbXpKS3BmvzxPqsdF57R4cuMUSiWYIAv7cABH4MAZlOAaylABAg/wBC/wavWtZ+vNep+MZqzpzi78gTX6AcBsldA=</latexit>

Rr

<latexit sha1_base64="gcJiVn/BBX78dDsAE2AcMlQUp/g="></latexit>

arccos(↵)
<latexit sha1_base64="GEd8wMH3GbMun1FmNjfNd0gjH+s=">AAAB+XicbVDLSsNAFJ34rPUVdSUuHCyCi1ISEXUZcOOygn1AG8JkMmmHTmbCzCRQQtf+hBsXirj1T7rzO/wBp4+Fth64cDjnXu69J0wZVdpxvqyV1bX1jc3SVnl7Z3dv3z44bCqRSUwaWDAh2yFShFFOGppqRtqpJCgJGWmFg7uJ38qJVFTwRz1MiZ+gHqcxxUgbKbDtPHCrsMsioVUV5oGRKk7NmQIuE3dOKt7xUyDGp9/1wB53I4GzhHCNGVKq4zqp9gskNcWMjMrdTJEU4QHqkY6hHCVE+cX08hE8N0oEYyFNcQ2n6u+JAiVKDZPQdCZI99WiNxH/8zqZjm/9gvI004Tj2aI4Y1ALOIkBRlQSrNnQEIQlNbdC3EcSYW3CKpsQ3MWXl0nzsuZe164e3IrngRlK4AScgQvgghvggXtQBw2AQQ6ewSt4swrrxXq3PmatK9Z85gj8gfX5A/CTlkQ=</latexit>v1, . . . , vn

<latexit sha1_base64="3RVhott5a/wj14v3Fvw2uRyAnxY=">AAACDnicbVC7SgNBFJ2Nrxhfq5aCDAkBCwm7ImojBGwsI5gHZJdwdzKbjM7OLjOzgRBSWdr4C36CjYUittZ2foqdk0ehiQfu5XDOvczcEyScKe04X1ZmYXFpeSW7mltb39jcsrd3aipOJaFVEvNYNgJQlDNBq5ppThuJpBAFnNaD24uRX+9RqVgsrnU/oX4EHcFCRkAbqWUXPQ6iwynutdihaTfYkxPhHHtJhD3gSRdadsEpOWPgeeJOSaGcf7z73m/HlZb96bVjkkZUaMJBqabrJNofgNSMcDrMeamiCZBb6NCmoQIiqvzB+JwhLhqljcNYmhIaj9XfGwOIlOpHgZmMQHfVrDcS//OaqQ7P/AETSaqpIJOHwpRjHeNRNrjNJCWa9w0BIpn5KyZdkEC0STBnQnBnT54ntaOSe1I6vnIL5TKaIIv2UB4dIBedojK6RBVURQTdoyf0gl6tB+vZerPeJ6MZa7qzi/7A+vgB91qedg==</latexit>

hvi, vji = ±↵

The Gram matrix       of these vectors, defined by                       ,

is           , positive semidefinite, and has rank at most   .

<latexit sha1_base64="ri4fWNOlsLvY5EKiO9ajIPohY8I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAe9CAmYBZIh9HRqktaenqG7R4hDnsCLB0W8+gA+hU/gzaNvYmc5aOIPDR//X0VXlR9zprTjfFmZufmFxaXscm5ldW19I7+5VVNRIilWacQj2fCJQs4EVjXTHBuxRBL6HOv+7fkwr9+hVCwS17ofoxeSrmABo0Qbq3LVzhecojOSPQvuBApnH/ffF+87abmd/2x1IpqEKDTlRKmm68TaS4nUjHIc5FqJwpjQW9LFpkFBQlReOhp0YO8bp2MHkTRPaHvk/u5ISahUP/RNZUh0T01nQ/O/rJno4NRLmYgTjYKOPwoSbuvIHm5td5hEqnnfAKGSmVlt2iOSUG1ukzNHcKdXnoXaYdE9Lh5V3EKpBGNlYRf24ABcOIESXEIZqkAB4QGe4Nm6sR6tF+t1XJqxJj3b8EfW2w/hQpC3</latexit>

M

<latexit sha1_base64="tuVKveCJjmJqMVUs1UOznD8SnhM=">AAAB73icbZDLSgMxFIYzXmu9VV2JC4NFcFVmRNTlgBuXFewF2qFk0jNtbCaZJhmhDF27d+NCEbe+Tnc+hy9gello6w+Bj/8/h5xzwoQzbVz3y1laXlldW89t5De3tnd2C3v7VS1TRaFCJZeqHhINnAmoGGY41BMFJA451MLezTivPYLSTIp7M0ggiElHsIhRYqxVZ7gpoI8fWoWiW3InwovgzaDoHz615Oj4u9wqjJptSdMYhKGcaN3w3MQEGVGGUQ7DfDPVkBDaIx1oWBQkBh1kk3mH+NQ6bRxJZZ8weOL+7shIrPUgDm1lTExXz2dj87+skZroOsiYSFIDgk4/ilKOjcTj5XGbKaCGDywQqpidFdMuUYQae6K8PYI3v/IiVM9L3mXp4s4r+j6aKoeO0Ak6Qx66Qj66RWVUQRRx9Ixe0ZvTd16cd+djWrrkzHoO0B85nz8gWJMT</latexit>

i 6= j

<latexit sha1_base64="hDGm576xzxTpxBhHxOYfutVW3ZQ=">AAACC3icbVDLSgMxFM34rPU16lKQ0CK4KGVGRN0IBTduhAr2AZ0yZNK0TZtJhiRTKENXbtz4Ef6AGxeKuPUH3Pkp7kynXWjrgXs5nHMvyT1BxKjSjvNlLSwuLa+sZtay6xubW9v2zm5ViVhiUsGCCVkPkCKMclLRVDNSjyRBYcBILehfjv3agEhFBb/Vw4g0Q9ThtE0x0kby7dy1n9BCbwQvoMcQ7zACBz4tmNaDnkwF3847RScFnCfulORLuce774OWKPv2p9cSOA4J15ghpRquE+lmgqSmmJFR1osViRDuow5pGMpRSFQzSW8ZwUOjtGBbSFNcw1T9vZGgUKlhGJjJEOmumvXG4n9eI9bt82ZCeRRrwvHkoXbMoBZwHAxsUUmwZkNDEJbU/BXiLpIIaxNf1oTgzp48T6rHRfe0eHLj5kslMEEG7IMcOAIuOAMlcAXKoAIwuAdP4AW8Wg/Ws/VmvU9GF6zpzh74A+vjB7OEnUA=</latexit>

Mi,j = hvi, vji
<latexit sha1_base64="koOTnM8dVTXTdgxpDAcbLkr+OMA=">AAAB8XicbVA9SwNBEJ2LJsb4FbW0WQyCVbgTUcuAjWUE84HJEfY2m2TJ3t6xOyeEI62/wEZQEVv9NXb+EHs3H4UmPhh4vDfDm5kglsKg6345mZXVbG4tv17Y2Nza3inu7tVNlGjGayySkW4G1HApFK+hQMmbseY0DCRvBMPLid+449qISN3gKOZ+SPtK9ASjaKVbRdooQm6I6hRLbtmdgiwTb05KldzTt/q4z1Y7xc92N2JJyBUySY1peW6Mfko1Cib5uNBODI8pG9I+b1mqqI3x0+nGY3JklS7pRdqWQjJVf0+kNDRmFAa2M6Q4MIveRPzPayXYu/BToeIEuWKzoF4iCUZkcj7pCs0ZypEllGlhdyVsQDVlaJ9UsE/wFk9eJvWTsndWPr32SpUKzJCHAziEY/DgHCpwBVWoAQMFD/AML45xHp1X523WmnHmM/vwB877D7Q+k/g=</latexit>n⇥ n <latexit sha1_base64="c3sUZeVAmMcZF8y/y3yTaBpRVp0=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simznC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxllkNw=</latexit>r

Consider the graph     with vertex set                  such that

                    if and only if                      .

<latexit sha1_base64="MmcnO+qZ4XLDd+XeS67hkuG1i3U="></latexit>

G <latexit sha1_base64="GEd8wMH3GbMun1FmNjfNd0gjH+s=">AAAB+XicbVDLSsNAFJ34rPUVdSUuHCyCi1ISEXUZcOOygn1AG8JkMmmHTmbCzCRQQtf+hBsXirj1T7rzO/wBp4+Fth64cDjnXu69J0wZVdpxvqyV1bX1jc3SVnl7Z3dv3z44bCqRSUwaWDAh2yFShFFOGppqRtqpJCgJGWmFg7uJ38qJVFTwRz1MiZ+gHqcxxUgbKbDtPHCrsMsioVUV5oGRKk7NmQIuE3dOKt7xUyDGp9/1wB53I4GzhHCNGVKq4zqp9gskNcWMjMrdTJEU4QHqkY6hHCVE+cX08hE8N0oEYyFNcQ2n6u+JAiVKDZPQdCZI99WiNxH/8zqZjm/9gvI004Tj2aI4Y1ALOIkBRlQSrNnQEIQlNbdC3EcSYW3CKpsQ3MWXl0nzsuZe164e3IrngRlK4AScgQvgghvggXtQBw2AQQ6ewSt4swrrxXq3PmatK9Z85gj8gfX5A/CTlkQ=</latexit>v1, . . . , vn
<latexit sha1_base64="BC50Kr2qifhn5Y5tXPnwaEcYjKQ=">AAAB+XicbVDLSsNAFJ3UV62vqEtBhhahbkoioi4DIrqsYB/QhjCZTNqxk0mYmQRK6MrfcNOFIm79E3d+ijunj4W2HrhwOOde7r3HTxiVyrK+jMLK6tr6RnGztLW9s7tn7h80ZZwKTBo4ZrFo+0gSRjlpKKoYaSeCoMhnpOUPrid+KyNC0pg/qGFC3Aj1OA0pRkpLnmlmHoWZ9wi7lMOb6u2pZ1asmjUFXCb2nFSc8vjp+ziI65752Q1inEaEK8yQlB3bSpSbI6EoZmRU6qaSJAgPUI90NOUoItLNp5eP4IlWAhjGQhdXcKr+nshRJOUw8nVnhFRfLnoT8T+vk6rwys0pT1JFOJ4tClMGVQwnMcCACoIVG2qCsKD6Voj7SCCsdFglHYK9+PIyaZ7V7Iva+b1dcRwwQxEcgTKoAhtcAgfcgTpoAAwy8AxewKuRG2PjzXiftRaM+cwh+APj4wcUxZWs</latexit>

vivj 2 E(G)
<latexit sha1_base64="SvGeB+BvUrR9KHY5VKgdttMm5aU=">AAACC3icbVC7SgNBFJ31GeMrainIkCBYaNgVURthwcYygnlANoS7s7PJmNnZZWY2EEIqGxs/wh+wsVDE1h+w81PsnDwKTTxwL4dz7mXmHj/hTGnb/rLm5hcWl5YzK9nVtfWNzdzWdkXFqSS0TGIey5oPinImaFkzzWktkRQin9Oq37kc+tUulYrF4kb3EtqIoCVYyAhoIzVzeY+DaHGKu012aNot9uRYuMBHHvCkDc1cwS7aI+BZ4kxIwc0/3n3vBXGpmfv0gpikERWacFCq7tiJbvRBakY4HWS9VNEESAdatG6ogIiqRn90ywDvGyXAYSxNCY1H6u+NPkRK9SLfTEag22raG4r/efVUh+eNPhNJqqkg44fClGMd42EwOGCSEs17hgCRzPwVkzZIINrElzUhONMnz5LKcdE5LZ5cOwXXRWNk0C7KowPkoDPkoitUQmVE0D16Qi/o1Xqwnq036308OmdNdnbQH1gfP5vQnSw=</latexit>

hvi, vji = �↵



Given a family of     equiangular lines in       with common 
angle                , we can pick a unit vector along each line to 
get vectors                 satisfying                       for all         .

Connection to graphs
<latexit sha1_base64="cHzqUcq0sObHYsWpadeV78L772I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simjnC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxWnUCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxMFkNc=</latexit>n

<latexit sha1_base64="t0YGGeDfsmNrg7irNU/oLBRGm5E=">AAAB9HicbVDLTgIxFL2DL8QXPnZuGomJKzJjjLqTxIUu0cgjgZF0SgcaOp2x7ZDghO9w40Jj3PIVfoE7l/6JHWCh4EmanJxzb+7p8SLOlLbtLyuzsLi0vJJdza2tb2xu5bd3qiqMJaEVEvJQ1j2sKGeCVjTTnNYjSXHgcVrzepepX+tTqVgo7vQgom6AO4L5jGBtJLcZYN31vOR2eC9zrXzBLtpjoHniTEnh4uPx+2q0l5Rb+c9mOyRxQIUmHCvVcOxIuwmWmhFOh7lmrGiESQ93aMNQgQOq3GQceogOjdJGfijNExqN1d8bCQ6UGgSemUxDqlkvFf/zGrH2z92EiSjWVJDJIT/mSIcobQC1maRE84EhmEhmsiLSxRITbXpKS3BmvzxPqsdF57R4cuMUSiWYIAv7cABH4MAZlOAaylABAg/wBC/wavWtZ+vNep+MZqzpzi78gTX6AcBsldA=</latexit>

Rr

<latexit sha1_base64="gcJiVn/BBX78dDsAE2AcMlQUp/g="></latexit>

arccos(↵)
<latexit sha1_base64="GEd8wMH3GbMun1FmNjfNd0gjH+s=">AAAB+XicbVDLSsNAFJ34rPUVdSUuHCyCi1ISEXUZcOOygn1AG8JkMmmHTmbCzCRQQtf+hBsXirj1T7rzO/wBp4+Fth64cDjnXu69J0wZVdpxvqyV1bX1jc3SVnl7Z3dv3z44bCqRSUwaWDAh2yFShFFOGppqRtqpJCgJGWmFg7uJ38qJVFTwRz1MiZ+gHqcxxUgbKbDtPHCrsMsioVUV5oGRKk7NmQIuE3dOKt7xUyDGp9/1wB53I4GzhHCNGVKq4zqp9gskNcWMjMrdTJEU4QHqkY6hHCVE+cX08hE8N0oEYyFNcQ2n6u+JAiVKDZPQdCZI99WiNxH/8zqZjm/9gvI004Tj2aI4Y1ALOIkBRlQSrNnQEIQlNbdC3EcSYW3CKpsQ3MWXl0nzsuZe164e3IrngRlK4AScgQvgghvggXtQBw2AQQ6ewSt4swrrxXq3PmatK9Z85gj8gfX5A/CTlkQ=</latexit>v1, . . . , vn

<latexit sha1_base64="3RVhott5a/wj14v3Fvw2uRyAnxY=">AAACDnicbVC7SgNBFJ2Nrxhfq5aCDAkBCwm7ImojBGwsI5gHZJdwdzKbjM7OLjOzgRBSWdr4C36CjYUittZ2foqdk0ehiQfu5XDOvczcEyScKe04X1ZmYXFpeSW7mltb39jcsrd3aipOJaFVEvNYNgJQlDNBq5ppThuJpBAFnNaD24uRX+9RqVgsrnU/oX4EHcFCRkAbqWUXPQ6iwynutdihaTfYkxPhHHtJhD3gSRdadsEpOWPgeeJOSaGcf7z73m/HlZb96bVjkkZUaMJBqabrJNofgNSMcDrMeamiCZBb6NCmoQIiqvzB+JwhLhqljcNYmhIaj9XfGwOIlOpHgZmMQHfVrDcS//OaqQ7P/AETSaqpIJOHwpRjHeNRNrjNJCWa9w0BIpn5KyZdkEC0STBnQnBnT54ntaOSe1I6vnIL5TKaIIv2UB4dIBedojK6RBVURQTdoyf0gl6tB+vZerPeJ6MZa7qzi/7A+vgB91qedg==</latexit>

hvi, vji = ±↵

The Gram matrix       of these vectors, defined by                       ,

is           , positive semidefinite, and has rank at most   .

<latexit sha1_base64="ri4fWNOlsLvY5EKiO9ajIPohY8I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAe9CAmYBZIh9HRqktaenqG7R4hDnsCLB0W8+gA+hU/gzaNvYmc5aOIPDR//X0VXlR9zprTjfFmZufmFxaXscm5ldW19I7+5VVNRIilWacQj2fCJQs4EVjXTHBuxRBL6HOv+7fkwr9+hVCwS17ofoxeSrmABo0Qbq3LVzhecojOSPQvuBApnH/ffF+87abmd/2x1IpqEKDTlRKmm68TaS4nUjHIc5FqJwpjQW9LFpkFBQlReOhp0YO8bp2MHkTRPaHvk/u5ISahUP/RNZUh0T01nQ/O/rJno4NRLmYgTjYKOPwoSbuvIHm5td5hEqnnfAKGSmVlt2iOSUG1ukzNHcKdXnoXaYdE9Lh5V3EKpBGNlYRf24ABcOIESXEIZqkAB4QGe4Nm6sR6tF+t1XJqxJj3b8EfW2w/hQpC3</latexit>

M

<latexit sha1_base64="tuVKveCJjmJqMVUs1UOznD8SnhM=">AAAB73icbZDLSgMxFIYzXmu9VV2JC4NFcFVmRNTlgBuXFewF2qFk0jNtbCaZJhmhDF27d+NCEbe+Tnc+hy9gello6w+Bj/8/h5xzwoQzbVz3y1laXlldW89t5De3tnd2C3v7VS1TRaFCJZeqHhINnAmoGGY41BMFJA451MLezTivPYLSTIp7M0ggiElHsIhRYqxVZ7gpoI8fWoWiW3InwovgzaDoHz615Oj4u9wqjJptSdMYhKGcaN3w3MQEGVGGUQ7DfDPVkBDaIx1oWBQkBh1kk3mH+NQ6bRxJZZ8weOL+7shIrPUgDm1lTExXz2dj87+skZroOsiYSFIDgk4/ilKOjcTj5XGbKaCGDywQqpidFdMuUYQae6K8PYI3v/IiVM9L3mXp4s4r+j6aKoeO0Ak6Qx66Qj66RWVUQRRx9Ixe0ZvTd16cd+djWrrkzHoO0B85nz8gWJMT</latexit>

i 6= j

<latexit sha1_base64="hDGm576xzxTpxBhHxOYfutVW3ZQ=">AAACC3icbVDLSgMxFM34rPU16lKQ0CK4KGVGRN0IBTduhAr2AZ0yZNK0TZtJhiRTKENXbtz4Ef6AGxeKuPUH3Pkp7kynXWjrgXs5nHMvyT1BxKjSjvNlLSwuLa+sZtay6xubW9v2zm5ViVhiUsGCCVkPkCKMclLRVDNSjyRBYcBILehfjv3agEhFBb/Vw4g0Q9ThtE0x0kby7dy1n9BCbwQvoMcQ7zACBz4tmNaDnkwF3847RScFnCfulORLuce774OWKPv2p9cSOA4J15ghpRquE+lmgqSmmJFR1osViRDuow5pGMpRSFQzSW8ZwUOjtGBbSFNcw1T9vZGgUKlhGJjJEOmumvXG4n9eI9bt82ZCeRRrwvHkoXbMoBZwHAxsUUmwZkNDEJbU/BXiLpIIaxNf1oTgzp48T6rHRfe0eHLj5kslMEEG7IMcOAIuOAMlcAXKoAIwuAdP4AW8Wg/Ws/VmvU9GF6zpzh74A+vjB7OEnUA=</latexit>

Mi,j = hvi, vji
<latexit sha1_base64="koOTnM8dVTXTdgxpDAcbLkr+OMA=">AAAB8XicbVA9SwNBEJ2LJsb4FbW0WQyCVbgTUcuAjWUE84HJEfY2m2TJ3t6xOyeEI62/wEZQEVv9NXb+EHs3H4UmPhh4vDfDm5kglsKg6345mZXVbG4tv17Y2Nza3inu7tVNlGjGayySkW4G1HApFK+hQMmbseY0DCRvBMPLid+449qISN3gKOZ+SPtK9ASjaKVbRdooQm6I6hRLbtmdgiwTb05KldzTt/q4z1Y7xc92N2JJyBUySY1peW6Mfko1Cib5uNBODI8pG9I+b1mqqI3x0+nGY3JklS7pRdqWQjJVf0+kNDRmFAa2M6Q4MIveRPzPayXYu/BToeIEuWKzoF4iCUZkcj7pCs0ZypEllGlhdyVsQDVlaJ9UsE/wFk9eJvWTsndWPr32SpUKzJCHAziEY/DgHCpwBVWoAQMFD/AML45xHp1X523WmnHmM/vwB877D7Q+k/g=</latexit>n⇥ n <latexit sha1_base64="c3sUZeVAmMcZF8y/y3yTaBpRVp0=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simznC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxllkNw=</latexit>r

Consider the graph     with vertex set                  such that

                    if and only if                      .

<latexit sha1_base64="MmcnO+qZ4XLDd+XeS67hkuG1i3U="></latexit>

G <latexit sha1_base64="GEd8wMH3GbMun1FmNjfNd0gjH+s=">AAAB+XicbVDLSsNAFJ34rPUVdSUuHCyCi1ISEXUZcOOygn1AG8JkMmmHTmbCzCRQQtf+hBsXirj1T7rzO/wBp4+Fth64cDjnXu69J0wZVdpxvqyV1bX1jc3SVnl7Z3dv3z44bCqRSUwaWDAh2yFShFFOGppqRtqpJCgJGWmFg7uJ38qJVFTwRz1MiZ+gHqcxxUgbKbDtPHCrsMsioVUV5oGRKk7NmQIuE3dOKt7xUyDGp9/1wB53I4GzhHCNGVKq4zqp9gskNcWMjMrdTJEU4QHqkY6hHCVE+cX08hE8N0oEYyFNcQ2n6u+JAiVKDZPQdCZI99WiNxH/8zqZjm/9gvI004Tj2aI4Y1ALOIkBRlQSrNnQEIQlNbdC3EcSYW3CKpsQ3MWXl0nzsuZe164e3IrngRlK4AScgQvgghvggXtQBw2AQQ6ewSt4swrrxXq3PmatK9Z85gj8gfX5A/CTlkQ=</latexit>v1, . . . , vn
<latexit sha1_base64="BC50Kr2qifhn5Y5tXPnwaEcYjKQ=">AAAB+XicbVDLSsNAFJ3UV62vqEtBhhahbkoioi4DIrqsYB/QhjCZTNqxk0mYmQRK6MrfcNOFIm79E3d+ijunj4W2HrhwOOde7r3HTxiVyrK+jMLK6tr6RnGztLW9s7tn7h80ZZwKTBo4ZrFo+0gSRjlpKKoYaSeCoMhnpOUPrid+KyNC0pg/qGFC3Aj1OA0pRkpLnmlmHoWZ9wi7lMOb6u2pZ1asmjUFXCb2nFSc8vjp+ziI65752Q1inEaEK8yQlB3bSpSbI6EoZmRU6qaSJAgPUI90NOUoItLNp5eP4IlWAhjGQhdXcKr+nshRJOUw8nVnhFRfLnoT8T+vk6rwys0pT1JFOJ4tClMGVQwnMcCACoIVG2qCsKD6Voj7SCCsdFglHYK9+PIyaZ7V7Iva+b1dcRwwQxEcgTKoAhtcAgfcgTpoAAwy8AxewKuRG2PjzXiftRaM+cwh+APj4wcUxZWs</latexit>

vivj 2 E(G)
<latexit sha1_base64="SvGeB+BvUrR9KHY5VKgdttMm5aU=">AAACC3icbVC7SgNBFJ31GeMrainIkCBYaNgVURthwcYygnlANoS7s7PJmNnZZWY2EEIqGxs/wh+wsVDE1h+w81PsnDwKTTxwL4dz7mXmHj/hTGnb/rLm5hcWl5YzK9nVtfWNzdzWdkXFqSS0TGIey5oPinImaFkzzWktkRQin9Oq37kc+tUulYrF4kb3EtqIoCVYyAhoIzVzeY+DaHGKu012aNot9uRYuMBHHvCkDc1cwS7aI+BZ4kxIwc0/3n3vBXGpmfv0gpikERWacFCq7tiJbvRBakY4HWS9VNEESAdatG6ogIiqRn90ywDvGyXAYSxNCY1H6u+NPkRK9SLfTEag22raG4r/efVUh+eNPhNJqqkg44fClGMd42EwOGCSEs17hgCRzPwVkzZIINrElzUhONMnz5LKcdE5LZ5cOwXXRWNk0C7KowPkoDPkoitUQmVE0D16Qi/o1Xqwnq036308OmdNdnbQH1gfP5vQnSw=</latexit>

hvi, vji = �↵

The adjacency matrix     of this graph satisfies 

<latexit sha1_base64="zrrppln8tVTzOyWIMtnKxhCoatc=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNiAc9JmAWSIbQ06lJWnt6hu4eIQ55Ai8eFPHqA/gUPoE3j76JneWgiT80fPx/FV1VfsyZ0o7zZWXm5hcWl7LLuZXVtfWN/OZWTUWJpFilEY9kwycKORNY1UxzbMQSSehzrPu3F8O8fodSsUhc636MXki6ggWMEm2synk7X3CKzkj2LLgTKJx93H9fvu+k5Xb+s9WJaBKi0JQTpZquE2svJVIzynGQayUKY0JvSRebBgUJUXnpaNCBvW+cjh1E0jyh7ZH7uyMloVL90DeVIdE9NZ0Nzf+yZqKDUy9lIk40Cjr+KEi4rSN7uLXdYRKp5n0DhEpmZrVpj0hCtblNzhzBnV55FmqHRfe4eFRxC6USjJWFXdiDA3DhBEpwBWWoAgWEB3iCZ+vGerRerNdxacaa9GzDH1lvP88SkKs=</latexit>

A
<latexit sha1_base64="Su32NSJz7zEqt8fHytTZcYJ9jSo=">AAACEnicbZDLSgMxFIYz3lrrbdSlm4NFaJGWmeJtI1TcqCC0YC/QlpJJ0zY0cyHJCKX0Gdz4Km5cKOLWlTtfQHwM004Fbf0h8OU/55Cc3wk4k8qyPoy5+YXFpVh8ObGyura+YW5ulaUfCkJLxOe+qDpYUs48WlJMcVoNBMWuw2nF6Z2P6pVbKiTzvRvVD2jDxR2PtRnBSltNM30Np5CyM3XMgy5OwyXsQ8RwBRnI/VzOsk0zaWWtsWAW7Akk81D8+ozHDgtN873e8knoUk8RjqWs2VagGgMsFCOcDhP1UNIAkx7u0JpGD7tUNgbjlYawp50WtH2hj6dg7P6eGGBXyr7r6E4Xq66cro3M/2q1ULVPGgPmBaGiHokeaocclA+jfKDFBCWK9zVgIpj+K5AuFpgonWJCh2BPrzwL5VzWPsoeFO1kPo8ixdEO2kUpZKNjlEcXqIBKiKA79ICe0LNxbzwaL8Zr1DpnTGa20R8Zb9/2sZw3</latexit>

M = (1� ↵)I + ↵J � 2↵A.



Given a family of     equiangular lines in       with common 
angle                , we can pick a unit vector along each line to 
get vectors                 satisfying                       for all         .

Connection to graphs
<latexit sha1_base64="cHzqUcq0sObHYsWpadeV78L772I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simjnC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxWnUCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxMFkNc=</latexit>n

<latexit sha1_base64="t0YGGeDfsmNrg7irNU/oLBRGm5E=">AAAB9HicbVDLTgIxFL2DL8QXPnZuGomJKzJjjLqTxIUu0cgjgZF0SgcaOp2x7ZDghO9w40Jj3PIVfoE7l/6JHWCh4EmanJxzb+7p8SLOlLbtLyuzsLi0vJJdza2tb2xu5bd3qiqMJaEVEvJQ1j2sKGeCVjTTnNYjSXHgcVrzepepX+tTqVgo7vQgom6AO4L5jGBtJLcZYN31vOR2eC9zrXzBLtpjoHniTEnh4uPx+2q0l5Rb+c9mOyRxQIUmHCvVcOxIuwmWmhFOh7lmrGiESQ93aMNQgQOq3GQceogOjdJGfijNExqN1d8bCQ6UGgSemUxDqlkvFf/zGrH2z92EiSjWVJDJIT/mSIcobQC1maRE84EhmEhmsiLSxRITbXpKS3BmvzxPqsdF57R4cuMUSiWYIAv7cABH4MAZlOAaylABAg/wBC/wavWtZ+vNep+MZqzpzi78gTX6AcBsldA=</latexit>

Rr

<latexit sha1_base64="gcJiVn/BBX78dDsAE2AcMlQUp/g="></latexit>

arccos(↵)
<latexit sha1_base64="GEd8wMH3GbMun1FmNjfNd0gjH+s=">AAAB+XicbVDLSsNAFJ34rPUVdSUuHCyCi1ISEXUZcOOygn1AG8JkMmmHTmbCzCRQQtf+hBsXirj1T7rzO/wBp4+Fth64cDjnXu69J0wZVdpxvqyV1bX1jc3SVnl7Z3dv3z44bCqRSUwaWDAh2yFShFFOGppqRtqpJCgJGWmFg7uJ38qJVFTwRz1MiZ+gHqcxxUgbKbDtPHCrsMsioVUV5oGRKk7NmQIuE3dOKt7xUyDGp9/1wB53I4GzhHCNGVKq4zqp9gskNcWMjMrdTJEU4QHqkY6hHCVE+cX08hE8N0oEYyFNcQ2n6u+JAiVKDZPQdCZI99WiNxH/8zqZjm/9gvI004Tj2aI4Y1ALOIkBRlQSrNnQEIQlNbdC3EcSYW3CKpsQ3MWXl0nzsuZe164e3IrngRlK4AScgQvgghvggXtQBw2AQQ6ewSt4swrrxXq3PmatK9Z85gj8gfX5A/CTlkQ=</latexit>v1, . . . , vn

<latexit sha1_base64="3RVhott5a/wj14v3Fvw2uRyAnxY=">AAACDnicbVC7SgNBFJ2Nrxhfq5aCDAkBCwm7ImojBGwsI5gHZJdwdzKbjM7OLjOzgRBSWdr4C36CjYUittZ2foqdk0ehiQfu5XDOvczcEyScKe04X1ZmYXFpeSW7mltb39jcsrd3aipOJaFVEvNYNgJQlDNBq5ppThuJpBAFnNaD24uRX+9RqVgsrnU/oX4EHcFCRkAbqWUXPQ6iwynutdihaTfYkxPhHHtJhD3gSRdadsEpOWPgeeJOSaGcf7z73m/HlZb96bVjkkZUaMJBqabrJNofgNSMcDrMeamiCZBb6NCmoQIiqvzB+JwhLhqljcNYmhIaj9XfGwOIlOpHgZmMQHfVrDcS//OaqQ7P/AETSaqpIJOHwpRjHeNRNrjNJCWa9w0BIpn5KyZdkEC0STBnQnBnT54ntaOSe1I6vnIL5TKaIIv2UB4dIBedojK6RBVURQTdoyf0gl6tB+vZerPeJ6MZa7qzi/7A+vgB91qedg==</latexit>

hvi, vji = ±↵

The Gram matrix       of these vectors, defined by                       ,

is           , positive semidefinite, and has rank at most   .

<latexit sha1_base64="ri4fWNOlsLvY5EKiO9ajIPohY8I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAe9CAmYBZIh9HRqktaenqG7R4hDnsCLB0W8+gA+hU/gzaNvYmc5aOIPDR//X0VXlR9zprTjfFmZufmFxaXscm5ldW19I7+5VVNRIilWacQj2fCJQs4EVjXTHBuxRBL6HOv+7fkwr9+hVCwS17ofoxeSrmABo0Qbq3LVzhecojOSPQvuBApnH/ffF+87abmd/2x1IpqEKDTlRKmm68TaS4nUjHIc5FqJwpjQW9LFpkFBQlReOhp0YO8bp2MHkTRPaHvk/u5ISahUP/RNZUh0T01nQ/O/rJno4NRLmYgTjYKOPwoSbuvIHm5td5hEqnnfAKGSmVlt2iOSUG1ukzNHcKdXnoXaYdE9Lh5V3EKpBGNlYRf24ABcOIESXEIZqkAB4QGe4Nm6sR6tF+t1XJqxJj3b8EfW2w/hQpC3</latexit>

M

<latexit sha1_base64="tuVKveCJjmJqMVUs1UOznD8SnhM=">AAAB73icbZDLSgMxFIYzXmu9VV2JC4NFcFVmRNTlgBuXFewF2qFk0jNtbCaZJhmhDF27d+NCEbe+Tnc+hy9gello6w+Bj/8/h5xzwoQzbVz3y1laXlldW89t5De3tnd2C3v7VS1TRaFCJZeqHhINnAmoGGY41BMFJA451MLezTivPYLSTIp7M0ggiElHsIhRYqxVZ7gpoI8fWoWiW3InwovgzaDoHz615Oj4u9wqjJptSdMYhKGcaN3w3MQEGVGGUQ7DfDPVkBDaIx1oWBQkBh1kk3mH+NQ6bRxJZZ8weOL+7shIrPUgDm1lTExXz2dj87+skZroOsiYSFIDgk4/ilKOjcTj5XGbKaCGDywQqpidFdMuUYQae6K8PYI3v/IiVM9L3mXp4s4r+j6aKoeO0Ak6Qx66Qj66RWVUQRRx9Ixe0ZvTd16cd+djWrrkzHoO0B85nz8gWJMT</latexit>

i 6= j

<latexit sha1_base64="hDGm576xzxTpxBhHxOYfutVW3ZQ=">AAACC3icbVDLSgMxFM34rPU16lKQ0CK4KGVGRN0IBTduhAr2AZ0yZNK0TZtJhiRTKENXbtz4Ef6AGxeKuPUH3Pkp7kynXWjrgXs5nHMvyT1BxKjSjvNlLSwuLa+sZtay6xubW9v2zm5ViVhiUsGCCVkPkCKMclLRVDNSjyRBYcBILehfjv3agEhFBb/Vw4g0Q9ThtE0x0kby7dy1n9BCbwQvoMcQ7zACBz4tmNaDnkwF3847RScFnCfulORLuce774OWKPv2p9cSOA4J15ghpRquE+lmgqSmmJFR1osViRDuow5pGMpRSFQzSW8ZwUOjtGBbSFNcw1T9vZGgUKlhGJjJEOmumvXG4n9eI9bt82ZCeRRrwvHkoXbMoBZwHAxsUUmwZkNDEJbU/BXiLpIIaxNf1oTgzp48T6rHRfe0eHLj5kslMEEG7IMcOAIuOAMlcAXKoAIwuAdP4AW8Wg/Ws/VmvU9GF6zpzh74A+vjB7OEnUA=</latexit>

Mi,j = hvi, vji
<latexit sha1_base64="koOTnM8dVTXTdgxpDAcbLkr+OMA=">AAAB8XicbVA9SwNBEJ2LJsb4FbW0WQyCVbgTUcuAjWUE84HJEfY2m2TJ3t6xOyeEI62/wEZQEVv9NXb+EHs3H4UmPhh4vDfDm5kglsKg6345mZXVbG4tv17Y2Nza3inu7tVNlGjGayySkW4G1HApFK+hQMmbseY0DCRvBMPLid+449qISN3gKOZ+SPtK9ASjaKVbRdooQm6I6hRLbtmdgiwTb05KldzTt/q4z1Y7xc92N2JJyBUySY1peW6Mfko1Cib5uNBODI8pG9I+b1mqqI3x0+nGY3JklS7pRdqWQjJVf0+kNDRmFAa2M6Q4MIveRPzPayXYu/BToeIEuWKzoF4iCUZkcj7pCs0ZypEllGlhdyVsQDVlaJ9UsE/wFk9eJvWTsndWPr32SpUKzJCHAziEY/DgHCpwBVWoAQMFD/AML45xHp1X523WmnHmM/vwB877D7Q+k/g=</latexit>n⇥ n <latexit sha1_base64="c3sUZeVAmMcZF8y/y3yTaBpRVp0=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simznC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxllkNw=</latexit>r

Consider the graph     with vertex set                  such that

                    if and only if                      .

<latexit sha1_base64="MmcnO+qZ4XLDd+XeS67hkuG1i3U="></latexit>

G <latexit sha1_base64="GEd8wMH3GbMun1FmNjfNd0gjH+s=">AAAB+XicbVDLSsNAFJ34rPUVdSUuHCyCi1ISEXUZcOOygn1AG8JkMmmHTmbCzCRQQtf+hBsXirj1T7rzO/wBp4+Fth64cDjnXu69J0wZVdpxvqyV1bX1jc3SVnl7Z3dv3z44bCqRSUwaWDAh2yFShFFOGppqRtqpJCgJGWmFg7uJ38qJVFTwRz1MiZ+gHqcxxUgbKbDtPHCrsMsioVUV5oGRKk7NmQIuE3dOKt7xUyDGp9/1wB53I4GzhHCNGVKq4zqp9gskNcWMjMrdTJEU4QHqkY6hHCVE+cX08hE8N0oEYyFNcQ2n6u+JAiVKDZPQdCZI99WiNxH/8zqZjm/9gvI004Tj2aI4Y1ALOIkBRlQSrNnQEIQlNbdC3EcSYW3CKpsQ3MWXl0nzsuZe164e3IrngRlK4AScgQvgghvggXtQBw2AQQ6ewSt4swrrxXq3PmatK9Z85gj8gfX5A/CTlkQ=</latexit>v1, . . . , vn
<latexit sha1_base64="BC50Kr2qifhn5Y5tXPnwaEcYjKQ=">AAAB+XicbVDLSsNAFJ3UV62vqEtBhhahbkoioi4DIrqsYB/QhjCZTNqxk0mYmQRK6MrfcNOFIm79E3d+ijunj4W2HrhwOOde7r3HTxiVyrK+jMLK6tr6RnGztLW9s7tn7h80ZZwKTBo4ZrFo+0gSRjlpKKoYaSeCoMhnpOUPrid+KyNC0pg/qGFC3Aj1OA0pRkpLnmlmHoWZ9wi7lMOb6u2pZ1asmjUFXCb2nFSc8vjp+ziI65752Q1inEaEK8yQlB3bSpSbI6EoZmRU6qaSJAgPUI90NOUoItLNp5eP4IlWAhjGQhdXcKr+nshRJOUw8nVnhFRfLnoT8T+vk6rwys0pT1JFOJ4tClMGVQwnMcCACoIVG2qCsKD6Voj7SCCsdFglHYK9+PIyaZ7V7Iva+b1dcRwwQxEcgTKoAhtcAgfcgTpoAAwy8AxewKuRG2PjzXiftRaM+cwh+APj4wcUxZWs</latexit>

vivj 2 E(G)
<latexit sha1_base64="SvGeB+BvUrR9KHY5VKgdttMm5aU=">AAACC3icbVC7SgNBFJ31GeMrainIkCBYaNgVURthwcYygnlANoS7s7PJmNnZZWY2EEIqGxs/wh+wsVDE1h+w81PsnDwKTTxwL4dz7mXmHj/hTGnb/rLm5hcWl5YzK9nVtfWNzdzWdkXFqSS0TGIey5oPinImaFkzzWktkRQin9Oq37kc+tUulYrF4kb3EtqIoCVYyAhoIzVzeY+DaHGKu012aNot9uRYuMBHHvCkDc1cwS7aI+BZ4kxIwc0/3n3vBXGpmfv0gpikERWacFCq7tiJbvRBakY4HWS9VNEESAdatG6ogIiqRn90ywDvGyXAYSxNCY1H6u+NPkRK9SLfTEag22raG4r/efVUh+eNPhNJqqkg44fClGMd42EwOGCSEs17hgCRzPwVkzZIINrElzUhONMnz5LKcdE5LZ5cOwXXRWNk0C7KowPkoDPkoitUQmVE0D16Qi/o1Xqwnq036308OmdNdnbQH1gfP5vQnSw=</latexit>

hvi, vji = �↵

The adjacency matrix     of this graph satisfies 

<latexit sha1_base64="zrrppln8tVTzOyWIMtnKxhCoatc=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNiAc9JmAWSIbQ06lJWnt6hu4eIQ55Ai8eFPHqA/gUPoE3j76JneWgiT80fPx/FV1VfsyZ0o7zZWXm5hcWl7LLuZXVtfWN/OZWTUWJpFilEY9kwycKORNY1UxzbMQSSehzrPu3F8O8fodSsUhc636MXki6ggWMEm2synk7X3CKzkj2LLgTKJx93H9fvu+k5Xb+s9WJaBKi0JQTpZquE2svJVIzynGQayUKY0JvSRebBgUJUXnpaNCBvW+cjh1E0jyh7ZH7uyMloVL90DeVIdE9NZ0Nzf+yZqKDUy9lIk40Cjr+KEi4rSN7uLXdYRKp5n0DhEpmZrVpj0hCtblNzhzBnV55FmqHRfe4eFRxC6USjJWFXdiDA3DhBEpwBWWoAgWEB3iCZ+vGerRerNdxacaa9GzDH1lvP88SkKs=</latexit>

A
<latexit sha1_base64="Su32NSJz7zEqt8fHytTZcYJ9jSo=">AAACEnicbZDLSgMxFIYz3lrrbdSlm4NFaJGWmeJtI1TcqCC0YC/QlpJJ0zY0cyHJCKX0Gdz4Km5cKOLWlTtfQHwM004Fbf0h8OU/55Cc3wk4k8qyPoy5+YXFpVh8ObGyura+YW5ulaUfCkJLxOe+qDpYUs48WlJMcVoNBMWuw2nF6Z2P6pVbKiTzvRvVD2jDxR2PtRnBSltNM30Np5CyM3XMgy5OwyXsQ8RwBRnI/VzOsk0zaWWtsWAW7Akk81D8+ozHDgtN873e8knoUk8RjqWs2VagGgMsFCOcDhP1UNIAkx7u0JpGD7tUNgbjlYawp50WtH2hj6dg7P6eGGBXyr7r6E4Xq66cro3M/2q1ULVPGgPmBaGiHokeaocclA+jfKDFBCWK9zVgIpj+K5AuFpgonWJCh2BPrzwL5VzWPsoeFO1kPo8ixdEO2kUpZKNjlEcXqIBKiKA79ICe0LNxbzwaL8Zr1DpnTGa20R8Zb9/2sZw3</latexit>

M = (1� ↵)I + ↵J � 2↵A.

If                , then its second largest eigenvalue is 

and has multiplicity at least                .

<latexit sha1_base64="Dcprh/FbrYVCeEfqAKnfoLTstIM=">AAAB83icbVDLSsNAFJ3UVx8+al26GSyCoJSkiLoMuHFZ0T6gCWUyvWmHTiZxZiKU0N9w40IRt36L4M6/cfpYaOuBC4dz7uXee4KEM6Vt+9vKra1vbG7lC8XS9s7uXnm/0lJxKik0acxj2QmIAs4ENDXTHDqJBBIFHNrB6Hrqtx9BKhaLez1OwI/IQLCQUaKN5AnsDeABS3yK671y1a7ZM+BV4ixI1a2U7hqFs89Gr/zl9WOaRiA05USprmMn2s+I1IxymBS9VEFC6IgMoGuoIBEoP5vdPMHHRunjMJamhMYz9fdERiKlxlFgOiOih2rZm4r/ed1Uh1d+xkSSahB0vihMOdYxngaA+0wC1XxsCKGSmVsxHRJJqDYxFU0IzvLLq6RVrzkXtfNbp+q6aI48OkRH6AQ56BK56AY1UBNRlKAn9IJerdR6tt6s93lrzlrMHKA/sD5+AKAcklA=</latexit>

n � r + 2
<latexit sha1_base64="c1KtG4Sogsw0ZuOhdou724FGTVQ="></latexit>

�2 = 1
2

�
1
↵ � 1

�
<latexit sha1_base64="yj2dGN24CWtABo9vV6ESzEzBkUM=">AAAB7XicbZA7SwNBFIXvRhNjfEUtbQaDYJOwK6KWCzaWEcwDkhBmJ7PJmNmZZWZWCEtaaxsLJdja+Gvs/CH2Th6FJh4Y+DjnXubeG8ScaeO6X05mbT2b28hvFra2d3b3ivsHdS0TRWiNSC5VM8CaciZozTDDaTNWFEcBp41geD3NGw9UaSbFnRnFtBPhvmAhI9hYqy7KquyhbrHkVtyZ0Cp4Cyj5ucm3+HjMVrvFz3ZPkiSiwhCOtW55bmw6KVaGEU7HhXaiaYzJEPdpy6LAEdWddDbtGJ1Yp4dCqewTBs3c3x0pjrQeRYGtjLAZ6OVsav6XtRITXnVSJuLEUEHmH4UJR0ai6eqoxxQlho8sYKKYnRWRAVaYGHuggj2Ct7zyKtTPKt5F5fzWK/k+zJWHIziGU/DgEny4gSrUgMA9PMELvDrSeXYmztu8NOMseg7hj5z3H/YtkcE=</latexit>

n� r � 1



Let     be a graph on     vertices whose adjacency matrix has 
second eigenvalue             and maximum degree           . Let 

           denote the multiplicity of     .

Multiplicity of the second eigenvalue of a graph
<latexit sha1_base64="MmcnO+qZ4XLDd+XeS67hkuG1i3U="></latexit>

G <latexit sha1_base64="cHzqUcq0sObHYsWpadeV78L772I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simjnC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxWnUCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxMFkNc=</latexit>n
<latexit sha1_base64="giDgr63xUfEWj5reHMg+10ONKpo=">AAAB9HicbVDJSgNBEO2JWxaXGI9eGoPgQcJMEPU4oAePEc0CmSH0dCpJk56eSXdPIAz5Di8eFPHqrwje/Bs7y0ETHxQ83quiql4Qc6a0bX9bmY3Nre2dbC5f2N3bPygelhoqSiSFOo14JFsBUcCZgLpmmkMrlkDCgEMzGN7M/OYYpGKReNSTGPyQ9AXrMUq0kXzvFrgm2OvDCFc7xbJdsefA68RZkrJbKjzUcueftU7xy+tGNAlBaMqJUm3HjrWfEqkZ5TDNe4mCmNAh6UPbUEFCUH46P3qKT43Sxb1ImhIaz9XfEykJlZqEgekMiR6oVW8m/ue1E9279lMm4kSDoItFvYRjHeFZArjLJFDNJ4YQKpm5FdMBkYRqk1PehOCsvrxOGtWKc1m5uHfKrosWyKJjdILOkIOukIvuUA3VEUUj9IRe0Ks1tp6tN+t90ZqxljNH6A+sjx9IJZNV</latexit>

� � 2
<latexit sha1_base64="0bjJrjN1z+taAZsAx14PF6cKuSo=">AAAB83icbVDLSsNAFL2pj9b6qrp0M1iEuilJ8bUMuHHZgm2FJpTJZNIOnUnCzEQoob/hxoUibv0Zd/6A+BlOHwttPTBwOOdc7p0TpJwpbdufVmFtfWOzWNoqb+/s7u1XDg47KskkoW2S8ETeB1hRzmLa1kxzep9KikXAaTcY3Uz97gOViiXxnR6n1Bd4ELOIEayN5Imax004xP3GWb9Stev2DGiVOAtSdVHr+6tUvGj2Kx9emJBM0FgTjpXqOXaq/RxLzQink7KXKZpiMsID2jM0xoIqP5/dPEGnRglRlEjzYo1m6u+JHAulxiIwSYH1UC17U/E/r5fp6NrPWZxmmsZkvijKONIJmhaAQiYp0XxsCCaSmVsRGWKJiTY1lU0JzvKXV0mnUXcu6+ctp+q6MEcJjuEEauDAFbhwC01oA4EUHuEZXqzMerJerbd5tGAtZo7gD6z3H7qmk8U=</latexit>

m(�2)
<latexit sha1_base64="pFNvFOfh+O/PYaAfL8TWkMtVPu0=">AAAB8XicbVDLSsNAFL3xWeur2qWbwSK4kJIUUZcBNy4r2Ae2oUwmk3boZBJmJkIJ3fgNblwo4ta/cSH4B36DKydtF9p64MLhnHO5Dz/hTGnb/rSWlldW19YLG8XNre2d3dLeflPFqSS0QWIey7aPFeVM0IZmmtN2IimOfE5b/vAy91t3VCoWixs9SqgX4b5gISNYG+m2y000wL1asVeq2FV7ArRInBmpuOWP7/uv8Um9V3rvBjFJIyo04VipjmMn2suw1IxwOi52U0UTTIa4TzuGChxR5WWTjcfoyCgBCmNpSmg0UX93ZDhSahT5JhlhPVDzXi7+53VSHV54GRNJqqkg00FhypGOUX4+CpikRPORIZhIZnZFZIAlJto8KX+CM3/yImnWqs5Z9fTaqbguTFGAAziEY3DgHFy4gjo0gICAB3iCZ0tZj9aL9TqNLlmznjL8gfX2A0uElHA=</latexit>

�2

<latexit sha1_base64="qPzES++0+1NyrJjfhsv8Bv0vGN0=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyUoq6k4MZlBfuAdiiZTKYNTTJjkimUod/hxoUibv0Yd/6NaTsLbT0QOJxzLvfmBAln2rjut1PY2Nza3inulvb2Dw6PyscnbR2nitAWiXmsugHWlDNJW4YZTruJolgEnHaC8d3c70yo0iyWj2aaUF/goWQRI9hYye9zGw3xoIZukTsoV9yquwBaJ15OKpCjOSh/9cOYpIJKQzjWuue5ifEzrAwjnM5K/VTTBJMxHtKepRILqv1scfQMXVglRFGs7JMGLdTfExkWWk9FYJMCm5Fe9ebif14vNdGNnzGZpIZKslwUpRyZGM0bQCFTlBg+tQQTxeytiIywwsTYnkq2BG/1y+ukXat6V9X6Q73SaOR1FOEMzuESPLiGBtxDE1pA4Ame4RXenInz4rw7H8towclnTuEPnM8fFI2Q/w==</latexit>

�2 > 0



Let     be a graph on     vertices whose adjacency matrix has 
second eigenvalue             and maximum degree           . Let 

           denote the multiplicity of     .

Multiplicity of the second eigenvalue of a graph

Theorem(Implicitly by Jiang, Tidor, Yao, Zhang, Zhao 19): If     is 
connected, then            

<latexit sha1_base64="MmcnO+qZ4XLDd+XeS67hkuG1i3U="></latexit>

G

<latexit sha1_base64="eRNJnUt78LVNX4OYotgK/p5Fk3g="></latexit>

m(�2)  O

⇣
n log�
log logn

⌘
.

<latexit sha1_base64="cHzqUcq0sObHYsWpadeV78L772I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simjnC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxWnUCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxMFkNc=</latexit>n
<latexit sha1_base64="giDgr63xUfEWj5reHMg+10ONKpo=">AAAB9HicbVDJSgNBEO2JWxaXGI9eGoPgQcJMEPU4oAePEc0CmSH0dCpJk56eSXdPIAz5Di8eFPHqrwje/Bs7y0ETHxQ83quiql4Qc6a0bX9bmY3Nre2dbC5f2N3bPygelhoqSiSFOo14JFsBUcCZgLpmmkMrlkDCgEMzGN7M/OYYpGKReNSTGPyQ9AXrMUq0kXzvFrgm2OvDCFc7xbJdsefA68RZkrJbKjzUcueftU7xy+tGNAlBaMqJUm3HjrWfEqkZ5TDNe4mCmNAh6UPbUEFCUH46P3qKT43Sxb1ImhIaz9XfEykJlZqEgekMiR6oVW8m/ue1E9279lMm4kSDoItFvYRjHeFZArjLJFDNJ4YQKpm5FdMBkYRqk1PehOCsvrxOGtWKc1m5uHfKrosWyKJjdILOkIOukIvuUA3VEUUj9IRe0Ks1tp6tN+t90ZqxljNH6A+sjx9IJZNV</latexit>

� � 2
<latexit sha1_base64="0bjJrjN1z+taAZsAx14PF6cKuSo=">AAAB83icbVDLSsNAFL2pj9b6qrp0M1iEuilJ8bUMuHHZgm2FJpTJZNIOnUnCzEQoob/hxoUibv0Zd/6A+BlOHwttPTBwOOdc7p0TpJwpbdufVmFtfWOzWNoqb+/s7u1XDg47KskkoW2S8ETeB1hRzmLa1kxzep9KikXAaTcY3Uz97gOViiXxnR6n1Bd4ELOIEayN5Imax004xP3GWb9Stev2DGiVOAtSdVHr+6tUvGj2Kx9emJBM0FgTjpXqOXaq/RxLzQink7KXKZpiMsID2jM0xoIqP5/dPEGnRglRlEjzYo1m6u+JHAulxiIwSYH1UC17U/E/r5fp6NrPWZxmmsZkvijKONIJmhaAQiYp0XxsCCaSmVsRGWKJiTY1lU0JzvKXV0mnUXcu6+ctp+q6MEcJjuEEauDAFbhwC01oA4EUHuEZXqzMerJerbd5tGAtZo7gD6z3H7qmk8U=</latexit>

m(�2)
<latexit sha1_base64="pFNvFOfh+O/PYaAfL8TWkMtVPu0=">AAAB8XicbVDLSsNAFL3xWeur2qWbwSK4kJIUUZcBNy4r2Ae2oUwmk3boZBJmJkIJ3fgNblwo4ta/cSH4B36DKydtF9p64MLhnHO5Dz/hTGnb/rSWlldW19YLG8XNre2d3dLeflPFqSS0QWIey7aPFeVM0IZmmtN2IimOfE5b/vAy91t3VCoWixs9SqgX4b5gISNYG+m2y000wL1asVeq2FV7ArRInBmpuOWP7/uv8Um9V3rvBjFJIyo04VipjmMn2suw1IxwOi52U0UTTIa4TzuGChxR5WWTjcfoyCgBCmNpSmg0UX93ZDhSahT5JhlhPVDzXi7+53VSHV54GRNJqqkg00FhypGOUX4+CpikRPORIZhIZnZFZIAlJto8KX+CM3/yImnWqs5Z9fTaqbguTFGAAziEY3DgHFy4gjo0gICAB3iCZ0tZj9aL9TqNLlmznjL8gfX2A0uElHA=</latexit>

�2

<latexit sha1_base64="qPzES++0+1NyrJjfhsv8Bv0vGN0=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyUoq6k4MZlBfuAdiiZTKYNTTJjkimUod/hxoUibv0Yd/6NaTsLbT0QOJxzLvfmBAln2rjut1PY2Nza3inulvb2Dw6PyscnbR2nitAWiXmsugHWlDNJW4YZTruJolgEnHaC8d3c70yo0iyWj2aaUF/goWQRI9hYye9zGw3xoIZukTsoV9yquwBaJ15OKpCjOSh/9cOYpIJKQzjWuue5ifEzrAwjnM5K/VTTBJMxHtKepRILqv1scfQMXVglRFGs7JMGLdTfExkWWk9FYJMCm5Fe9ebif14vNdGNnzGZpIZKslwUpRyZGM0bQCFTlBg+tQQTxeytiIywwsTYnkq2BG/1y+ukXat6V9X6Q73SaOR1FOEMzuESPLiGBtxDE1pA4Ame4RXenInz4rw7H8towclnTuEPnM8fFI2Q/w==</latexit>

�2 > 0

<latexit sha1_base64="MmcnO+qZ4XLDd+XeS67hkuG1i3U="></latexit>

G



Let     be a graph on     vertices whose adjacency matrix has 
second eigenvalue             and maximum degree           . Let 

           denote the multiplicity of     .

Multiplicity of the second eigenvalue of a graph

Theorem(McKenzie, Rasmussen, Srivastava 21): If     is regular and

                 , then 

                

Theorem(Implicitly by Jiang, Tidor, Yao, Zhang, Zhao 19): If     is 
connected, then            

<latexit sha1_base64="MmcnO+qZ4XLDd+XeS67hkuG1i3U="></latexit>

G

<latexit sha1_base64="eRNJnUt78LVNX4OYotgK/p5Fk3g="></latexit>

m(�2)  O

⇣
n log�
log logn

⌘
.

<latexit sha1_base64="cHzqUcq0sObHYsWpadeV78L772I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simjnC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxWnUCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxMFkNc=</latexit>n
<latexit sha1_base64="giDgr63xUfEWj5reHMg+10ONKpo=">AAAB9HicbVDJSgNBEO2JWxaXGI9eGoPgQcJMEPU4oAePEc0CmSH0dCpJk56eSXdPIAz5Di8eFPHqrwje/Bs7y0ETHxQ83quiql4Qc6a0bX9bmY3Nre2dbC5f2N3bPygelhoqSiSFOo14JFsBUcCZgLpmmkMrlkDCgEMzGN7M/OYYpGKReNSTGPyQ9AXrMUq0kXzvFrgm2OvDCFc7xbJdsefA68RZkrJbKjzUcueftU7xy+tGNAlBaMqJUm3HjrWfEqkZ5TDNe4mCmNAh6UPbUEFCUH46P3qKT43Sxb1ImhIaz9XfEykJlZqEgekMiR6oVW8m/ue1E9279lMm4kSDoItFvYRjHeFZArjLJFDNJ4YQKpm5FdMBkYRqk1PehOCsvrxOGtWKc1m5uHfKrosWyKJjdILOkIOukIvuUA3VEUUj9IRe0Ks1tp6tN+t90ZqxljNH6A+sjx9IJZNV</latexit>

� � 2
<latexit sha1_base64="0bjJrjN1z+taAZsAx14PF6cKuSo=">AAAB83icbVDLSsNAFL2pj9b6qrp0M1iEuilJ8bUMuHHZgm2FJpTJZNIOnUnCzEQoob/hxoUibv0Zd/6A+BlOHwttPTBwOOdc7p0TpJwpbdufVmFtfWOzWNoqb+/s7u1XDg47KskkoW2S8ETeB1hRzmLa1kxzep9KikXAaTcY3Uz97gOViiXxnR6n1Bd4ELOIEayN5Imax004xP3GWb9Stev2DGiVOAtSdVHr+6tUvGj2Kx9emJBM0FgTjpXqOXaq/RxLzQink7KXKZpiMsID2jM0xoIqP5/dPEGnRglRlEjzYo1m6u+JHAulxiIwSYH1UC17U/E/r5fp6NrPWZxmmsZkvijKONIJmhaAQiYp0XxsCCaSmVsRGWKJiTY1lU0JzvKXV0mnUXcu6+ctp+q6MEcJjuEEauDAFbhwC01oA4EUHuEZXqzMerJerbd5tGAtZo7gD6z3H7qmk8U=</latexit>

m(�2)
<latexit sha1_base64="pFNvFOfh+O/PYaAfL8TWkMtVPu0=">AAAB8XicbVDLSsNAFL3xWeur2qWbwSK4kJIUUZcBNy4r2Ae2oUwmk3boZBJmJkIJ3fgNblwo4ta/cSH4B36DKydtF9p64MLhnHO5Dz/hTGnb/rSWlldW19YLG8XNre2d3dLeflPFqSS0QWIey7aPFeVM0IZmmtN2IimOfE5b/vAy91t3VCoWixs9SqgX4b5gISNYG+m2y000wL1asVeq2FV7ArRInBmpuOWP7/uv8Um9V3rvBjFJIyo04VipjmMn2suw1IxwOi52U0UTTIa4TzuGChxR5WWTjcfoyCgBCmNpSmg0UX93ZDhSahT5JhlhPVDzXi7+53VSHV54GRNJqqkg00FhypGOUX4+CpikRPORIZhIZnZFZIAlJto8KX+CM3/yImnWqs5Z9fTaqbguTFGAAziEY3DgHFy4gjo0gICAB3iCZ0tZj9aL9TqNLlmznjL8gfX2A0uElHA=</latexit>

�2

<latexit sha1_base64="MmcnO+qZ4XLDd+XeS67hkuG1i3U="></latexit>

G
<latexit sha1_base64="PPKVrNAYgMw/5l6QXN5j/qzH/DU=">AAAB/3icbVDJSgNBEO2JWxaXGMGLl8YgRJAwE4J6DOjBmxHNAtno6VSSJj09Y3ePEMYc/BUvHhTx6lcI3vwbO4kHTXxQ8Hiviqp6bsCZ0rb9ZcWWlldW1+KJZGp9Y3MrvZ2pKj+UFCrU576su0QBZwIqmmkO9UAC8VwONXd4NvFrdyAV88WNHgXQ8khfsB6jRBupk94VuMnhFhfa0WWueQ5ck3bxcNxJZ+28PQVeJM4PyZYyqety4uij3El/Nrs+DT0QmnKiVMOxA92KiNSMchgnm6GCgNAh6UPDUEE8UK1oev8YHxili3u+NCU0nqq/JyLiKTXyXNPpET1Q895E/M9rhLp32oqYCEINgs4W9UKOtY8nYeAuk0A1HxlCqGTmVkwHRBKqTWRJE4Iz//IiqRbyznG+eOVkSyU0QxztoX2UQw46QSV0gcqogii6R4/oGb1YD9aT9Wq9zVpj1s/MDvoD6/0bwu+W2w==</latexit>

n  2O(�4)

<latexit sha1_base64="qPzES++0+1NyrJjfhsv8Bv0vGN0=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyUoq6k4MZlBfuAdiiZTKYNTTJjkimUod/hxoUibv0Yd/6NaTsLbT0QOJxzLvfmBAln2rjut1PY2Nza3inulvb2Dw6PyscnbR2nitAWiXmsugHWlDNJW4YZTruJolgEnHaC8d3c70yo0iyWj2aaUF/goWQRI9hYye9zGw3xoIZukTsoV9yquwBaJ15OKpCjOSh/9cOYpIJKQzjWuue5ifEzrAwjnM5K/VTTBJMxHtKepRILqv1scfQMXVglRFGs7JMGLdTfExkWWk9FYJMCm5Fe9ebif14vNdGNnzGZpIZKslwUpRyZGM0bQCFTlBg+tQQTxeytiIywwsTYnkq2BG/1y+ukXat6V9X6Q73SaOR1FOEMzuESPLiGBtxDE1pA4Ame4RXenInz4rw7H8towclnTuEPnM8fFI2Q/w==</latexit>

�2 > 0

<latexit sha1_base64="GiZhEJ/E3FNHkb47IVUxPbvIU8E="></latexit>

m(�2)  O

⇣
n(log�)1/2

(logn)1/4�o(1)

⌘
.

<latexit sha1_base64="MmcnO+qZ4XLDd+XeS67hkuG1i3U="></latexit>

G



Let     be a graph on     vertices whose adjacency matrix has 
second eigenvalue             and maximum degree           . Let 

           denote the multiplicity of     .

Multiplicity of the second eigenvalue of a graph

Theorem(McKenzie, Rasmussen, Srivastava 21): If     is regular and

                 , then 

                

Theorem(Implicitly by Jiang, Tidor, Yao, Zhang, Zhao 19): If     is 
connected, then            

<latexit sha1_base64="MmcnO+qZ4XLDd+XeS67hkuG1i3U="></latexit>

G

<latexit sha1_base64="eRNJnUt78LVNX4OYotgK/p5Fk3g="></latexit>

m(�2)  O

⇣
n log�
log logn

⌘
.

<latexit sha1_base64="cHzqUcq0sObHYsWpadeV78L772I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simjnC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxWnUCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxMFkNc=</latexit>n
<latexit sha1_base64="giDgr63xUfEWj5reHMg+10ONKpo=">AAAB9HicbVDJSgNBEO2JWxaXGI9eGoPgQcJMEPU4oAePEc0CmSH0dCpJk56eSXdPIAz5Di8eFPHqrwje/Bs7y0ETHxQ83quiql4Qc6a0bX9bmY3Nre2dbC5f2N3bPygelhoqSiSFOo14JFsBUcCZgLpmmkMrlkDCgEMzGN7M/OYYpGKReNSTGPyQ9AXrMUq0kXzvFrgm2OvDCFc7xbJdsefA68RZkrJbKjzUcueftU7xy+tGNAlBaMqJUm3HjrWfEqkZ5TDNe4mCmNAh6UPbUEFCUH46P3qKT43Sxb1ImhIaz9XfEykJlZqEgekMiR6oVW8m/ue1E9279lMm4kSDoItFvYRjHeFZArjLJFDNJ4YQKpm5FdMBkYRqk1PehOCsvrxOGtWKc1m5uHfKrosWyKJjdILOkIOukIvuUA3VEUUj9IRe0Ks1tp6tN+t90ZqxljNH6A+sjx9IJZNV</latexit>

� � 2
<latexit sha1_base64="0bjJrjN1z+taAZsAx14PF6cKuSo=">AAAB83icbVDLSsNAFL2pj9b6qrp0M1iEuilJ8bUMuHHZgm2FJpTJZNIOnUnCzEQoob/hxoUibv0Zd/6A+BlOHwttPTBwOOdc7p0TpJwpbdufVmFtfWOzWNoqb+/s7u1XDg47KskkoW2S8ETeB1hRzmLa1kxzep9KikXAaTcY3Uz97gOViiXxnR6n1Bd4ELOIEayN5Imax004xP3GWb9Stev2DGiVOAtSdVHr+6tUvGj2Kx9emJBM0FgTjpXqOXaq/RxLzQink7KXKZpiMsID2jM0xoIqP5/dPEGnRglRlEjzYo1m6u+JHAulxiIwSYH1UC17U/E/r5fp6NrPWZxmmsZkvijKONIJmhaAQiYp0XxsCCaSmVsRGWKJiTY1lU0JzvKXV0mnUXcu6+ctp+q6MEcJjuEEauDAFbhwC01oA4EUHuEZXqzMerJerbd5tGAtZo7gD6z3H7qmk8U=</latexit>

m(�2)
<latexit sha1_base64="pFNvFOfh+O/PYaAfL8TWkMtVPu0=">AAAB8XicbVDLSsNAFL3xWeur2qWbwSK4kJIUUZcBNy4r2Ae2oUwmk3boZBJmJkIJ3fgNblwo4ta/cSH4B36DKydtF9p64MLhnHO5Dz/hTGnb/rSWlldW19YLG8XNre2d3dLeflPFqSS0QWIey7aPFeVM0IZmmtN2IimOfE5b/vAy91t3VCoWixs9SqgX4b5gISNYG+m2y000wL1asVeq2FV7ArRInBmpuOWP7/uv8Um9V3rvBjFJIyo04VipjmMn2suw1IxwOi52U0UTTIa4TzuGChxR5WWTjcfoyCgBCmNpSmg0UX93ZDhSahT5JhlhPVDzXi7+53VSHV54GRNJqqkg00FhypGOUX4+CpikRPORIZhIZnZFZIAlJto8KX+CM3/yImnWqs5Z9fTaqbguTFGAAziEY3DgHFy4gjo0gICAB3iCZ0tZj9aL9TqNLlmznjL8gfX2A0uElHA=</latexit>

�2

<latexit sha1_base64="MmcnO+qZ4XLDd+XeS67hkuG1i3U="></latexit>

G
<latexit sha1_base64="PPKVrNAYgMw/5l6QXN5j/qzH/DU=">AAAB/3icbVDJSgNBEO2JWxaXGMGLl8YgRJAwE4J6DOjBmxHNAtno6VSSJj09Y3ePEMYc/BUvHhTx6lcI3vwbO4kHTXxQ8Hiviqp6bsCZ0rb9ZcWWlldW1+KJZGp9Y3MrvZ2pKj+UFCrU576su0QBZwIqmmkO9UAC8VwONXd4NvFrdyAV88WNHgXQ8khfsB6jRBupk94VuMnhFhfa0WWueQ5ck3bxcNxJZ+28PQVeJM4PyZYyqety4uij3El/Nrs+DT0QmnKiVMOxA92KiNSMchgnm6GCgNAh6UPDUEE8UK1oev8YHxili3u+NCU0nqq/JyLiKTXyXNPpET1Q895E/M9rhLp32oqYCEINgs4W9UKOtY8nYeAuk0A1HxlCqGTmVkwHRBKqTWRJE4Iz//IiqRbyznG+eOVkSyU0QxztoX2UQw46QSV0gcqogii6R4/oGb1YD9aT9Wq9zVpj1s/MDvoD6/0bwu+W2w==</latexit>

n  2O(�4)

Theorem(B., Bucić 24):


Moreover, if                  , then                                   .

<latexit sha1_base64="n1X6QdCIbdopemm8erRo/hi0Iqs="></latexit>

m(�2)  max

⇢
n

�1�o(1)
2

, n
(log� n)1�o(1)

�
.

<latexit sha1_base64="q2HXMTEbWDXbamf0PUZx+vdfDPQ=">AAACHXicbVDNS8MwHE39nPOr6tFLcAgbymjHUI8FLx4n2G2wzpFm6RaWpjVJhVH7j3jxX/HiwSEevIj/jdkHopsPEh7vvR/J7/kxo1JZ1pextLyyurae28hvbm3v7Jp7+3UZJQITF0csEk0fScIoJ66iipFmLAgKfUYa/uBy7DfuiZA04jdqGJN2iHqcBhQjpaWOWQ2LHtPxLupUStBj5A56gUA45Vn6Y8ATaGf64rdpVLRLWccsWGVrArhI7BkpOKcjy62gh1rH/PC6EU5CwhVmSMqWbcWqnSKhKGYky3uJJDHCA9QjLU05Colsp5PtMnislS4MIqEPV3Ci/p5IUSjlMPR1MkSqL+e9sfif10pUcNFOKY8TRTiePhQkDKoIjquCXSoIVmyoCcKC6r9C3Ee6HKULzesS7PmVF0m9UrbPytVru+A4YIocOARHoAhscA4ccAVqwAUYPIJn8ApGxpPxYrwZ79PokjGbOQB/YHx+A9Luoss=</latexit>

m(�2)  n
�2+1 + no(1)

<latexit sha1_base64="qVGnJvAVrRS1RkuobXa958ZvOc4=">AAACCHicbVA9SwNBEN2LX/nwI8bSwsUgRJBwJ6KWB1rYGdFEIXcJe5tJsri3d+7uCeFIaeNfsbFQxNY/INj5b9wkFhp9MPB4b4aZeUHMmdK2/WllZmbn5heyuXxhcWl5pbhaaqgokRTqNOKRvAqIAs4E1DXTHK5iCSQMOFwG10cj//IWpGKRuNCDGPyQ9ATrMkq0kdrFDYG9Htzg3VaKvWPgmrRS7zSEHqk428MhbhfLdtUeA/8lzjcpu6XCeS23815rFz+8TkSTEISmnCjVdOxY+ymRmlEOw7yXKIgJvSY9aBoqSAjKT8ePDPGWUTq4G0lTQuOx+nMiJaFSgzAwnSHRfTXtjcT/vGaiu4d+ykScaBB0sqibcKwjPEoFd5gEqvnAEEIlM7di2ieSUG2yy5sQnOmX/5LGbtXZr+6dOWXXRRNk0TraRBXkoAPkohNUQ3VE0R16QE/o2bq3Hq0X63XSmrG+Z9bQL1hvXykXmls=</latexit>

n � 2�
⌦(1)

<latexit sha1_base64="qPzES++0+1NyrJjfhsv8Bv0vGN0=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyUoq6k4MZlBfuAdiiZTKYNTTJjkimUod/hxoUibv0Yd/6NaTsLbT0QOJxzLvfmBAln2rjut1PY2Nza3inulvb2Dw6PyscnbR2nitAWiXmsugHWlDNJW4YZTruJolgEnHaC8d3c70yo0iyWj2aaUF/goWQRI9hYye9zGw3xoIZukTsoV9yquwBaJ15OKpCjOSh/9cOYpIJKQzjWuue5ifEzrAwjnM5K/VTTBJMxHtKepRILqv1scfQMXVglRFGs7JMGLdTfExkWWk9FYJMCm5Fe9ebif14vNdGNnzGZpIZKslwUpRyZGM0bQCFTlBg+tQQTxeytiIywwsTYnkq2BG/1y+ukXat6V9X6Q73SaOR1FOEMzuESPLiGBtxDE1pA4Ame4RXenInz4rw7H8towclnTuEPnM8fFI2Q/w==</latexit>

�2 > 0

<latexit sha1_base64="GiZhEJ/E3FNHkb47IVUxPbvIU8E="></latexit>

m(�2)  O

⇣
n(log�)1/2

(logn)1/4�o(1)

⌘
.

<latexit sha1_base64="MmcnO+qZ4XLDd+XeS67hkuG1i3U="></latexit>

G



Multiplicity of the second eigenvalue of a graph

Theorem(B., Bucić 24): Let     be a graph on     vertices whose 
adjacency matrix has second eigenvalue             and maximum 
degree           . Then the multiplicity of      satisfies


Moreover, if                  , then                                    .

<latexit sha1_base64="MmcnO+qZ4XLDd+XeS67hkuG1i3U="></latexit>

G <latexit sha1_base64="cHzqUcq0sObHYsWpadeV78L772I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simjnC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxWnUCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxMFkNc=</latexit>n

<latexit sha1_base64="3ZlWC0VrZVi/sElG+o/JSkY4rVA=">AAAB9HicbVDJSgNBEO2JWxaXGI9eGoPgQcJMEPUY0IPHiGaBzBB6OjVJk56eSXdPIAz5Di8eFPHqrwje/Bs7y0ETHxQ83quiqp4fc6a0bX9bmY3Nre2dbC5f2N3bPygelpoqSiSFBo14JNs+UcCZgIZmmkM7lkBCn0PLH97M/NYYpGKReNSTGLyQ9AULGCXaSJ57C1wT7PZhhKvdYtmu2HPgdeIsSblWKjzUc+ef9W7xy+1FNAlBaMqJUh3HjrWXEqkZ5TDNu4mCmNAh6UPHUEFCUF46P3qKT43Sw0EkTQmN5+rviZSESk1C33SGRA/UqjcT//M6iQ6uvZSJONEg6GJRkHCsIzxLAPeYBKr5xBBCJTO3YjogklBtcsqbEJzVl9dJs1pxLisX9yaNGlogi47RCTpDDrpCNXSH6qiBKBqhJ/SCXq2x9Wy9We+L1oy1nDlCf2B9/ABH1ZNU</latexit>

� � 2
<latexit sha1_base64="n1X6QdCIbdopemm8erRo/hi0Iqs="></latexit>

m(�2)  max

⇢
n

�1�o(1)
2

, n
(log� n)1�o(1)

�
.

<latexit sha1_base64="xkGj+1erTgtFFrIK8mIRfwFyrXo=">AAAB8HicbVDLSgMxFL3js9ZXtUs3wSK4kDJTRF0W3LisYB/SDiWTybShSWZIMkIZuvEX3LhQxK2f40LwD/wGV6aPhbYeCBzOOZfce4KEM21c99NZWl5ZXVvPbeQ3t7Z3dgt7+w0dp4rQOol5rFoB1pQzSeuGGU5biaJYBJw2g8Hl2G/eUaVZLG/MMKG+wD3JIkawsdJth9toiLuVbqHklt0J0CLxZqRULX5833+NTmrdwnsnjEkqqDSEY63bnpsYP8PKMMLpKN9JNU0wGeAebVsqsaDazyYLj9CRVUIUxco+adBE/T2RYaH1UAQ2KbDp63lvLP7ntVMTXfgZk0lqqCTTj6KUIxOj8fUoZIoSw4eWYKKY3RWRPlaYGNtR3pbgzZ+8SBqVsndWPr22bVRhihwcwCEcgwfnUIUrqEEdCAh4gCd4dpTz6Lw4r9PokjObKcIfOG8/E8qUWw==</latexit>

�2

<latexit sha1_base64="qPzES++0+1NyrJjfhsv8Bv0vGN0=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyUoq6k4MZlBfuAdiiZTKYNTTJjkimUod/hxoUibv0Yd/6NaTsLbT0QOJxzLvfmBAln2rjut1PY2Nza3inulvb2Dw6PyscnbR2nitAWiXmsugHWlDNJW4YZTruJolgEnHaC8d3c70yo0iyWj2aaUF/goWQRI9hYye9zGw3xoIZukTsoV9yquwBaJ15OKpCjOSh/9cOYpIJKQzjWuue5ifEzrAwjnM5K/VTTBJMxHtKepRILqv1scfQMXVglRFGs7JMGLdTfExkWWk9FYJMCm5Fe9ebif14vNdGNnzGZpIZKslwUpRyZGM0bQCFTlBg+tQQTxeytiIywwsTYnkq2BG/1y+ukXat6V9X6Q73SaOR1FOEMzuESPLiGBtxDE1pA4Ame4RXenInz4rw7H8towclnTuEPnM8fFI2Q/w==</latexit>

�2 > 0

<latexit sha1_base64="q2HXMTEbWDXbamf0PUZx+vdfDPQ=">AAACHXicbVDNS8MwHE39nPOr6tFLcAgbymjHUI8FLx4n2G2wzpFm6RaWpjVJhVH7j3jxX/HiwSEevIj/jdkHopsPEh7vvR/J7/kxo1JZ1pextLyyurae28hvbm3v7Jp7+3UZJQITF0csEk0fScIoJ66iipFmLAgKfUYa/uBy7DfuiZA04jdqGJN2iHqcBhQjpaWOWQ2LHtPxLupUStBj5A56gUA45Vn6Y8ATaGf64rdpVLRLWccsWGVrArhI7BkpOKcjy62gh1rH/PC6EU5CwhVmSMqWbcWqnSKhKGYky3uJJDHCA9QjLU05Colsp5PtMnislS4MIqEPV3Ci/p5IUSjlMPR1MkSqL+e9sfif10pUcNFOKY8TRTiePhQkDKoIjquCXSoIVmyoCcKC6r9C3Ee6HKULzesS7PmVF0m9UrbPytVru+A4YIocOARHoAhscA4ccAVqwAUYPIJn8ApGxpPxYrwZ79PokjGbOQB/YHx+A9Luoss=</latexit>

m(�2)  n
�2+1 + no(1)

<latexit sha1_base64="qVGnJvAVrRS1RkuobXa958ZvOc4=">AAACCHicbVA9SwNBEN2LX/nwI8bSwsUgRJBwJ6KWB1rYGdFEIXcJe5tJsri3d+7uCeFIaeNfsbFQxNY/INj5b9wkFhp9MPB4b4aZeUHMmdK2/WllZmbn5heyuXxhcWl5pbhaaqgokRTqNOKRvAqIAs4E1DXTHK5iCSQMOFwG10cj//IWpGKRuNCDGPyQ9ATrMkq0kdrFDYG9Htzg3VaKvWPgmrRS7zSEHqk428MhbhfLdtUeA/8lzjcpu6XCeS23815rFz+8TkSTEISmnCjVdOxY+ymRmlEOw7yXKIgJvSY9aBoqSAjKT8ePDPGWUTq4G0lTQuOx+nMiJaFSgzAwnSHRfTXtjcT/vGaiu4d+ykScaBB0sqibcKwjPEoFd5gEqvnAEEIlM7di2ieSUG2yy5sQnOmX/5LGbtXZr+6dOWXXRRNk0TraRBXkoAPkohNUQ3VE0R16QE/o2bq3Hq0X63XSmrG+Z9bQL1hvXykXmls=</latexit>

n � 2�
⌦(1)



Multiplicity of the second eigenvalue of a graph

Theorem(B., Bucić 24): Let     be a graph on     vertices whose 
adjacency matrix has second eigenvalue             and maximum 
degree           . Then the multiplicity of      satisfies


Moreover, if                  , then                                    .

<latexit sha1_base64="MmcnO+qZ4XLDd+XeS67hkuG1i3U="></latexit>

G <latexit sha1_base64="cHzqUcq0sObHYsWpadeV78L772I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simjnC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxWnUCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxMFkNc=</latexit>n

<latexit sha1_base64="3ZlWC0VrZVi/sElG+o/JSkY4rVA=">AAAB9HicbVDJSgNBEO2JWxaXGI9eGoPgQcJMEPUY0IPHiGaBzBB6OjVJk56eSXdPIAz5Di8eFPHqrwje/Bs7y0ETHxQ83quiqp4fc6a0bX9bmY3Nre2dbC5f2N3bPygelpoqSiSFBo14JNs+UcCZgIZmmkM7lkBCn0PLH97M/NYYpGKReNSTGLyQ9AULGCXaSJ57C1wT7PZhhKvdYtmu2HPgdeIsSblWKjzUc+ef9W7xy+1FNAlBaMqJUh3HjrWXEqkZ5TDNu4mCmNAh6UPHUEFCUF46P3qKT43Sw0EkTQmN5+rviZSESk1C33SGRA/UqjcT//M6iQ6uvZSJONEg6GJRkHCsIzxLAPeYBKr5xBBCJTO3YjogklBtcsqbEJzVl9dJs1pxLisX9yaNGlogi47RCTpDDrpCNXSH6qiBKBqhJ/SCXq2x9Wy9We+L1oy1nDlCf2B9/ABH1ZNU</latexit>

� � 2
<latexit sha1_base64="n1X6QdCIbdopemm8erRo/hi0Iqs="></latexit>

m(�2)  max

⇢
n

�1�o(1)
2

, n
(log� n)1�o(1)

�
.

<latexit sha1_base64="xkGj+1erTgtFFrIK8mIRfwFyrXo=">AAAB8HicbVDLSgMxFL3js9ZXtUs3wSK4kDJTRF0W3LisYB/SDiWTybShSWZIMkIZuvEX3LhQxK2f40LwD/wGV6aPhbYeCBzOOZfce4KEM21c99NZWl5ZXVvPbeQ3t7Z3dgt7+w0dp4rQOol5rFoB1pQzSeuGGU5biaJYBJw2g8Hl2G/eUaVZLG/MMKG+wD3JIkawsdJth9toiLuVbqHklt0J0CLxZqRULX5833+NTmrdwnsnjEkqqDSEY63bnpsYP8PKMMLpKN9JNU0wGeAebVsqsaDazyYLj9CRVUIUxco+adBE/T2RYaH1UAQ2KbDp63lvLP7ntVMTXfgZk0lqqCTTj6KUIxOj8fUoZIoSw4eWYKKY3RWRPlaYGNtR3pbgzZ+8SBqVsndWPr22bVRhihwcwCEcgwfnUIUrqEEdCAh4gCd4dpTz6Lw4r9PokjObKcIfOG8/E8qUWw==</latexit>

�2

<latexit sha1_base64="qPzES++0+1NyrJjfhsv8Bv0vGN0=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyUoq6k4MZlBfuAdiiZTKYNTTJjkimUod/hxoUibv0Yd/6NaTsLbT0QOJxzLvfmBAln2rjut1PY2Nza3inulvb2Dw6PyscnbR2nitAWiXmsugHWlDNJW4YZTruJolgEnHaC8d3c70yo0iyWj2aaUF/goWQRI9hYye9zGw3xoIZukTsoV9yquwBaJ15OKpCjOSh/9cOYpIJKQzjWuue5ifEzrAwjnM5K/VTTBJMxHtKepRILqv1scfQMXVglRFGs7JMGLdTfExkWWk9FYJMCm5Fe9ebif14vNdGNnzGZpIZKslwUpRyZGM0bQCFTlBg+tQQTxeytiIywwsTYnkq2BG/1y+ukXat6V9X6Q73SaOR1FOEMzuESPLiGBtxDE1pA4Ame4RXenInz4rw7H8towclnTuEPnM8fFI2Q/w==</latexit>

�2 > 0

<latexit sha1_base64="q2HXMTEbWDXbamf0PUZx+vdfDPQ=">AAACHXicbVDNS8MwHE39nPOr6tFLcAgbymjHUI8FLx4n2G2wzpFm6RaWpjVJhVH7j3jxX/HiwSEevIj/jdkHopsPEh7vvR/J7/kxo1JZ1pextLyyurae28hvbm3v7Jp7+3UZJQITF0csEk0fScIoJ66iipFmLAgKfUYa/uBy7DfuiZA04jdqGJN2iHqcBhQjpaWOWQ2LHtPxLupUStBj5A56gUA45Vn6Y8ATaGf64rdpVLRLWccsWGVrArhI7BkpOKcjy62gh1rH/PC6EU5CwhVmSMqWbcWqnSKhKGYky3uJJDHCA9QjLU05Colsp5PtMnislS4MIqEPV3Ci/p5IUSjlMPR1MkSqL+e9sfif10pUcNFOKY8TRTiePhQkDKoIjquCXSoIVmyoCcKC6r9C3Ee6HKULzesS7PmVF0m9UrbPytVru+A4YIocOARHoAhscA4ccAVqwAUYPIJn8ApGxpPxYrwZ79PokjGbOQB/YHx+A9Luoss=</latexit>

m(�2)  n
�2+1 + no(1)

Essentially tight by taking a disjoint 
union of cliques on             vertices 
together with, say, a Paley graph 
on                    vertices

<latexit sha1_base64="LE/hJ0nqNt1IfnTjxQ5d5TKyMZY=">AAAB9HicdVDLSsNAFJ34rPVV7dLNYBEEpSSxpu0u4MZlBfuANpTJZNIOnTycmRRK6MafcONCEbd+jAvBP/AbXDlpFVT0wMDhnHO5d44bMyqkrr9qC4tLyyurubX8+sbm1nZhZ7clooRj0sQRi3jHRYIwGpKmpJKRTswJClxG2u7oLPPbY8IFjcJLOYmJE6BBSH2KkVSS02Mq6qG+CY+g0S+U9HK9WqsbVaiXdd2yTCsjJ8ZpxYSGUjKU7OLL+/Xb9LjRLzz3vAgnAQklZkiIrqHH0kkRlxQzMs33EkFihEdoQLqKhiggwklnR0/hgVI86EdcvVDCmfp9IkWBEJPAVckAyaH47WXiX143kX7NSWkYJ5KEeL7ITxiUEcwagB7lBEs2UQRhTtWtEA8RR1iqnvKqhK+fwv9JyywbVrlyYZRsG8yRA3tgHxwCA1SBDc5BAzQBBlfgBtyBe22s3WoP2uM8uqB9zhTBD2hPHxFtlWw=</latexit>

�2 + 1

<latexit sha1_base64="LWfkXaSh7Bhq8cr849KhRRz6Jnk=">AAAB+3icdVDLSgMxFM34aq2vsS7dBItQEYaZsc/dgBuXLdgHtGPJpJk2NPMgyYil9FfcuFDErT/izh8QP8NMq6CiBwKHc87l3hwvZlRI03zVVlbX1jcy2c3c1vbO7p6+n2+LKOGYtHDEIt71kCCMhqQlqWSkG3OCAo+Rjjc5T/3ONeGCRuGlnMbEDdAopD7FSCppoOeLdp+p+BANbHgKrZMre6AXTKNerdWtKjQN06xU7EpKzqxyyYaWUlIUHNh8f8tmyo2B/tIfRjgJSCgxQ0L0LDOW7gxxSTEj81w/ESRGeIJGpKdoiAIi3Nni9jk8VsoQ+hFXL5RwoX6fmKFAiGngqWSA5Fj89lLxL6+XSL/mzmgYJ5KEeLnITxiUEUyLgEPKCZZsqgjCnKpbIR4jjrBUdeVUCV8/hf+Ttm1YFaPUtAqOA5bIgkNwBIrAAlXggAvQAC2AwQ24BffgQZtrd9qj9rSMrmifMwfgB7TnDwPElW8=</latexit>

(2�2 + 1)2

<latexit sha1_base64="qVGnJvAVrRS1RkuobXa958ZvOc4=">AAACCHicbVA9SwNBEN2LX/nwI8bSwsUgRJBwJ6KWB1rYGdFEIXcJe5tJsri3d+7uCeFIaeNfsbFQxNY/INj5b9wkFhp9MPB4b4aZeUHMmdK2/WllZmbn5heyuXxhcWl5pbhaaqgokRTqNOKRvAqIAs4E1DXTHK5iCSQMOFwG10cj//IWpGKRuNCDGPyQ9ATrMkq0kdrFDYG9Htzg3VaKvWPgmrRS7zSEHqk428MhbhfLdtUeA/8lzjcpu6XCeS23815rFz+8TkSTEISmnCjVdOxY+ymRmlEOw7yXKIgJvSY9aBoqSAjKT8ePDPGWUTq4G0lTQuOx+nMiJaFSgzAwnSHRfTXtjcT/vGaiu4d+ykScaBB0sqibcKwjPEoFd5gEqvnAEEIlM7di2ieSUG2yy5sQnOmX/5LGbtXZr+6dOWXXRRNk0TraRBXkoAPkohNUQ3VE0R16QE/o2bq3Hq0X63XSmrG+Z9bQL1hvXykXmls=</latexit>

n � 2�
⌦(1)



Multiplicity of the second eigenvalue of a graph

Theorem(B., Bucić 24): Let     be a graph on     vertices whose 
adjacency matrix has second eigenvalue             and maximum 
degree           . Then the multiplicity of      satisfies


Moreover, if                  , then                                    .

<latexit sha1_base64="MmcnO+qZ4XLDd+XeS67hkuG1i3U="></latexit>

G <latexit sha1_base64="cHzqUcq0sObHYsWpadeV78L772I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simjnC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxWnUCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxMFkNc=</latexit>n

<latexit sha1_base64="3ZlWC0VrZVi/sElG+o/JSkY4rVA=">AAAB9HicbVDJSgNBEO2JWxaXGI9eGoPgQcJMEPUY0IPHiGaBzBB6OjVJk56eSXdPIAz5Di8eFPHqrwje/Bs7y0ETHxQ83quiqp4fc6a0bX9bmY3Nre2dbC5f2N3bPygelpoqSiSFBo14JNs+UcCZgIZmmkM7lkBCn0PLH97M/NYYpGKReNSTGLyQ9AULGCXaSJ57C1wT7PZhhKvdYtmu2HPgdeIsSblWKjzUc+ef9W7xy+1FNAlBaMqJUh3HjrWXEqkZ5TDNu4mCmNAh6UPHUEFCUF46P3qKT43Sw0EkTQmN5+rviZSESk1C33SGRA/UqjcT//M6iQ6uvZSJONEg6GJRkHCsIzxLAPeYBKr5xBBCJTO3YjogklBtcsqbEJzVl9dJs1pxLisX9yaNGlogi47RCTpDDrpCNXSH6qiBKBqhJ/SCXq2x9Wy9We+L1oy1nDlCf2B9/ABH1ZNU</latexit>

� � 2
<latexit sha1_base64="n1X6QdCIbdopemm8erRo/hi0Iqs="></latexit>

m(�2)  max

⇢
n

�1�o(1)
2

, n
(log� n)1�o(1)

�
.

<latexit sha1_base64="xkGj+1erTgtFFrIK8mIRfwFyrXo=">AAAB8HicbVDLSgMxFL3js9ZXtUs3wSK4kDJTRF0W3LisYB/SDiWTybShSWZIMkIZuvEX3LhQxK2f40LwD/wGV6aPhbYeCBzOOZfce4KEM21c99NZWl5ZXVvPbeQ3t7Z3dgt7+w0dp4rQOol5rFoB1pQzSeuGGU5biaJYBJw2g8Hl2G/eUaVZLG/MMKG+wD3JIkawsdJth9toiLuVbqHklt0J0CLxZqRULX5833+NTmrdwnsnjEkqqDSEY63bnpsYP8PKMMLpKN9JNU0wGeAebVsqsaDazyYLj9CRVUIUxco+adBE/T2RYaH1UAQ2KbDp63lvLP7ntVMTXfgZk0lqqCTTj6KUIxOj8fUoZIoSw4eWYKKY3RWRPlaYGNtR3pbgzZ+8SBqVsndWPr22bVRhihwcwCEcgwfnUIUrqEEdCAh4gCd4dpTz6Lw4r9PokjObKcIfOG8/E8qUWw==</latexit>

�2

<latexit sha1_base64="qPzES++0+1NyrJjfhsv8Bv0vGN0=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyUoq6k4MZlBfuAdiiZTKYNTTJjkimUod/hxoUibv0Yd/6NaTsLbT0QOJxzLvfmBAln2rjut1PY2Nza3inulvb2Dw6PyscnbR2nitAWiXmsugHWlDNJW4YZTruJolgEnHaC8d3c70yo0iyWj2aaUF/goWQRI9hYye9zGw3xoIZukTsoV9yquwBaJ15OKpCjOSh/9cOYpIJKQzjWuue5ifEzrAwjnM5K/VTTBJMxHtKepRILqv1scfQMXVglRFGs7JMGLdTfExkWWk9FYJMCm5Fe9ebif14vNdGNnzGZpIZKslwUpRyZGM0bQCFTlBg+tQQTxeytiIywwsTYnkq2BG/1y+ukXat6V9X6Q73SaOR1FOEMzuESPLiGBtxDE1pA4Ame4RXenInz4rw7H8towclnTuEPnM8fFI2Q/w==</latexit>

�2 > 0

<latexit sha1_base64="q2HXMTEbWDXbamf0PUZx+vdfDPQ=">AAACHXicbVDNS8MwHE39nPOr6tFLcAgbymjHUI8FLx4n2G2wzpFm6RaWpjVJhVH7j3jxX/HiwSEevIj/jdkHopsPEh7vvR/J7/kxo1JZ1pextLyyurae28hvbm3v7Jp7+3UZJQITF0csEk0fScIoJ66iipFmLAgKfUYa/uBy7DfuiZA04jdqGJN2iHqcBhQjpaWOWQ2LHtPxLupUStBj5A56gUA45Vn6Y8ATaGf64rdpVLRLWccsWGVrArhI7BkpOKcjy62gh1rH/PC6EU5CwhVmSMqWbcWqnSKhKGYky3uJJDHCA9QjLU05Colsp5PtMnislS4MIqEPV3Ci/p5IUSjlMPR1MkSqL+e9sfif10pUcNFOKY8TRTiePhQkDKoIjquCXSoIVmyoCcKC6r9C3Ee6HKULzesS7PmVF0m9UrbPytVru+A4YIocOARHoAhscA4ccAVqwAUYPIJn8ApGxpPxYrwZ79PokjGbOQB/YHx+A9Luoss=</latexit>

m(�2)  n
�2+1 + no(1)

If the graph is connected with 
min degree   , this can be 
improved to

Essentially tight by taking a disjoint 
union of cliques on             vertices 
together with, say, a Paley graph 
on                    vertices

<latexit sha1_base64="LE/hJ0nqNt1IfnTjxQ5d5TKyMZY=">AAAB9HicdVDLSsNAFJ34rPVV7dLNYBEEpSSxpu0u4MZlBfuANpTJZNIOnTycmRRK6MafcONCEbd+jAvBP/AbXDlpFVT0wMDhnHO5d44bMyqkrr9qC4tLyyurubX8+sbm1nZhZ7clooRj0sQRi3jHRYIwGpKmpJKRTswJClxG2u7oLPPbY8IFjcJLOYmJE6BBSH2KkVSS02Mq6qG+CY+g0S+U9HK9WqsbVaiXdd2yTCsjJ8ZpxYSGUjKU7OLL+/Xb9LjRLzz3vAgnAQklZkiIrqHH0kkRlxQzMs33EkFihEdoQLqKhiggwklnR0/hgVI86EdcvVDCmfp9IkWBEJPAVckAyaH47WXiX143kX7NSWkYJ5KEeL7ITxiUEcwagB7lBEs2UQRhTtWtEA8RR1iqnvKqhK+fwv9JyywbVrlyYZRsG8yRA3tgHxwCA1SBDc5BAzQBBlfgBtyBe22s3WoP2uM8uqB9zhTBD2hPHxFtlWw=</latexit>

�2 + 1

<latexit sha1_base64="LWfkXaSh7Bhq8cr849KhRRz6Jnk=">AAAB+3icdVDLSgMxFM34aq2vsS7dBItQEYaZsc/dgBuXLdgHtGPJpJk2NPMgyYil9FfcuFDErT/izh8QP8NMq6CiBwKHc87l3hwvZlRI03zVVlbX1jcy2c3c1vbO7p6+n2+LKOGYtHDEIt71kCCMhqQlqWSkG3OCAo+Rjjc5T/3ONeGCRuGlnMbEDdAopD7FSCppoOeLdp+p+BANbHgKrZMre6AXTKNerdWtKjQN06xU7EpKzqxyyYaWUlIUHNh8f8tmyo2B/tIfRjgJSCgxQ0L0LDOW7gxxSTEj81w/ESRGeIJGpKdoiAIi3Nni9jk8VsoQ+hFXL5RwoX6fmKFAiGngqWSA5Fj89lLxL6+XSL/mzmgYJ5KEeLnITxiUEUyLgEPKCZZsqgjCnKpbIR4jjrBUdeVUCV8/hf+Ttm1YFaPUtAqOA5bIgkNwBIrAAlXggAvQAC2AwQ24BffgQZtrd9qj9rSMrmifMwfgB7TnDwPElW8=</latexit>

(2�2 + 1)2
<latexit sha1_base64="az3l2ba2eQpJ7ij8WG2ZkyjjHug=">AAAB7XicdZDLSsNAFIYn9VbrrV52bgaL4CoktabtyoILXVawF2hDmUwn7dhJJsxMhBr6Dm5cKOLWnU/hE7hz6Zs4aRVU9IeBn+8/hznneBGjUlnWm5GZm19YXMou51ZW19Y38ptbTcljgUkDc8ZF20OSMBqShqKKkXYkCAo8Rlre6CTNW1dESMrDCzWOiBugQUh9ipHSqNntE6ZQL1+wzGq5UrXL0DIty3GKTmoO7aNSEdqapCocv1y/nz7vJPVe/rXb5zgOSKgwQ1J2bCtSboKEopiRSa4bSxIhPEID0tE2RAGRbjKddgL3NelDnwv9QgWn9HtHggIpx4GnKwOkhvJ3lsK/sk6s/Iqb0DCKFQnx7CM/ZlBxmK4O+1QQrNhYG4QF1bNCPEQCYaUPlNNH+NoU/m+aRdN2zNK5XajVwExZsAv2wAGwQRnUwBmogwbA4BLcgDtwb3Dj1ngwHmelGeOzZxv8kPH0ATyrk04=</latexit>

�
<latexit sha1_base64="F9pmquIt+WVMp12qtmaURaZYGGE="></latexit> n
�2+⌦(� log� logn)

<latexit sha1_base64="qVGnJvAVrRS1RkuobXa958ZvOc4=">AAACCHicbVA9SwNBEN2LX/nwI8bSwsUgRJBwJ6KWB1rYGdFEIXcJe5tJsri3d+7uCeFIaeNfsbFQxNY/INj5b9wkFhp9MPB4b4aZeUHMmdK2/WllZmbn5heyuXxhcWl5pbhaaqgokRTqNOKRvAqIAs4E1DXTHK5iCSQMOFwG10cj//IWpGKRuNCDGPyQ9ATrMkq0kdrFDYG9Htzg3VaKvWPgmrRS7zSEHqk428MhbhfLdtUeA/8lzjcpu6XCeS23815rFz+8TkSTEISmnCjVdOxY+ymRmlEOw7yXKIgJvSY9aBoqSAjKT8ePDPGWUTq4G0lTQuOx+nMiJaFSgzAwnSHRfTXtjcT/vGaiu4d+ykScaBB0sqibcKwjPEoFd5gEqvnAEEIlM7di2ieSUG2yy5sQnOmX/5LGbtXZr+6dOWXXRRNk0TraRBXkoAPkohNUQ3VE0R16QE/o2bq3Hq0X63XSmrG+Z9bQL1hvXykXmls=</latexit>

n � 2�
⌦(1)



Multiplicity of the second eigenvalue of a graph

Theorem(B., Bucić 24):
<latexit sha1_base64="n1X6QdCIbdopemm8erRo/hi0Iqs="></latexit>

m(�2)  max

⇢
n

�1�o(1)
2

, n
(log� n)1�o(1)

�
.



Multiplicity of the second eigenvalue of a graph

Theorem(B., Bucić 24):
<latexit sha1_base64="n1X6QdCIbdopemm8erRo/hi0Iqs="></latexit>

m(�2)  max

⇢
n

�1�o(1)
2

, n
(log� n)1�o(1)

�
.

Let           denote the ball of radius    centered at    in    .
<latexit sha1_base64="dvuK9WcHmbj0IqWhvVTqxj+IRHQ=">AAAB7XicbZDLSgMxFIYz9dJab1WXboJFqJsyI96Wg25ctmAv0I4lk2ba2MxkSM4UytB3cONCEbe+jztfQHwM08tCW38IfPz/OeSc48eCa7DtTyuzsrq2ns1t5De3tnd2C3v7dS0TRVmNSiFV0yeaCR6xGnAQrBkrRkJfsIY/uJnkjSFTmsvoDkYx80LSi3jAKQFj1a/voTQ86RSKdtmeCi+DM4eii6vfX7nseaVT+Gh3JU1CFgEVROuWY8fgpUQBp4KN8+1Es5jQAemxlsGIhEx76XTaMT42ThcHUpkXAZ66vztSEmo9Cn1TGRLo68VsYv6XtRIIrryUR3ECLKKzj4JEYJB4sjrucsUoiJEBQhU3s2LaJ4pQMAfKmyM4iysvQ/207FyUz6pO0XXRTDl0iI5QCTnoErnoFlVQDVH0gB7RM3qxpPVkvVpvs9KMNe85QH9kvf8Ad7uRWA==</latexit>

Bt(v)
<latexit sha1_base64="voMz7Gi189rKb/8ISnKLAJ+t0BA=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ0+lJ2vT0DN01QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/FhwjY7zZWUWFpeWV7KrubX1jc2t/PZOTUeJoqxKIxGphk80E1yyKnIUrBErRkJfsLrfvxzl9TumNI/kDQ5i5oWkK3nAKUFjVbCdLzhFZyx7HtwpFC4+7r+v3vfScjv/2epENAmZRCqI1k3XidFLiUJOBRvmWolmMaF90mVNg5KETHvpeNChfWicjh1EyjyJ9tj93ZGSUOtB6JvKkGBPz2Yj87+smWBw7qVcxgkySScfBYmwMbJHW9sdrhhFMTBAqOJmVpv2iCIUzW1y5gju7MrzUDsuuqfFk4pbKJVgoizswwEcgQtnUIJrKEMVKDB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxxtkN4=</latexit>

t <latexit sha1_base64="nb5ewNFbpkWlSta7MvqgHEBF8cU=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09gTjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l+O8PkCpWCRu9DBGLyRdwQJGiTZWZdDOF5yiM5H9F9wZFC7e776u3vbScjv/0epENAlRaMqJUk3XibWXEqkZ5TjKtRKFMaF90sWmQUFCVF46GXRkHxqnYweRNE9oe+L+7EhJqNQw9E1lSHRPzWdj87+smejg3EuZiBONgk4/ChJu68geb213mESq+dAAoZKZWW3aI5JQbW6TM0dw51f+C7XjontaPKm4hVIJpsrCPhzAEbhwBiW4hjJUgQLCPTzCk3VrPVjP1su0NGPNenbhl6zXbx91kOA=</latexit>v
<latexit sha1_base64="ZQ5e5IKMCJd0aSCuIZuEklH+YII=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgId4TMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8332V3/bSSif/0e5GNAlRaMqJUi3XibWXEqkZ5TjKtROFMaED0sOWQUFCVF46GXRkHxqnaweRNE9oe+L+7EhJqNQw9E1lSHRfzWdj87+slejg3EuZiBONgk4/ChJu68geb213mUSq+dAAoZKZWW3aJ5JQbW6TM0dw51f+C/XjontaPKm6hVIJpsrCPhzAEbhwBiW4ggrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9gqkLE=</latexit>

G



Multiplicity of the second eigenvalue of a graph

Theorem(B., Bucić 24):
<latexit sha1_base64="n1X6QdCIbdopemm8erRo/hi0Iqs="></latexit>

m(�2)  max

⇢
n

�1�o(1)
2

, n
(log� n)1�o(1)

�
.

Let           denote the ball of radius    centered at    in    .
<latexit sha1_base64="dvuK9WcHmbj0IqWhvVTqxj+IRHQ=">AAAB7XicbZDLSgMxFIYz9dJab1WXboJFqJsyI96Wg25ctmAv0I4lk2ba2MxkSM4UytB3cONCEbe+jztfQHwM08tCW38IfPz/OeSc48eCa7DtTyuzsrq2ns1t5De3tnd2C3v7dS0TRVmNSiFV0yeaCR6xGnAQrBkrRkJfsIY/uJnkjSFTmsvoDkYx80LSi3jAKQFj1a/voTQ86RSKdtmeCi+DM4eii6vfX7nseaVT+Gh3JU1CFgEVROuWY8fgpUQBp4KN8+1Es5jQAemxlsGIhEx76XTaMT42ThcHUpkXAZ66vztSEmo9Cn1TGRLo68VsYv6XtRIIrryUR3ECLKKzj4JEYJB4sjrucsUoiJEBQhU3s2LaJ4pQMAfKmyM4iysvQ/207FyUz6pO0XXRTDl0iI5QCTnoErnoFlVQDVH0gB7RM3qxpPVkvVpvs9KMNe85QH9kvf8Ad7uRWA==</latexit>

Bt(v)
<latexit sha1_base64="voMz7Gi189rKb/8ISnKLAJ+t0BA=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ0+lJ2vT0DN01QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/FhwjY7zZWUWFpeWV7KrubX1jc2t/PZOTUeJoqxKIxGphk80E1yyKnIUrBErRkJfsLrfvxzl9TumNI/kDQ5i5oWkK3nAKUFjVbCdLzhFZyx7HtwpFC4+7r+v3vfScjv/2epENAmZRCqI1k3XidFLiUJOBRvmWolmMaF90mVNg5KETHvpeNChfWicjh1EyjyJ9tj93ZGSUOtB6JvKkGBPz2Yj87+smWBw7qVcxgkySScfBYmwMbJHW9sdrhhFMTBAqOJmVpv2iCIUzW1y5gju7MrzUDsuuqfFk4pbKJVgoizswwEcgQtnUIJrKEMVKDB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxxtkN4=</latexit>

t <latexit sha1_base64="nb5ewNFbpkWlSta7MvqgHEBF8cU=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09gTjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l+O8PkCpWCRu9DBGLyRdwQJGiTZWZdDOF5yiM5H9F9wZFC7e776u3vbScjv/0epENAlRaMqJUk3XibWXEqkZ5TjKtRKFMaF90sWmQUFCVF46GXRkHxqnYweRNE9oe+L+7EhJqNQw9E1lSHRPzWdj87+smejg3EuZiBONgk4/ChJu68geb213mESq+dAAoZKZWW3aI5JQbW6TM0dw51f+C7XjontaPKm4hVIJpsrCPhzAEbhwBiW4hjJUgQLCPTzCk3VrPVjP1su0NGPNenbhl6zXbx91kOA=</latexit>v
<latexit sha1_base64="ZQ5e5IKMCJd0aSCuIZuEklH+YII=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgId4TMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8332V3/bSSif/0e5GNAlRaMqJUi3XibWXEqkZ5TjKtROFMaED0sOWQUFCVF46GXRkHxqnaweRNE9oe+L+7EhJqNQw9E1lSHRfzWdj87+slejg3EuZiBONgk4/ChJu68geb213mUSq+dAAoZKZWW3aJ5JQbW6TM0dw51f+C/XjontaPKm6hVIJpsrCPhzAEbhwBiW4ggrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9gqkLE=</latexit>

G

Lemma 1: If     is connected and     is a subgraph satisfying   

                  , then                        .

<latexit sha1_base64="Rb5I4ByHmoijnrmDWndKdzxG58A=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAdzTMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8331dve2llU7+o92NaBKi0JQTpVquE2svJVIzynGUaycKY0IHpIctg4KEqLx0MujIPjRO1w4iaZ7Q9sT92ZGSUKlh6JvKkOi+ms/G5n9ZK9HBuZcyEScaBZ1+FCTc1pE93truMolU86EBQiUzs9q0TySh2twmZ47gzq/8F+rHRfe0eFJ1C6USTJWFfTiAI3DhDEpQhgrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9mukLI=</latexit>

H
<latexit sha1_base64="ZQ5e5IKMCJd0aSCuIZuEklH+YII=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgId4TMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8332V3/bSSif/0e5GNAlRaMqJUi3XibWXEqkZ5TjKtROFMaED0sOWQUFCVF46GXRkHxqnaweRNE9oe+L+7EhJqNQw9E1lSHRfzWdj87+slejg3EuZiBONgk4/ChJu68geb213mUSq+dAAoZKZWW3aJ5JQbW6TM0dw51f+C/XjontaPKm6hVIJpsrCPhzAEbhwBiW4ggrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9gqkLE=</latexit>

G
<latexit sha1_base64="5GB3Z8RMZ5+TTrN1vCQM1uXxMLg=">AAACAXicbVDLSgMxFM34aq2vUTeCm2AR6qbMFF8rGXDTZQv2Ae0wZDKZNjSTGZKMUIa68VfcuFDErX/hzh8QP8P0IWjrgcDJOeeS3OMnjEplWR/G0vLK6louv17Y2Nza3jF395oyTgUmDRyzWLR9JAmjnDQUVYy0E0FQ5DPS8gfXY791S4SkMb9Rw4S4EepxGlKMlJY886DLdDhAnl2qnsAr+HOteGbRKlsTwEViz0jRgfWvz3zurOaZ790gxmlEuMIMSdmxrUS5GRKKYkZGhW4qSYLwAPVIR1OOIiLdbLLBCB5rJYBhLPThCk7U3xMZiqQcRr5ORkj15bw3Fv/zOqkKL92M8iRVhOPpQ2HKoIrhuA4YUEGwYkNNEBZU/xXiPhIIK11aQZdgz6+8SJqVsn1ePq3bRccBU+TBITgCJWCDC+CAKqiBBsDgDjyAJ/Bs3BuPxovxOo0uGbOZffAHxts3unSYFA==</latexit>

�1(H) > �2
<latexit sha1_base64="a9ut8bk0L4E5rn9KR7m+YDeA4xw=">AAACBXicbVC7SgNBFJ31lRhfq5ZaDAYhNmE3+CoXtEiZgHlAdgmzk5tkyOzDmVkhJGls/BUbC0Vs/Qc7f0D8DCePQhMPDBzOOZc79/gxZ1JZ1qextLyyupZKr2c2Nre2d8zdvaqMEkGhQiMeibpPJHAWQkUxxaEeCyCBz6Hm967Gfu0OhGRReKP6MXgB6YSszShRWmqah0HO5TreIs3CCXY53GL3GrgieFgcNs2slbcmwIvEnpGsg8vfX+nUWalpfritiCYBhIpyImXDtmLlDYhQjHIYZdxEQkxoj3SgoWlIApDeYHLFCB9rpYXbkdAvVHii/p4YkEDKfuDrZEBUV857Y/E/r5Go9qU3YGGcKAjpdFE74VhFeFwJbjEBVPG+JoQKpv+KaZcIQpUuLqNLsOdPXiTVQt4+z5+W7azjoCnS6AAdoRyy0QVyUBGVUAVRdI8e0TN6MR6MJ+PVeJtGl4zZzD76A+P9B0lMmho=</latexit>

m(�2)  �|H|



Multiplicity of the second eigenvalue of a graph

Theorem(B., Bucić 24):
<latexit sha1_base64="n1X6QdCIbdopemm8erRo/hi0Iqs="></latexit>

m(�2)  max

⇢
n

�1�o(1)
2

, n
(log� n)1�o(1)

�
.

Proof of Theorem(sketch when     is connected):

Let           denote the ball of radius    centered at    in    .
<latexit sha1_base64="dvuK9WcHmbj0IqWhvVTqxj+IRHQ=">AAAB7XicbZDLSgMxFIYz9dJab1WXboJFqJsyI96Wg25ctmAv0I4lk2ba2MxkSM4UytB3cONCEbe+jztfQHwM08tCW38IfPz/OeSc48eCa7DtTyuzsrq2ns1t5De3tnd2C3v7dS0TRVmNSiFV0yeaCR6xGnAQrBkrRkJfsIY/uJnkjSFTmsvoDkYx80LSi3jAKQFj1a/voTQ86RSKdtmeCi+DM4eii6vfX7nseaVT+Gh3JU1CFgEVROuWY8fgpUQBp4KN8+1Es5jQAemxlsGIhEx76XTaMT42ThcHUpkXAZ66vztSEmo9Cn1TGRLo68VsYv6XtRIIrryUR3ECLKKzj4JEYJB4sjrucsUoiJEBQhU3s2LaJ4pQMAfKmyM4iysvQ/207FyUz6pO0XXRTDl0iI5QCTnoErnoFlVQDVH0gB7RM3qxpPVkvVpvs9KMNe85QH9kvf8Ad7uRWA==</latexit>

Bt(v)
<latexit sha1_base64="voMz7Gi189rKb/8ISnKLAJ+t0BA=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ0+lJ2vT0DN01QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/FhwjY7zZWUWFpeWV7KrubX1jc2t/PZOTUeJoqxKIxGphk80E1yyKnIUrBErRkJfsLrfvxzl9TumNI/kDQ5i5oWkK3nAKUFjVbCdLzhFZyx7HtwpFC4+7r+v3vfScjv/2epENAmZRCqI1k3XidFLiUJOBRvmWolmMaF90mVNg5KETHvpeNChfWicjh1EyjyJ9tj93ZGSUOtB6JvKkGBPz2Yj87+smWBw7qVcxgkySScfBYmwMbJHW9sdrhhFMTBAqOJmVpv2iCIUzW1y5gju7MrzUDsuuqfFk4pbKJVgoizswwEcgQtnUIJrKEMVKDB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxxtkN4=</latexit>

t <latexit sha1_base64="nb5ewNFbpkWlSta7MvqgHEBF8cU=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09gTjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l+O8PkCpWCRu9DBGLyRdwQJGiTZWZdDOF5yiM5H9F9wZFC7e776u3vbScjv/0epENAlRaMqJUk3XibWXEqkZ5TjKtRKFMaF90sWmQUFCVF46GXRkHxqnYweRNE9oe+L+7EhJqNQw9E1lSHRPzWdj87+smejg3EuZiBONgk4/ChJu68geb213mESq+dAAoZKZWW3aI5JQbW6TM0dw51f+C7XjontaPKm4hVIJpsrCPhzAEbhwBiW4hjJUgQLCPTzCk3VrPVjP1su0NGPNenbhl6zXbx91kOA=</latexit>v
<latexit sha1_base64="ZQ5e5IKMCJd0aSCuIZuEklH+YII=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgId4TMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8332V3/bSSif/0e5GNAlRaMqJUi3XibWXEqkZ5TjKtROFMaED0sOWQUFCVF46GXRkHxqnaweRNE9oe+L+7EhJqNQw9E1lSHRfzWdj87+slejg3EuZiBONgk4/ChJu68geb213mUSq+dAAoZKZWW3aJ5JQbW6TM0dw51f+C/XjontaPKm6hVIJpsrCPhzAEbhwBiW4ggrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9gqkLE=</latexit>

G

Lemma 1: If     is connected and     is a subgraph satisfying   

                  , then                        .

<latexit sha1_base64="Rb5I4ByHmoijnrmDWndKdzxG58A=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAdzTMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8331dve2llU7+o92NaBKi0JQTpVquE2svJVIzynGUaycKY0IHpIctg4KEqLx0MujIPjRO1w4iaZ7Q9sT92ZGSUKlh6JvKkOi+ms/G5n9ZK9HBuZcyEScaBZ1+FCTc1pE93truMolU86EBQiUzs9q0TySh2twmZ47gzq/8F+rHRfe0eFJ1C6USTJWFfTiAI3DhDEpQhgrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9mukLI=</latexit>

H
<latexit sha1_base64="ZQ5e5IKMCJd0aSCuIZuEklH+YII=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgId4TMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8332V3/bSSif/0e5GNAlRaMqJUi3XibWXEqkZ5TjKtROFMaED0sOWQUFCVF46GXRkHxqnaweRNE9oe+L+7EhJqNQw9E1lSHRfzWdj87+slejg3EuZiBONgk4/ChJu68geb213mUSq+dAAoZKZWW3aJ5JQbW6TM0dw51f+C/XjontaPKm6hVIJpsrCPhzAEbhwBiW4ggrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9gqkLE=</latexit>

G
<latexit sha1_base64="5GB3Z8RMZ5+TTrN1vCQM1uXxMLg=">AAACAXicbVDLSgMxFM34aq2vUTeCm2AR6qbMFF8rGXDTZQv2Ae0wZDKZNjSTGZKMUIa68VfcuFDErX/hzh8QP8P0IWjrgcDJOeeS3OMnjEplWR/G0vLK6louv17Y2Nza3jF395oyTgUmDRyzWLR9JAmjnDQUVYy0E0FQ5DPS8gfXY791S4SkMb9Rw4S4EepxGlKMlJY886DLdDhAnl2qnsAr+HOteGbRKlsTwEViz0jRgfWvz3zurOaZ790gxmlEuMIMSdmxrUS5GRKKYkZGhW4qSYLwAPVIR1OOIiLdbLLBCB5rJYBhLPThCk7U3xMZiqQcRr5ORkj15bw3Fv/zOqkKL92M8iRVhOPpQ2HKoIrhuA4YUEGwYkNNEBZU/xXiPhIIK11aQZdgz6+8SJqVsn1ePq3bRccBU+TBITgCJWCDC+CAKqiBBsDgDjyAJ/Bs3BuPxovxOo0uGbOZffAHxts3unSYFA==</latexit>

�1(H) > �2
<latexit sha1_base64="a9ut8bk0L4E5rn9KR7m+YDeA4xw=">AAACBXicbVC7SgNBFJ31lRhfq5ZaDAYhNmE3+CoXtEiZgHlAdgmzk5tkyOzDmVkhJGls/BUbC0Vs/Qc7f0D8DCePQhMPDBzOOZc79/gxZ1JZ1qextLyyupZKr2c2Nre2d8zdvaqMEkGhQiMeibpPJHAWQkUxxaEeCyCBz6Hm967Gfu0OhGRReKP6MXgB6YSszShRWmqah0HO5TreIs3CCXY53GL3GrgieFgcNs2slbcmwIvEnpGsg8vfX+nUWalpfritiCYBhIpyImXDtmLlDYhQjHIYZdxEQkxoj3SgoWlIApDeYHLFCB9rpYXbkdAvVHii/p4YkEDKfuDrZEBUV857Y/E/r5Go9qU3YGGcKAjpdFE74VhFeFwJbjEBVPG+JoQKpv+KaZcIQpUuLqNLsOdPXiTVQt4+z5+W7azjoCnS6AAdoRyy0QVyUBGVUAVRdI8e0TN6MR6MJ+PVeJtGl4zZzD76A+P9B0lMmho=</latexit>

m(�2)  �|H|

<latexit sha1_base64="ZQ5e5IKMCJd0aSCuIZuEklH+YII=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgId4TMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8332V3/bSSif/0e5GNAlRaMqJUi3XibWXEqkZ5TjKtROFMaED0sOWQUFCVF46GXRkHxqnaweRNE9oe+L+7EhJqNQw9E1lSHRfzWdj87+slejg3EuZiBONgk4/ChJu68geb213mUSq+dAAoZKZWW3aJ5JQbW6TM0dw51f+C/XjontaPKm6hVIJpsrCPhzAEbhwBiW4ggrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9gqkLE=</latexit>

G



Multiplicity of the second eigenvalue of a graph

Theorem(B., Bucić 24):
<latexit sha1_base64="n1X6QdCIbdopemm8erRo/hi0Iqs="></latexit>

m(�2)  max

⇢
n

�1�o(1)
2

, n
(log� n)1�o(1)

�
.

Proof of Theorem(sketch when     is connected):
Let                          and note that if                           for some 
vertex   , then Lemma 1 gives the desired result:

<latexit sha1_base64="x/jdQgWLIaPjP1th5bzjUuCW00A=">AAAB/3icbVC7SgNBFJ2Nrxhfq4KNhYNBsDHsBlEbYUELy4jmIdllmZ1MkiGzs8vMrBDWFP6KjYUitmLlL9hZ2Nv4D04ehSYeuHA4517uvSeIGZXKsj6MzNT0zOxcdj63sLi0vGKurlVklAhMyjhikagFSBJGOSkrqhipxYKgMGCkGnRO+n71mghJI36pujHxQtTitEkxUlryzY0LeAxdFrX81D0lTKEeh3uw6Jt5q2ANACeJPSJ5Z+v79erz7avkm+9uI8JJSLjCDElZt61YeSkSimJGejk3kSRGuINapK4pRyGRXjq4vwd3tNKAzUjo4goO1N8TKQql7IaB7gyRastxry/+59UT1TzyUsrjRBGOh4uaCYMqgv0wYIMKghXraoKwoPpWiNtIIKx0ZDkdgj3+8iSpFAv2QWH/3M47DhgiCzbBNtgFNjgEDjgDJVAGGNyAO/AAHo1b4954Mp6HrRljNLMO/sB4+QFT05mJ</latexit>

S = log� n� 2

Let           denote the ball of radius    centered at    in    .
<latexit sha1_base64="dvuK9WcHmbj0IqWhvVTqxj+IRHQ=">AAAB7XicbZDLSgMxFIYz9dJab1WXboJFqJsyI96Wg25ctmAv0I4lk2ba2MxkSM4UytB3cONCEbe+jztfQHwM08tCW38IfPz/OeSc48eCa7DtTyuzsrq2ns1t5De3tnd2C3v7dS0TRVmNSiFV0yeaCR6xGnAQrBkrRkJfsIY/uJnkjSFTmsvoDkYx80LSi3jAKQFj1a/voTQ86RSKdtmeCi+DM4eii6vfX7nseaVT+Gh3JU1CFgEVROuWY8fgpUQBp4KN8+1Es5jQAemxlsGIhEx76XTaMT42ThcHUpkXAZ66vztSEmo9Cn1TGRLo68VsYv6XtRIIrryUR3ECLKKzj4JEYJB4sjrucsUoiJEBQhU3s2LaJ4pQMAfKmyM4iysvQ/207FyUz6pO0XXRTDl0iI5QCTnoErnoFlVQDVH0gB7RM3qxpPVkvVpvs9KMNe85QH9kvf8Ad7uRWA==</latexit>

Bt(v)
<latexit sha1_base64="voMz7Gi189rKb/8ISnKLAJ+t0BA=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ0+lJ2vT0DN01QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/FhwjY7zZWUWFpeWV7KrubX1jc2t/PZOTUeJoqxKIxGphk80E1yyKnIUrBErRkJfsLrfvxzl9TumNI/kDQ5i5oWkK3nAKUFjVbCdLzhFZyx7HtwpFC4+7r+v3vfScjv/2epENAmZRCqI1k3XidFLiUJOBRvmWolmMaF90mVNg5KETHvpeNChfWicjh1EyjyJ9tj93ZGSUOtB6JvKkGBPz2Yj87+smWBw7qVcxgkySScfBYmwMbJHW9sdrhhFMTBAqOJmVpv2iCIUzW1y5gju7MrzUDsuuqfFk4pbKJVgoizswwEcgQtnUIJrKEMVKDB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxxtkN4=</latexit>

t <latexit sha1_base64="nb5ewNFbpkWlSta7MvqgHEBF8cU=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09gTjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l+O8PkCpWCRu9DBGLyRdwQJGiTZWZdDOF5yiM5H9F9wZFC7e776u3vbScjv/0epENAlRaMqJUk3XibWXEqkZ5TjKtRKFMaF90sWmQUFCVF46GXRkHxqnYweRNE9oe+L+7EhJqNQw9E1lSHRPzWdj87+smejg3EuZiBONgk4/ChJu68geb213mESq+dAAoZKZWW3aI5JQbW6TM0dw51f+C7XjontaPKm4hVIJpsrCPhzAEbhwBiW4hjJUgQLCPTzCk3VrPVjP1su0NGPNenbhl6zXbx91kOA=</latexit>v
<latexit sha1_base64="ZQ5e5IKMCJd0aSCuIZuEklH+YII=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgId4TMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8332V3/bSSif/0e5GNAlRaMqJUi3XibWXEqkZ5TjKtROFMaED0sOWQUFCVF46GXRkHxqnaweRNE9oe+L+7EhJqNQw9E1lSHRfzWdj87+slejg3EuZiBONgk4/ChJu68geb213mUSq+dAAoZKZWW3aJ5JQbW6TM0dw51f+C/XjontaPKm6hVIJpsrCPhzAEbhwBiW4ggrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9gqkLE=</latexit>

G

Lemma 1: If     is connected and     is a subgraph satisfying   

                  , then                        .

<latexit sha1_base64="Rb5I4ByHmoijnrmDWndKdzxG58A=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAdzTMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8331dve2llU7+o92NaBKi0JQTpVquE2svJVIzynGUaycKY0IHpIctg4KEqLx0MujIPjRO1w4iaZ7Q9sT92ZGSUKlh6JvKkOi+ms/G5n9ZK9HBuZcyEScaBZ1+FCTc1pE93truMolU86EBQiUzs9q0TySh2twmZ47gzq/8F+rHRfe0eFJ1C6USTJWFfTiAI3DhDEpQhgrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9mukLI=</latexit>

H
<latexit sha1_base64="ZQ5e5IKMCJd0aSCuIZuEklH+YII=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgId4TMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8332V3/bSSif/0e5GNAlRaMqJUi3XibWXEqkZ5TjKtROFMaED0sOWQUFCVF46GXRkHxqnaweRNE9oe+L+7EhJqNQw9E1lSHRfzWdj87+slejg3EuZiBONgk4/ChJu68geb213mUSq+dAAoZKZWW3aJ5JQbW6TM0dw51f+C/XjontaPKm6hVIJpsrCPhzAEbhwBiW4ggrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9gqkLE=</latexit>

G
<latexit sha1_base64="5GB3Z8RMZ5+TTrN1vCQM1uXxMLg=">AAACAXicbVDLSgMxFM34aq2vUTeCm2AR6qbMFF8rGXDTZQv2Ae0wZDKZNjSTGZKMUIa68VfcuFDErX/hzh8QP8P0IWjrgcDJOeeS3OMnjEplWR/G0vLK6louv17Y2Nza3jF395oyTgUmDRyzWLR9JAmjnDQUVYy0E0FQ5DPS8gfXY791S4SkMb9Rw4S4EepxGlKMlJY886DLdDhAnl2qnsAr+HOteGbRKlsTwEViz0jRgfWvz3zurOaZ790gxmlEuMIMSdmxrUS5GRKKYkZGhW4qSYLwAPVIR1OOIiLdbLLBCB5rJYBhLPThCk7U3xMZiqQcRr5ORkj15bw3Fv/zOqkKL92M8iRVhOPpQ2HKoIrhuA4YUEGwYkNNEBZU/xXiPhIIK11aQZdgz6+8SJqVsn1ePq3bRccBU+TBITgCJWCDC+CAKqiBBsDgDjyAJ/Bs3BuPxovxOo0uGbOZffAHxts3unSYFA==</latexit>

�1(H) > �2
<latexit sha1_base64="a9ut8bk0L4E5rn9KR7m+YDeA4xw=">AAACBXicbVC7SgNBFJ31lRhfq5ZaDAYhNmE3+CoXtEiZgHlAdgmzk5tkyOzDmVkhJGls/BUbC0Vs/Qc7f0D8DCePQhMPDBzOOZc79/gxZ1JZ1qextLyyupZKr2c2Nre2d8zdvaqMEkGhQiMeibpPJHAWQkUxxaEeCyCBz6Hm967Gfu0OhGRReKP6MXgB6YSszShRWmqah0HO5TreIs3CCXY53GL3GrgieFgcNs2slbcmwIvEnpGsg8vfX+nUWalpfritiCYBhIpyImXDtmLlDYhQjHIYZdxEQkxoj3SgoWlIApDeYHLFCB9rpYXbkdAvVHii/p4YkEDKfuDrZEBUV857Y/E/r5Go9qU3YGGcKAjpdFE74VhFeFwJbjEBVPG+JoQKpv+KaZcIQpUuLqNLsOdPXiTVQt4+z5+W7azjoCnS6AAdoRyy0QVyUBGVUAVRdI8e0TN6MR6MJ+PVeJtGl4zZzD76A+P9B0lMmho=</latexit>

m(�2)  �|H|

<latexit sha1_base64="ZQ5e5IKMCJd0aSCuIZuEklH+YII=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgId4TMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8332V3/bSSif/0e5GNAlRaMqJUi3XibWXEqkZ5TjKtROFMaED0sOWQUFCVF46GXRkHxqnaweRNE9oe+L+7EhJqNQw9E1lSHRfzWdj87+slejg3EuZiBONgk4/ChJu68geb213mUSq+dAAoZKZWW3aJ5JQbW6TM0dw51f+C/XjontaPKm6hVIJpsrCPhzAEbhwBiW4ggrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9gqkLE=</latexit>

G
<latexit sha1_base64="jBxJaIHaSLaViFbixRufMh1n/is=">AAACBnicbVDLSgMxFM34aq2vUZciBIvQbspM8bWSQTcuW7QPaMchk8m0oZkHSaZQhq7c+CtuXCji1m9w5w+In2H6ELT1QOBwzrnc3OPGjAppGB/awuLS8komu5pbW9/Y3NK3d+oiSjgmNRyxiDddJAijIalJKhlpxpygwGWk4fYuR36jT7igUXgjBzGxA9QJqU8xkkpy9P02U2EPOWbh4va60C8W4Tn80cqOnjdKxhhwnphTkrdg9eszmzmuOPp724twEpBQYoaEaJlGLO0UcUkxI8NcOxEkRriHOqSlaIgCIux0fMYQHirFg37E1QslHKu/J1IUCDEIXJUMkOyKWW8k/ue1Eumf2SkN40SSEE8W+QmDMoKjTqBHOcGSDRRBmFP1V4i7iCMsVXM5VYI5e/I8qZdL5knpqGrmLQtMkAV74AAUgAlOgQWuQAXUAAZ34AE8gWftXnvUXrTXSXRBm87sgj/Q3r4BzgaZuA==</latexit>

�1(BS(v)) > �2
<latexit sha1_base64="nb5ewNFbpkWlSta7MvqgHEBF8cU=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09gTjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l+O8PkCpWCRu9DBGLyRdwQJGiTZWZdDOF5yiM5H9F9wZFC7e776u3vbScjv/0epENAlRaMqJUk3XibWXEqkZ5TjKtRKFMaF90sWmQUFCVF46GXRkHxqnYweRNE9oe+L+7EhJqNQw9E1lSHRPzWdj87+smejg3EuZiBONgk4/ChJu68geb213mESq+dAAoZKZWW3aI5JQbW6TM0dw51f+C7XjontaPKm4hVIJpsrCPhzAEbhwBiW4hjJUgQLCPTzCk3VrPVjP1su0NGPNenbhl6zXbx91kOA=</latexit>v



Multiplicity of the second eigenvalue of a graph

Theorem(B., Bucić 24):
<latexit sha1_base64="n1X6QdCIbdopemm8erRo/hi0Iqs="></latexit>

m(�2)  max

⇢
n

�1�o(1)
2

, n
(log� n)1�o(1)

�
.

Proof of Theorem(sketch when     is connected):
Let                          and note that if                           for some 
vertex   , then Lemma 1 gives the desired result:

<latexit sha1_base64="x/jdQgWLIaPjP1th5bzjUuCW00A=">AAAB/3icbVC7SgNBFJ2Nrxhfq4KNhYNBsDHsBlEbYUELy4jmIdllmZ1MkiGzs8vMrBDWFP6KjYUitmLlL9hZ2Nv4D04ehSYeuHA4517uvSeIGZXKsj6MzNT0zOxcdj63sLi0vGKurlVklAhMyjhikagFSBJGOSkrqhipxYKgMGCkGnRO+n71mghJI36pujHxQtTitEkxUlryzY0LeAxdFrX81D0lTKEeh3uw6Jt5q2ANACeJPSJ5Z+v79erz7avkm+9uI8JJSLjCDElZt61YeSkSimJGejk3kSRGuINapK4pRyGRXjq4vwd3tNKAzUjo4goO1N8TKQql7IaB7gyRastxry/+59UT1TzyUsrjRBGOh4uaCYMqgv0wYIMKghXraoKwoPpWiNtIIKx0ZDkdgj3+8iSpFAv2QWH/3M47DhgiCzbBNtgFNjgEDjgDJVAGGNyAO/AAHo1b4954Mp6HrRljNLMO/sB4+QFT05mJ</latexit>

S = log� n� 2

Let           denote the ball of radius    centered at    in    .
<latexit sha1_base64="dvuK9WcHmbj0IqWhvVTqxj+IRHQ=">AAAB7XicbZDLSgMxFIYz9dJab1WXboJFqJsyI96Wg25ctmAv0I4lk2ba2MxkSM4UytB3cONCEbe+jztfQHwM08tCW38IfPz/OeSc48eCa7DtTyuzsrq2ns1t5De3tnd2C3v7dS0TRVmNSiFV0yeaCR6xGnAQrBkrRkJfsIY/uJnkjSFTmsvoDkYx80LSi3jAKQFj1a/voTQ86RSKdtmeCi+DM4eii6vfX7nseaVT+Gh3JU1CFgEVROuWY8fgpUQBp4KN8+1Es5jQAemxlsGIhEx76XTaMT42ThcHUpkXAZ66vztSEmo9Cn1TGRLo68VsYv6XtRIIrryUR3ECLKKzj4JEYJB4sjrucsUoiJEBQhU3s2LaJ4pQMAfKmyM4iysvQ/207FyUz6pO0XXRTDl0iI5QCTnoErnoFlVQDVH0gB7RM3qxpPVkvVpvs9KMNe85QH9kvf8Ad7uRWA==</latexit>

Bt(v)
<latexit sha1_base64="voMz7Gi189rKb/8ISnKLAJ+t0BA=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ0+lJ2vT0DN01QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/FhwjY7zZWUWFpeWV7KrubX1jc2t/PZOTUeJoqxKIxGphk80E1yyKnIUrBErRkJfsLrfvxzl9TumNI/kDQ5i5oWkK3nAKUFjVbCdLzhFZyx7HtwpFC4+7r+v3vfScjv/2epENAmZRCqI1k3XidFLiUJOBRvmWolmMaF90mVNg5KETHvpeNChfWicjh1EyjyJ9tj93ZGSUOtB6JvKkGBPz2Yj87+smWBw7qVcxgkySScfBYmwMbJHW9sdrhhFMTBAqOJmVpv2iCIUzW1y5gju7MrzUDsuuqfFk4pbKJVgoizswwEcgQtnUIJrKEMVKDB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxxtkN4=</latexit>

t <latexit sha1_base64="nb5ewNFbpkWlSta7MvqgHEBF8cU=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09gTjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l+O8PkCpWCRu9DBGLyRdwQJGiTZWZdDOF5yiM5H9F9wZFC7e776u3vbScjv/0epENAlRaMqJUk3XibWXEqkZ5TjKtRKFMaF90sWmQUFCVF46GXRkHxqnYweRNE9oe+L+7EhJqNQw9E1lSHRPzWdj87+smejg3EuZiBONgk4/ChJu68geb213mESq+dAAoZKZWW3aI5JQbW6TM0dw51f+C7XjontaPKm4hVIJpsrCPhzAEbhwBiW4hjJUgQLCPTzCk3VrPVjP1su0NGPNenbhl6zXbx91kOA=</latexit>v
<latexit sha1_base64="ZQ5e5IKMCJd0aSCuIZuEklH+YII=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgId4TMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8332V3/bSSif/0e5GNAlRaMqJUi3XibWXEqkZ5TjKtROFMaED0sOWQUFCVF46GXRkHxqnaweRNE9oe+L+7EhJqNQw9E1lSHRfzWdj87+slejg3EuZiBONgk4/ChJu68geb213mUSq+dAAoZKZWW3aJ5JQbW6TM0dw51f+C/XjontaPKm6hVIJpsrCPhzAEbhwBiW4ggrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9gqkLE=</latexit>

G

Lemma 1: If     is connected and     is a subgraph satisfying   

                  , then                        .

<latexit sha1_base64="Rb5I4ByHmoijnrmDWndKdzxG58A=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAdzTMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8331dve2llU7+o92NaBKi0JQTpVquE2svJVIzynGUaycKY0IHpIctg4KEqLx0MujIPjRO1w4iaZ7Q9sT92ZGSUKlh6JvKkOi+ms/G5n9ZK9HBuZcyEScaBZ1+FCTc1pE93truMolU86EBQiUzs9q0TySh2twmZ47gzq/8F+rHRfe0eFJ1C6USTJWFfTiAI3DhDEpQhgrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9mukLI=</latexit>

H
<latexit sha1_base64="ZQ5e5IKMCJd0aSCuIZuEklH+YII=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgId4TMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8332V3/bSSif/0e5GNAlRaMqJUi3XibWXEqkZ5TjKtROFMaED0sOWQUFCVF46GXRkHxqnaweRNE9oe+L+7EhJqNQw9E1lSHRfzWdj87+slejg3EuZiBONgk4/ChJu68geb213mUSq+dAAoZKZWW3aJ5JQbW6TM0dw51f+C/XjontaPKm6hVIJpsrCPhzAEbhwBiW4ggrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9gqkLE=</latexit>

G
<latexit sha1_base64="5GB3Z8RMZ5+TTrN1vCQM1uXxMLg=">AAACAXicbVDLSgMxFM34aq2vUTeCm2AR6qbMFF8rGXDTZQv2Ae0wZDKZNjSTGZKMUIa68VfcuFDErX/hzh8QP8P0IWjrgcDJOeeS3OMnjEplWR/G0vLK6louv17Y2Nza3jF395oyTgUmDRyzWLR9JAmjnDQUVYy0E0FQ5DPS8gfXY791S4SkMb9Rw4S4EepxGlKMlJY886DLdDhAnl2qnsAr+HOteGbRKlsTwEViz0jRgfWvz3zurOaZ790gxmlEuMIMSdmxrUS5GRKKYkZGhW4qSYLwAPVIR1OOIiLdbLLBCB5rJYBhLPThCk7U3xMZiqQcRr5ORkj15bw3Fv/zOqkKL92M8iRVhOPpQ2HKoIrhuA4YUEGwYkNNEBZU/xXiPhIIK11aQZdgz6+8SJqVsn1ePq3bRccBU+TBITgCJWCDC+CAKqiBBsDgDjyAJ/Bs3BuPxovxOo0uGbOZffAHxts3unSYFA==</latexit>

�1(H) > �2
<latexit sha1_base64="a9ut8bk0L4E5rn9KR7m+YDeA4xw=">AAACBXicbVC7SgNBFJ31lRhfq5ZaDAYhNmE3+CoXtEiZgHlAdgmzk5tkyOzDmVkhJGls/BUbC0Vs/Qc7f0D8DCePQhMPDBzOOZc79/gxZ1JZ1qextLyyupZKr2c2Nre2d8zdvaqMEkGhQiMeibpPJHAWQkUxxaEeCyCBz6Hm967Gfu0OhGRReKP6MXgB6YSszShRWmqah0HO5TreIs3CCXY53GL3GrgieFgcNs2slbcmwIvEnpGsg8vfX+nUWalpfritiCYBhIpyImXDtmLlDYhQjHIYZdxEQkxoj3SgoWlIApDeYHLFCB9rpYXbkdAvVHii/p4YkEDKfuDrZEBUV857Y/E/r5Go9qU3YGGcKAjpdFE74VhFeFwJbjEBVPG+JoQKpv+KaZcIQpUuLqNLsOdPXiTVQt4+z5+W7azjoCnS6AAdoRyy0QVyUBGVUAVRdI8e0TN6MR6MJ+PVeJtGl4zZzD76A+P9B0lMmho=</latexit>

m(�2)  �|H|

<latexit sha1_base64="ZQ5e5IKMCJd0aSCuIZuEklH+YII=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgId4TMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8332V3/bSSif/0e5GNAlRaMqJUi3XibWXEqkZ5TjKtROFMaED0sOWQUFCVF46GXRkHxqnaweRNE9oe+L+7EhJqNQw9E1lSHRfzWdj87+slejg3EuZiBONgk4/ChJu68geb213mUSq+dAAoZKZWW3aJ5JQbW6TM0dw51f+C/XjontaPKm6hVIJpsrCPhzAEbhwBiW4ggrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9gqkLE=</latexit>

G
<latexit sha1_base64="jBxJaIHaSLaViFbixRufMh1n/is=">AAACBnicbVDLSgMxFM34aq2vUZciBIvQbspM8bWSQTcuW7QPaMchk8m0oZkHSaZQhq7c+CtuXCji1m9w5w+In2H6ELT1QOBwzrnc3OPGjAppGB/awuLS8komu5pbW9/Y3NK3d+oiSjgmNRyxiDddJAijIalJKhlpxpygwGWk4fYuR36jT7igUXgjBzGxA9QJqU8xkkpy9P02U2EPOWbh4va60C8W4Tn80cqOnjdKxhhwnphTkrdg9eszmzmuOPp724twEpBQYoaEaJlGLO0UcUkxI8NcOxEkRriHOqSlaIgCIux0fMYQHirFg37E1QslHKu/J1IUCDEIXJUMkOyKWW8k/ue1Eumf2SkN40SSEE8W+QmDMoKjTqBHOcGSDRRBmFP1V4i7iCMsVXM5VYI5e/I8qZdL5knpqGrmLQtMkAV74AAUgAlOgQWuQAXUAAZ34AE8gWftXnvUXrTXSXRBm87sgj/Q3r4BzgaZuA==</latexit>

�1(BS(v)) > �2
<latexit sha1_base64="nb5ewNFbpkWlSta7MvqgHEBF8cU=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09gTjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l+O8PkCpWCRu9DBGLyRdwQJGiTZWZdDOF5yiM5H9F9wZFC7e776u3vbScjv/0epENAlRaMqJUk3XibWXEqkZ5TjKtRKFMaF90sWmQUFCVF46GXRkHxqnYweRNE9oe+L+7EhJqNQw9E1lSHRPzWdj87+smejg3EuZiBONgk4/ChJu68geb213mESq+dAAoZKZWW3aI5JQbW6TM0dw51f+C7XjontaPKm4hVIJpsrCPhzAEbhwBiW4hjJUgQLCPTzCk3VrPVjP1su0NGPNenbhl6zXbx91kOA=</latexit>v

<latexit sha1_base64="Cl1PdPagGxtYwgOqLJEmsLfRC/I="></latexit>

m(�2)  �|BS(v)|  �S+1 = n
�  n

�2



Multiplicity of the second eigenvalue of a graph

Theorem(B., Bucić 24):
<latexit sha1_base64="n1X6QdCIbdopemm8erRo/hi0Iqs="></latexit>

m(�2)  max

⇢
n

�1�o(1)
2

, n
(log� n)1�o(1)

�
.

Proof of Theorem(sketch when     is connected):
Let                          and note that if                           for some 
vertex   , then Lemma 1 gives the desired result:

<latexit sha1_base64="x/jdQgWLIaPjP1th5bzjUuCW00A=">AAAB/3icbVC7SgNBFJ2Nrxhfq4KNhYNBsDHsBlEbYUELy4jmIdllmZ1MkiGzs8vMrBDWFP6KjYUitmLlL9hZ2Nv4D04ehSYeuHA4517uvSeIGZXKsj6MzNT0zOxcdj63sLi0vGKurlVklAhMyjhikagFSBJGOSkrqhipxYKgMGCkGnRO+n71mghJI36pujHxQtTitEkxUlryzY0LeAxdFrX81D0lTKEeh3uw6Jt5q2ANACeJPSJ5Z+v79erz7avkm+9uI8JJSLjCDElZt61YeSkSimJGejk3kSRGuINapK4pRyGRXjq4vwd3tNKAzUjo4goO1N8TKQql7IaB7gyRastxry/+59UT1TzyUsrjRBGOh4uaCYMqgv0wYIMKghXraoKwoPpWiNtIIKx0ZDkdgj3+8iSpFAv2QWH/3M47DhgiCzbBNtgFNjgEDjgDJVAGGNyAO/AAHo1b4954Mp6HrRljNLMO/sB4+QFT05mJ</latexit>

S = log� n� 2

Let           denote the ball of radius    centered at    in    .
<latexit sha1_base64="dvuK9WcHmbj0IqWhvVTqxj+IRHQ=">AAAB7XicbZDLSgMxFIYz9dJab1WXboJFqJsyI96Wg25ctmAv0I4lk2ba2MxkSM4UytB3cONCEbe+jztfQHwM08tCW38IfPz/OeSc48eCa7DtTyuzsrq2ns1t5De3tnd2C3v7dS0TRVmNSiFV0yeaCR6xGnAQrBkrRkJfsIY/uJnkjSFTmsvoDkYx80LSi3jAKQFj1a/voTQ86RSKdtmeCi+DM4eii6vfX7nseaVT+Gh3JU1CFgEVROuWY8fgpUQBp4KN8+1Es5jQAemxlsGIhEx76XTaMT42ThcHUpkXAZ66vztSEmo9Cn1TGRLo68VsYv6XtRIIrryUR3ECLKKzj4JEYJB4sjrucsUoiJEBQhU3s2LaJ4pQMAfKmyM4iysvQ/207FyUz6pO0XXRTDl0iI5QCTnoErnoFlVQDVH0gB7RM3qxpPVkvVpvs9KMNe85QH9kvf8Ad7uRWA==</latexit>

Bt(v)
<latexit sha1_base64="voMz7Gi189rKb/8ISnKLAJ+t0BA=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ0+lJ2vT0DN01QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/FhwjY7zZWUWFpeWV7KrubX1jc2t/PZOTUeJoqxKIxGphk80E1yyKnIUrBErRkJfsLrfvxzl9TumNI/kDQ5i5oWkK3nAKUFjVbCdLzhFZyx7HtwpFC4+7r+v3vfScjv/2epENAmZRCqI1k3XidFLiUJOBRvmWolmMaF90mVNg5KETHvpeNChfWicjh1EyjyJ9tj93ZGSUOtB6JvKkGBPz2Yj87+smWBw7qVcxgkySScfBYmwMbJHW9sdrhhFMTBAqOJmVpv2iCIUzW1y5gju7MrzUDsuuqfFk4pbKJVgoizswwEcgQtnUIJrKEMVKDB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxxtkN4=</latexit>

t <latexit sha1_base64="nb5ewNFbpkWlSta7MvqgHEBF8cU=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09gTjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l+O8PkCpWCRu9DBGLyRdwQJGiTZWZdDOF5yiM5H9F9wZFC7e776u3vbScjv/0epENAlRaMqJUk3XibWXEqkZ5TjKtRKFMaF90sWmQUFCVF46GXRkHxqnYweRNE9oe+L+7EhJqNQw9E1lSHRPzWdj87+smejg3EuZiBONgk4/ChJu68geb213mESq+dAAoZKZWW3aI5JQbW6TM0dw51f+C7XjontaPKm4hVIJpsrCPhzAEbhwBiW4hjJUgQLCPTzCk3VrPVjP1su0NGPNenbhl6zXbx91kOA=</latexit>v
<latexit sha1_base64="ZQ5e5IKMCJd0aSCuIZuEklH+YII=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgId4TMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8332V3/bSSif/0e5GNAlRaMqJUi3XibWXEqkZ5TjKtROFMaED0sOWQUFCVF46GXRkHxqnaweRNE9oe+L+7EhJqNQw9E1lSHRfzWdj87+slejg3EuZiBONgk4/ChJu68geb213mUSq+dAAoZKZWW3aJ5JQbW6TM0dw51f+C/XjontaPKm6hVIJpsrCPhzAEbhwBiW4ggrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9gqkLE=</latexit>

G

Lemma 1: If     is connected and     is a subgraph satisfying   

                  , then                        .

<latexit sha1_base64="Rb5I4ByHmoijnrmDWndKdzxG58A=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAdzTMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8331dve2llU7+o92NaBKi0JQTpVquE2svJVIzynGUaycKY0IHpIctg4KEqLx0MujIPjRO1w4iaZ7Q9sT92ZGSUKlh6JvKkOi+ms/G5n9ZK9HBuZcyEScaBZ1+FCTc1pE93truMolU86EBQiUzs9q0TySh2twmZ47gzq/8F+rHRfe0eFJ1C6USTJWFfTiAI3DhDEpQhgrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9mukLI=</latexit>

H
<latexit sha1_base64="ZQ5e5IKMCJd0aSCuIZuEklH+YII=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgId4TMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8332V3/bSSif/0e5GNAlRaMqJUi3XibWXEqkZ5TjKtROFMaED0sOWQUFCVF46GXRkHxqnaweRNE9oe+L+7EhJqNQw9E1lSHRfzWdj87+slejg3EuZiBONgk4/ChJu68geb213mUSq+dAAoZKZWW3aJ5JQbW6TM0dw51f+C/XjontaPKm6hVIJpsrCPhzAEbhwBiW4ggrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9gqkLE=</latexit>

G
<latexit sha1_base64="5GB3Z8RMZ5+TTrN1vCQM1uXxMLg=">AAACAXicbVDLSgMxFM34aq2vUTeCm2AR6qbMFF8rGXDTZQv2Ae0wZDKZNjSTGZKMUIa68VfcuFDErX/hzh8QP8P0IWjrgcDJOeeS3OMnjEplWR/G0vLK6louv17Y2Nza3jF395oyTgUmDRyzWLR9JAmjnDQUVYy0E0FQ5DPS8gfXY791S4SkMb9Rw4S4EepxGlKMlJY886DLdDhAnl2qnsAr+HOteGbRKlsTwEViz0jRgfWvz3zurOaZ790gxmlEuMIMSdmxrUS5GRKKYkZGhW4qSYLwAPVIR1OOIiLdbLLBCB5rJYBhLPThCk7U3xMZiqQcRr5ORkj15bw3Fv/zOqkKL92M8iRVhOPpQ2HKoIrhuA4YUEGwYkNNEBZU/xXiPhIIK11aQZdgz6+8SJqVsn1ePq3bRccBU+TBITgCJWCDC+CAKqiBBsDgDjyAJ/Bs3BuPxovxOo0uGbOZffAHxts3unSYFA==</latexit>

�1(H) > �2
<latexit sha1_base64="a9ut8bk0L4E5rn9KR7m+YDeA4xw=">AAACBXicbVC7SgNBFJ31lRhfq5ZaDAYhNmE3+CoXtEiZgHlAdgmzk5tkyOzDmVkhJGls/BUbC0Vs/Qc7f0D8DCePQhMPDBzOOZc79/gxZ1JZ1qextLyyupZKr2c2Nre2d8zdvaqMEkGhQiMeibpPJHAWQkUxxaEeCyCBz6Hm967Gfu0OhGRReKP6MXgB6YSszShRWmqah0HO5TreIs3CCXY53GL3GrgieFgcNs2slbcmwIvEnpGsg8vfX+nUWalpfritiCYBhIpyImXDtmLlDYhQjHIYZdxEQkxoj3SgoWlIApDeYHLFCB9rpYXbkdAvVHii/p4YkEDKfuDrZEBUV857Y/E/r5Go9qU3YGGcKAjpdFE74VhFeFwJbjEBVPG+JoQKpv+KaZcIQpUuLqNLsOdPXiTVQt4+z5+W7azjoCnS6AAdoRyy0QVyUBGVUAVRdI8e0TN6MR6MJ+PVeJtGl4zZzD76A+P9B0lMmho=</latexit>

m(�2)  �|H|

<latexit sha1_base64="ZQ5e5IKMCJd0aSCuIZuEklH+YII=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgId4TMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8332V3/bSSif/0e5GNAlRaMqJUi3XibWXEqkZ5TjKtROFMaED0sOWQUFCVF46GXRkHxqnaweRNE9oe+L+7EhJqNQw9E1lSHRfzWdj87+slejg3EuZiBONgk4/ChJu68geb213mUSq+dAAoZKZWW3aJ5JQbW6TM0dw51f+C/XjontaPKm6hVIJpsrCPhzAEbhwBiW4ggrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9gqkLE=</latexit>

G
<latexit sha1_base64="jBxJaIHaSLaViFbixRufMh1n/is=">AAACBnicbVDLSgMxFM34aq2vUZciBIvQbspM8bWSQTcuW7QPaMchk8m0oZkHSaZQhq7c+CtuXCji1m9w5w+In2H6ELT1QOBwzrnc3OPGjAppGB/awuLS8komu5pbW9/Y3NK3d+oiSjgmNRyxiDddJAijIalJKhlpxpygwGWk4fYuR36jT7igUXgjBzGxA9QJqU8xkkpy9P02U2EPOWbh4va60C8W4Tn80cqOnjdKxhhwnphTkrdg9eszmzmuOPp724twEpBQYoaEaJlGLO0UcUkxI8NcOxEkRriHOqSlaIgCIux0fMYQHirFg37E1QslHKu/J1IUCDEIXJUMkOyKWW8k/ue1Eumf2SkN40SSEE8W+QmDMoKjTqBHOcGSDRRBmFP1V4i7iCMsVXM5VYI5e/I8qZdL5knpqGrmLQtMkAV74AAUgAlOgQWuQAXUAAZ34AE8gWftXnvUXrTXSXRBm87sgj/Q3r4BzgaZuA==</latexit>

�1(BS(v)) > �2
<latexit sha1_base64="nb5ewNFbpkWlSta7MvqgHEBF8cU=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09gTjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l+O8PkCpWCRu9DBGLyRdwQJGiTZWZdDOF5yiM5H9F9wZFC7e776u3vbScjv/0epENAlRaMqJUk3XibWXEqkZ5TjKtRKFMaF90sWmQUFCVF46GXRkHxqnYweRNE9oe+L+7EhJqNQw9E1lSHRPzWdj87+smejg3EuZiBONgk4/ChJu68geb213mESq+dAAoZKZWW3aI5JQbW6TM0dw51f+C7XjontaPKm4hVIJpsrCPhzAEbhwBiW4hjJUgQLCPTzCk3VrPVjP1su0NGPNenbhl6zXbx91kOA=</latexit>v

<latexit sha1_base64="Cl1PdPagGxtYwgOqLJEmsLfRC/I="></latexit>

m(�2)  �|BS(v)|  �S+1 = n
�  n

�2

Otherwise, we have                            for all vertices   .
<latexit sha1_base64="v7/etepq3iqpCLrpgL+0zdhQde0=">AAACCXicbVDLSgMxFM3UR2t9jbp0EyxCuykzxddy0I3LFu0D2nHIZDJtaOZhkimUoVs3/oobF4q49Q/c+QPiZ5g+EG09EDiccy4397gxo0IaxoeWWVpeWc3m1vLrG5tb2/rObkNECcekjiMW8ZaLBGE0JHVJJSOtmBMUuIw03f7F2G8OCBc0Cq/lMCZ2gLoh9SlGUkmODjtMhT3kmMXzm6vioFRSCrn9kSuOXjDKxgRwkZgzUrBg7eszlz2uOvp7x4twEpBQYoaEaJtGLO0UcUkxI6N8JxEkRriPuqStaIgCIux0cskIHirFg37E1QslnKi/J1IUCDEMXJUMkOyJeW8s/ue1E+mf2SkN40SSEE8X+QmDMoLjWqBHOcGSDRVBmFP1V4h7iCMsVXl5VYI5f/IiaVTK5kn5qGYWLAtMkQP74AAUgQlOgQUuQRXUAQZ34AE8gWftXnvUXrTXaTSjzWb2wB9ob99z45s2</latexit>

�1(BS(v))  �2
<latexit sha1_base64="nb5ewNFbpkWlSta7MvqgHEBF8cU=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09gTjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l+O8PkCpWCRu9DBGLyRdwQJGiTZWZdDOF5yiM5H9F9wZFC7e776u3vbScjv/0epENAlRaMqJUk3XibWXEqkZ5TjKtRKFMaF90sWmQUFCVF46GXRkHxqnYweRNE9oe+L+7EhJqNQw9E1lSHRPzWdj87+smejg3EuZiBONgk4/ChJu68geb213mESq+dAAoZKZWW3aI5JQbW6TM0dw51f+C7XjontaPKm4hVIJpsrCPhzAEbhwBiW4hjJUgQLCPTzCk3VrPVjP1su0NGPNenbhl6zXbx91kOA=</latexit>v



Idea: Count closed walks of length       before and after 
deleting some vertices uniformly at random!

<latexit sha1_base64="a2syj5RCaWksKxp+iCfBMixlDao=">AAAB6XicbZDLSgMxFIZPvNZ6q5edm2ARXJWZIurOggtd1ksv0A4lk2ba0ExmSDJCHfoGblwo4ta9T+ETuHPpm5heFtr6Q+Dj/88h5xw/Flwbx/lCc/MLi0vLmZXs6tr6xmZua7uqo0RRVqGRiFTdJ5oJLlnFcCNYPVaMhL5gNb93Psxrd0xpHslb04+ZF5KO5AGnxFjrunjTyuWdgjMSngV3Avmzj/vvi/fdtNzKfTbbEU1CJg0VROuG68TGS4kynAo2yDYTzWJCe6TDGhYlCZn20tGkA3xgnTYOImWfNHjk/u5ISah1P/RtZUhMV09nQ/O/rJGY4NRLuYwTwyQdfxQkApsID9fGba4YNaJvgVDF7ayYdoki1NjjZO0R3OmVZ6FaLLjHhaMrN18qwVgZ2IN9OAQXTqAEl1CGClAI4AGe4Bn10CN6Qa/j0jk06dmBP0JvP1tHkPk=</latexit>

2S



Idea: Count closed walks of length       before and after 
deleting some vertices uniformly at random!

<latexit sha1_base64="a2syj5RCaWksKxp+iCfBMixlDao=">AAAB6XicbZDLSgMxFIZPvNZ6q5edm2ARXJWZIurOggtd1ksv0A4lk2ba0ExmSDJCHfoGblwo4ta9T+ETuHPpm5heFtr6Q+Dj/88h5xw/Flwbx/lCc/MLi0vLmZXs6tr6xmZua7uqo0RRVqGRiFTdJ5oJLlnFcCNYPVaMhL5gNb93Psxrd0xpHslb04+ZF5KO5AGnxFjrunjTyuWdgjMSngV3Avmzj/vvi/fdtNzKfTbbEU1CJg0VROuG68TGS4kynAo2yDYTzWJCe6TDGhYlCZn20tGkA3xgnTYOImWfNHjk/u5ISah1P/RtZUhMV09nQ/O/rJGY4NRLuYwTwyQdfxQkApsID9fGba4YNaJvgVDF7ayYdoki1NjjZO0R3OmVZ6FaLLjHhaMrN18qwVgZ2IN9OAQXTqAEl1CGClAI4AGe4Bn10CN6Qa/j0jk06dmBP0JvP1tHkPk=</latexit>

2S

The number of such walks starting at     is<latexit sha1_base64="i2dB91pBw/tcv1BQwqckj+wnWo8=">AAAB6nicbVA9SwNBEJ3zM8avaEqbxSBYSLgTUcuAjWVE8wHJEfY2k2TJ3t6xuxcIRxp7GwtFbP1FFoL/wN9g5eaj0MQHA4/3ZpiZF8SCa+O6n87S8srq2npmI7u5tb2zm9vbr+ooUQwrLBKRqgdUo+ASK4YbgfVYIQ0DgbWgfzX2awNUmkfyzgxj9EPalbzDGTVWuh20eCtXcIvuBGSReDNSKOU/vu+/RiflVu692Y5YEqI0TFCtG54bGz+lynAmcJRtJhpjyvq0iw1LJQ1R++nk1BE5skqbdCJlSxoyUX9PpDTUehgGtjOkpqfnvbH4n9dITOfST7mME4OSTRd1EkFMRMZ/kzZXyIwYWkKZ4vZWwnpUUWZsOlkbgjf/8iKpnha98+LZjU2jBFNk4AAO4Rg8uIASXEMZKsCgCw/wBM+OcB6dF+d12rrkzGby8AfO2w8I+5IP</latexit>vi
<latexit sha1_base64="otTcriNCUMsTBQrklJZc2zKPcgk="></latexit>

e|i A
2Sei = e|i A

2S
BS(v)ei  �1(B

S(vi))
2S  �2S

2 .



Idea: Count closed walks of length       before and after 
deleting some vertices uniformly at random!

<latexit sha1_base64="a2syj5RCaWksKxp+iCfBMixlDao=">AAAB6XicbZDLSgMxFIZPvNZ6q5edm2ARXJWZIurOggtd1ksv0A4lk2ba0ExmSDJCHfoGblwo4ta9T+ETuHPpm5heFtr6Q+Dj/88h5xw/Flwbx/lCc/MLi0vLmZXs6tr6xmZua7uqo0RRVqGRiFTdJ5oJLlnFcCNYPVaMhL5gNb93Psxrd0xpHslb04+ZF5KO5AGnxFjrunjTyuWdgjMSngV3Avmzj/vvi/fdtNzKfTbbEU1CJg0VROuG68TGS4kynAo2yDYTzWJCe6TDGhYlCZn20tGkA3xgnTYOImWfNHjk/u5ISah1P/RtZUhMV09nQ/O/rJGY4NRLuYwTwyQdfxQkApsID9fGba4YNaJvgVDF7ayYdoki1NjjZO0R3OmVZ6FaLLjHhaMrN18qwVgZ2IN9OAQXTqAEl1CGClAI4AGe4Bn10CN6Qa/j0jk06dmBP0JvP1tHkPk=</latexit>

2S

The number of such walks starting at     is

Let    be a parameter and call a closed walk of length      small 
if its support has size at most   . Otherwise call it large.

<latexit sha1_base64="8vOku/YMGoip+7Jixv6DK2Yb/qg=">AAAB63icbZDLSgMxFIbP1Futt3rZuQkWwVWZEVF3FlzosoK9QDuUTJppQ5PMkGSEOvQV3LhQxK1bn8IncOfSNzHTdqGtPwQ+/v8ccs4JYs60cd0vJ7ewuLS8kl8trK1vbG4Vt3fqOkoUoTUS8Ug1A6wpZ5LWDDOcNmNFsQg4bQSDyyxv3FGlWSRvzTCmvsA9yUJGsMmsNuW8Uyy5ZXcsNA/eFEoXH/ffV+97abVT/Gx3I5IIKg3hWOuW58bGT7EyjHA6KrQTTWNMBrhHWxYlFlT76XjWETq0TheFkbJPGjR2f3ekWGg9FIGtFNj09WyWmf9lrcSE537KZJwYKsnkozDhyEQoWxx1maLE8KEFTBSzsyLSxwoTY89TsEfwZleeh/px2Tstn9y4pUoFJsrDPhzAEXhwBhW4hirUgEAfHuAJnh3hPDovzuukNOdMe3bhj5y3H0lLkiA=</latexit>

`

<latexit sha1_base64="i2dB91pBw/tcv1BQwqckj+wnWo8=">AAAB6nicbVA9SwNBEJ3zM8avaEqbxSBYSLgTUcuAjWVE8wHJEfY2k2TJ3t6xuxcIRxp7GwtFbP1FFoL/wN9g5eaj0MQHA4/3ZpiZF8SCa+O6n87S8srq2npmI7u5tb2zm9vbr+ooUQwrLBKRqgdUo+ASK4YbgfVYIQ0DgbWgfzX2awNUmkfyzgxj9EPalbzDGTVWuh20eCtXcIvuBGSReDNSKOU/vu+/RiflVu692Y5YEqI0TFCtG54bGz+lynAmcJRtJhpjyvq0iw1LJQ1R++nk1BE5skqbdCJlSxoyUX9PpDTUehgGtjOkpqfnvbH4n9dITOfST7mME4OSTRd1EkFMRMZ/kzZXyIwYWkKZ4vZWwnpUUWZsOlkbgjf/8iKpnha98+LZjU2jBFNk4AAO4Rg8uIASXEMZKsCgCw/wBM+OcB6dF+d12rrkzGby8AfO2w8I+5IP</latexit>vi
<latexit sha1_base64="otTcriNCUMsTBQrklJZc2zKPcgk="></latexit>

e|i A
2Sei = e|i A

2S
BS(v)ei  �1(B

S(vi))
2S  �2S

2 .

<latexit sha1_base64="a2syj5RCaWksKxp+iCfBMixlDao=">AAAB6XicbZDLSgMxFIZPvNZ6q5edm2ARXJWZIurOggtd1ksv0A4lk2ba0ExmSDJCHfoGblwo4ta9T+ETuHPpm5heFtr6Q+Dj/88h5xw/Flwbx/lCc/MLi0vLmZXs6tr6xmZua7uqo0RRVqGRiFTdJ5oJLlnFcCNYPVaMhL5gNb93Psxrd0xpHslb04+ZF5KO5AGnxFjrunjTyuWdgjMSngV3Avmzj/vvi/fdtNzKfTbbEU1CJg0VROuG68TGS4kynAo2yDYTzWJCe6TDGhYlCZn20tGkA3xgnTYOImWfNHjk/u5ISah1P/RtZUhMV09nQ/O/rJGY4NRLuYwTwyQdfxQkApsID9fGba4YNaJvgVDF7ayYdoki1NjjZO0R3OmVZ6FaLLjHhaMrN18qwVgZ2IN9OAQXTqAEl1CGClAI4AGe4Bn10CN6Qa/j0jk06dmBP0JvP1tHkPk=</latexit>

2S
<latexit sha1_base64="8vOku/YMGoip+7Jixv6DK2Yb/qg=">AAAB63icbZDLSgMxFIbP1Futt3rZuQkWwVWZEVF3FlzosoK9QDuUTJppQ5PMkGSEOvQV3LhQxK1bn8IncOfSNzHTdqGtPwQ+/v8ccs4JYs60cd0vJ7ewuLS8kl8trK1vbG4Vt3fqOkoUoTUS8Ug1A6wpZ5LWDDOcNmNFsQg4bQSDyyxv3FGlWSRvzTCmvsA9yUJGsMmsNuW8Uyy5ZXcsNA/eFEoXH/ffV+97abVT/Gx3I5IIKg3hWOuW58bGT7EyjHA6KrQTTWNMBrhHWxYlFlT76XjWETq0TheFkbJPGjR2f3ekWGg9FIGtFNj09WyWmf9lrcSE537KZJwYKsnkozDhyEQoWxx1maLE8KEFTBSzsyLSxwoTY89TsEfwZleeh/px2Tstn9y4pUoFJsrDPhzAEXhwBhW4hirUgEAfHuAJnh3hPDovzuukNOdMe3bhj5y3H0lLkiA=</latexit>

`



Idea: Count closed walks of length       before and after 
deleting some vertices uniformly at random!

<latexit sha1_base64="a2syj5RCaWksKxp+iCfBMixlDao=">AAAB6XicbZDLSgMxFIZPvNZ6q5edm2ARXJWZIurOggtd1ksv0A4lk2ba0ExmSDJCHfoGblwo4ta9T+ETuHPpm5heFtr6Q+Dj/88h5xw/Flwbx/lCc/MLi0vLmZXs6tr6xmZua7uqo0RRVqGRiFTdJ5oJLlnFcCNYPVaMhL5gNb93Psxrd0xpHslb04+ZF5KO5AGnxFjrunjTyuWdgjMSngV3Avmzj/vvi/fdtNzKfTbbEU1CJg0VROuG68TGS4kynAo2yDYTzWJCe6TDGhYlCZn20tGkA3xgnTYOImWfNHjk/u5ISah1P/RtZUhMV09nQ/O/rJGY4NRLuYwTwyQdfxQkApsID9fGba4YNaJvgVDF7ayYdoki1NjjZO0R3OmVZ6FaLLjHhaMrN18qwVgZ2IN9OAQXTqAEl1CGClAI4AGe4Bn10CN6Qa/j0jk06dmBP0JvP1tHkPk=</latexit>

2S

The number of such walks starting at     is

Let    be a parameter and call a closed walk of length      small 
if its support has size at most   . Otherwise call it large.

<latexit sha1_base64="8vOku/YMGoip+7Jixv6DK2Yb/qg=">AAAB63icbZDLSgMxFIbP1Futt3rZuQkWwVWZEVF3FlzosoK9QDuUTJppQ5PMkGSEOvQV3LhQxK1bn8IncOfSNzHTdqGtPwQ+/v8ccs4JYs60cd0vJ7ewuLS8kl8trK1vbG4Vt3fqOkoUoTUS8Ug1A6wpZ5LWDDOcNmNFsQg4bQSDyyxv3FGlWSRvzTCmvsA9yUJGsMmsNuW8Uyy5ZXcsNA/eFEoXH/ffV+97abVT/Gx3I5IIKg3hWOuW58bGT7EyjHA6KrQTTWNMBrhHWxYlFlT76XjWETq0TheFkbJPGjR2f3ekWGg9FIGtFNj09WyWmf9lrcSE537KZJwYKsnkozDhyEQoWxx1maLE8KEFTBSzsyLSxwoTY89TsEfwZleeh/px2Tstn9y4pUoFJsrDPhzAEXhwBhW4hirUgEAfHuAJnh3hPDovzuukNOdMe3bhj5y3H0lLkiA=</latexit>

`

The number of closed walks of length      starting at     is          ,

<latexit sha1_base64="i2dB91pBw/tcv1BQwqckj+wnWo8=">AAAB6nicbVA9SwNBEJ3zM8avaEqbxSBYSLgTUcuAjWVE8wHJEfY2k2TJ3t6xuxcIRxp7GwtFbP1FFoL/wN9g5eaj0MQHA4/3ZpiZF8SCa+O6n87S8srq2npmI7u5tb2zm9vbr+ooUQwrLBKRqgdUo+ASK4YbgfVYIQ0DgbWgfzX2awNUmkfyzgxj9EPalbzDGTVWuh20eCtXcIvuBGSReDNSKOU/vu+/RiflVu692Y5YEqI0TFCtG54bGz+lynAmcJRtJhpjyvq0iw1LJQ1R++nk1BE5skqbdCJlSxoyUX9PpDTUehgGtjOkpqfnvbH4n9dITOfST7mME4OSTRd1EkFMRMZ/kzZXyIwYWkKZ4vZWwnpUUWZsOlkbgjf/8iKpnha98+LZjU2jBFNk4AAO4Rg8uIASXEMZKsCgCw/wBM+OcB6dF+d12rrkzGby8AfO2w8I+5IP</latexit>vi
<latexit sha1_base64="otTcriNCUMsTBQrklJZc2zKPcgk="></latexit>

e|i A
2Sei = e|i A

2S
BS(v)ei  �1(B

S(vi))
2S  �2S

2 .

<latexit sha1_base64="Ov/FdJEmXOCPHhCz1WXx2WEl2Dk=">AAAB7HicbZC7SgNBFIbPeo3xFi+dzWIQrMJuELUzYKFlBDcJJEuYnZxNhszOLjOzQlzyDDYWitha+hQ+gZ2lb+LkUmjiDwMf/38Oc84JEs6Udpwva2FxaXllNbeWX9/Y3Nou7OzWVJxKih6NeSwbAVHImUBPM82xkUgkUcCxHvQvR3n9DqVisbjVgwT9iHQFCxkl2lheuYWctwtFp+SMZc+DO4Xixcf999X7flZtFz5bnZimEQpNOVGq6TqJ9jMiNaMch/lWqjAhtE+62DQoSITKz8bDDu0j43TsMJbmCW2P3d8dGYmUGkSBqYyI7qnZbGT+lzVTHZ77GRNJqlHQyUdhym0d26PN7Q6TSDUfGCBUMjOrTXtEEqrNffLmCO7syvNQK5fc09LJjVOsVGCiHBzAIRyDC2dQgWuoggcUGDzAEzxbwnq0XqzXSemCNe3Zgz+y3n4AusWSXA==</latexit>

2` <latexit sha1_base64="i2dB91pBw/tcv1BQwqckj+wnWo8=">AAAB6nicbVA9SwNBEJ3zM8avaEqbxSBYSLgTUcuAjWVE8wHJEfY2k2TJ3t6xuxcIRxp7GwtFbP1FFoL/wN9g5eaj0MQHA4/3ZpiZF8SCa+O6n87S8srq2npmI7u5tb2zm9vbr+ooUQwrLBKRqgdUo+ASK4YbgfVYIQ0DgbWgfzX2awNUmkfyzgxj9EPalbzDGTVWuh20eCtXcIvuBGSReDNSKOU/vu+/RiflVu692Y5YEqI0TFCtG54bGz+lynAmcJRtJhpjyvq0iw1LJQ1R++nk1BE5skqbdCJlSxoyUX9PpDTUehgGtjOkpqfnvbH4n9dITOfST7mME4OSTRd1EkFMRMZ/kzZXyIwYWkKZ4vZWwnpUUWZsOlkbgjf/8iKpnha98+LZjU2jBFNk4AAO4Rg8uIASXEMZKsCgCw/wBM+OcB6dF+d12rrkzGby8AfO2w8I+5IP</latexit>vi
<latexit sha1_base64="oLt5LcNR3ofDKhDErEirBd31QKI=">AAACAHicbVC7SgNBFJ2NrxhfUQsLm8EoWIXdIGoZSGNnAuYB2bjMzt4kQ2Zn15lZISxp/BLBxkIRWxv/wc6/cfIoNPHAwOGce7hzjx9zprRtf1uZpeWV1bXsem5jc2t7J7+711BRIinUacQj2fKJAs4E1DXTHFqxBBL6HJr+oDL2m/cgFYvEjR7G0AlJT7Auo0QbycsfuBzusMtNIiBe6TYtYRc4H3n5gl20J8CLxJmRQhkfXz/WKp9VL//lBhFNQhCacqJU27Fj3UmJ1IxyGOXcREFM6ID0oG2oICGoTjo5YIRPjBLgbiTNExpP1N+JlIRKDUPfTIZE99W8Nxb/89qJ7l52UibiRIOg00XdhGMd4XEbOGASqOZDQwiVzPwV0z6RhGrTWc6U4MyfvEgapaJzXjyrmTbKaIosOkRH6BQ56AKV0RWqojqiaISe0At6tR6sZ+vNep+OZqxZZh/9gfXxA4FomKc=</latexit>

 �2`
2

<latexit sha1_base64="a2syj5RCaWksKxp+iCfBMixlDao=">AAAB6XicbZDLSgMxFIZPvNZ6q5edm2ARXJWZIurOggtd1ksv0A4lk2ba0ExmSDJCHfoGblwo4ta9T+ETuHPpm5heFtr6Q+Dj/88h5xw/Flwbx/lCc/MLi0vLmZXs6tr6xmZua7uqo0RRVqGRiFTdJ5oJLlnFcCNYPVaMhL5gNb93Psxrd0xpHslb04+ZF5KO5AGnxFjrunjTyuWdgjMSngV3Avmzj/vvi/fdtNzKfTbbEU1CJg0VROuG68TGS4kynAo2yDYTzWJCe6TDGhYlCZn20tGkA3xgnTYOImWfNHjk/u5ISah1P/RtZUhMV09nQ/O/rJGY4NRLuYwTwyQdfxQkApsID9fGba4YNaJvgVDF7ayYdoki1NjjZO0R3OmVZ6FaLLjHhaMrN18qwVgZ2IN9OAQXTqAEl1CGClAI4AGe4Bn10CN6Qa/j0jk06dmBP0JvP1tHkPk=</latexit>

2S
<latexit sha1_base64="8vOku/YMGoip+7Jixv6DK2Yb/qg=">AAAB63icbZDLSgMxFIbP1Futt3rZuQkWwVWZEVF3FlzosoK9QDuUTJppQ5PMkGSEOvQV3LhQxK1bn8IncOfSNzHTdqGtPwQ+/v8ccs4JYs60cd0vJ7ewuLS8kl8trK1vbG4Vt3fqOkoUoTUS8Ug1A6wpZ5LWDDOcNmNFsQg4bQSDyyxv3FGlWSRvzTCmvsA9yUJGsMmsNuW8Uyy5ZXcsNA/eFEoXH/ffV+97abVT/Gx3I5IIKg3hWOuW58bGT7EyjHA6KrQTTWNMBrhHWxYlFlT76XjWETq0TheFkbJPGjR2f3ekWGg9FIGtFNj09WyWmf9lrcSE537KZJwYKsnkozDhyEQoWxx1maLE8KEFTBSzsyLSxwoTY89TsEfwZleeh/px2Tstn9y4pUoFJsrDPhzAEXhwBhW4hirUgEAfHuAJnh3hPDovzuukNOdMe3bhj5y3H0lLkiA=</latexit>

`



Idea: Count closed walks of length       before and after 
deleting some vertices uniformly at random!

<latexit sha1_base64="a2syj5RCaWksKxp+iCfBMixlDao=">AAAB6XicbZDLSgMxFIZPvNZ6q5edm2ARXJWZIurOggtd1ksv0A4lk2ba0ExmSDJCHfoGblwo4ta9T+ETuHPpm5heFtr6Q+Dj/88h5xw/Flwbx/lCc/MLi0vLmZXs6tr6xmZua7uqo0RRVqGRiFTdJ5oJLlnFcCNYPVaMhL5gNb93Psxrd0xpHslb04+ZF5KO5AGnxFjrunjTyuWdgjMSngV3Avmzj/vvi/fdtNzKfTbbEU1CJg0VROuG68TGS4kynAo2yDYTzWJCe6TDGhYlCZn20tGkA3xgnTYOImWfNHjk/u5ISah1P/RtZUhMV09nQ/O/rJGY4NRLuYwTwyQdfxQkApsID9fGba4YNaJvgVDF7ayYdoki1NjjZO0R3OmVZ6FaLLjHhaMrN18qwVgZ2IN9OAQXTqAEl1CGClAI4AGe4Bn10CN6Qa/j0jk06dmBP0JvP1tHkPk=</latexit>

2S

The number of such walks starting at     is

Let    be a parameter and call a closed walk of length      small 
if its support has size at most   . Otherwise call it large.

<latexit sha1_base64="8vOku/YMGoip+7Jixv6DK2Yb/qg=">AAAB63icbZDLSgMxFIbP1Futt3rZuQkWwVWZEVF3FlzosoK9QDuUTJppQ5PMkGSEOvQV3LhQxK1bn8IncOfSNzHTdqGtPwQ+/v8ccs4JYs60cd0vJ7ewuLS8kl8trK1vbG4Vt3fqOkoUoTUS8Ug1A6wpZ5LWDDOcNmNFsQg4bQSDyyxv3FGlWSRvzTCmvsA9yUJGsMmsNuW8Uyy5ZXcsNA/eFEoXH/ffV+97abVT/Gx3I5IIKg3hWOuW58bGT7EyjHA6KrQTTWNMBrhHWxYlFlT76XjWETq0TheFkbJPGjR2f3ekWGg9FIGtFNj09WyWmf9lrcSE537KZJwYKsnkozDhyEQoWxx1maLE8KEFTBSzsyLSxwoTY89TsEfwZleeh/px2Tstn9y4pUoFJsrDPhzAEXhwBhW4hirUgEAfHuAJnh3hPDovzuukNOdMe3bhj5y3H0lLkiA=</latexit>

`

The number of closed walks of length      starting at     is          ,

<latexit sha1_base64="i2dB91pBw/tcv1BQwqckj+wnWo8=">AAAB6nicbVA9SwNBEJ3zM8avaEqbxSBYSLgTUcuAjWVE8wHJEfY2k2TJ3t6xuxcIRxp7GwtFbP1FFoL/wN9g5eaj0MQHA4/3ZpiZF8SCa+O6n87S8srq2npmI7u5tb2zm9vbr+ooUQwrLBKRqgdUo+ASK4YbgfVYIQ0DgbWgfzX2awNUmkfyzgxj9EPalbzDGTVWuh20eCtXcIvuBGSReDNSKOU/vu+/RiflVu692Y5YEqI0TFCtG54bGz+lynAmcJRtJhpjyvq0iw1LJQ1R++nk1BE5skqbdCJlSxoyUX9PpDTUehgGtjOkpqfnvbH4n9dITOfST7mME4OSTRd1EkFMRMZ/kzZXyIwYWkKZ4vZWwnpUUWZsOlkbgjf/8iKpnha98+LZjU2jBFNk4AAO4Rg8uIASXEMZKsCgCw/wBM+OcB6dF+d12rrkzGby8AfO2w8I+5IP</latexit>vi
<latexit sha1_base64="otTcriNCUMsTBQrklJZc2zKPcgk="></latexit>

e|i A
2Sei = e|i A

2S
BS(v)ei  �1(B

S(vi))
2S  �2S

2 .

<latexit sha1_base64="Ov/FdJEmXOCPHhCz1WXx2WEl2Dk=">AAAB7HicbZC7SgNBFIbPeo3xFi+dzWIQrMJuELUzYKFlBDcJJEuYnZxNhszOLjOzQlzyDDYWitha+hQ+gZ2lb+LkUmjiDwMf/38Oc84JEs6Udpwva2FxaXllNbeWX9/Y3Nou7OzWVJxKih6NeSwbAVHImUBPM82xkUgkUcCxHvQvR3n9DqVisbjVgwT9iHQFCxkl2lheuYWctwtFp+SMZc+DO4Xixcf999X7flZtFz5bnZimEQpNOVGq6TqJ9jMiNaMch/lWqjAhtE+62DQoSITKz8bDDu0j43TsMJbmCW2P3d8dGYmUGkSBqYyI7qnZbGT+lzVTHZ77GRNJqlHQyUdhym0d26PN7Q6TSDUfGCBUMjOrTXtEEqrNffLmCO7syvNQK5fc09LJjVOsVGCiHBzAIRyDC2dQgWuoggcUGDzAEzxbwnq0XqzXSemCNe3Zgz+y3n4AusWSXA==</latexit>

2` <latexit sha1_base64="i2dB91pBw/tcv1BQwqckj+wnWo8=">AAAB6nicbVA9SwNBEJ3zM8avaEqbxSBYSLgTUcuAjWVE8wHJEfY2k2TJ3t6xuxcIRxp7GwtFbP1FFoL/wN9g5eaj0MQHA4/3ZpiZF8SCa+O6n87S8srq2npmI7u5tb2zm9vbr+ooUQwrLBKRqgdUo+ASK4YbgfVYIQ0DgbWgfzX2awNUmkfyzgxj9EPalbzDGTVWuh20eCtXcIvuBGSReDNSKOU/vu+/RiflVu692Y5YEqI0TFCtG54bGz+lynAmcJRtJhpjyvq0iw1LJQ1R++nk1BE5skqbdCJlSxoyUX9PpDTUehgGtjOkpqfnvbH4n9dITOfST7mME4OSTRd1EkFMRMZ/kzZXyIwYWkKZ4vZWwnpUUWZsOlkbgjf/8iKpnha98+LZjU2jBFNk4AAO4Rg8uIASXEMZKsCgCw/wBM+OcB6dF+d12rrkzGby8AfO2w8I+5IP</latexit>vi
<latexit sha1_base64="oLt5LcNR3ofDKhDErEirBd31QKI=">AAACAHicbVC7SgNBFJ2NrxhfUQsLm8EoWIXdIGoZSGNnAuYB2bjMzt4kQ2Zn15lZISxp/BLBxkIRWxv/wc6/cfIoNPHAwOGce7hzjx9zprRtf1uZpeWV1bXsem5jc2t7J7+711BRIinUacQj2fKJAs4E1DXTHFqxBBL6HJr+oDL2m/cgFYvEjR7G0AlJT7Auo0QbycsfuBzusMtNIiBe6TYtYRc4H3n5gl20J8CLxJmRQhkfXz/WKp9VL//lBhFNQhCacqJU27Fj3UmJ1IxyGOXcREFM6ID0oG2oICGoTjo5YIRPjBLgbiTNExpP1N+JlIRKDUPfTIZE99W8Nxb/89qJ7l52UibiRIOg00XdhGMd4XEbOGASqOZDQwiVzPwV0z6RhGrTWc6U4MyfvEgapaJzXjyrmTbKaIosOkRH6BQ56AKV0RWqojqiaISe0At6tR6sZ+vNep+OZqxZZh/9gfXxA4FomKc=</latexit>

 �2`
2

so the number of connected induced subgraphs on    vertices 
that contain     is at most       . 

<latexit sha1_base64="8vOku/YMGoip+7Jixv6DK2Yb/qg=">AAAB63icbZDLSgMxFIbP1Futt3rZuQkWwVWZEVF3FlzosoK9QDuUTJppQ5PMkGSEOvQV3LhQxK1bn8IncOfSNzHTdqGtPwQ+/v8ccs4JYs60cd0vJ7ewuLS8kl8trK1vbG4Vt3fqOkoUoTUS8Ug1A6wpZ5LWDDOcNmNFsQg4bQSDyyxv3FGlWSRvzTCmvsA9yUJGsMmsNuW8Uyy5ZXcsNA/eFEoXH/ffV+97abVT/Gx3I5IIKg3hWOuW58bGT7EyjHA6KrQTTWNMBrhHWxYlFlT76XjWETq0TheFkbJPGjR2f3ekWGg9FIGtFNj09WyWmf9lrcSE537KZJwYKsnkozDhyEQoWxx1maLE8KEFTBSzsyLSxwoTY89TsEfwZleeh/px2Tstn9y4pUoFJsrDPhzAEXhwBhW4hirUgEAfHuAJnh3hPDovzuukNOdMe3bhj5y3H0lLkiA=</latexit>

`
<latexit sha1_base64="i2dB91pBw/tcv1BQwqckj+wnWo8=">AAAB6nicbVA9SwNBEJ3zM8avaEqbxSBYSLgTUcuAjWVE8wHJEfY2k2TJ3t6xuxcIRxp7GwtFbP1FFoL/wN9g5eaj0MQHA4/3ZpiZF8SCa+O6n87S8srq2npmI7u5tb2zm9vbr+ooUQwrLBKRqgdUo+ASK4YbgfVYIQ0DgbWgfzX2awNUmkfyzgxj9EPalbzDGTVWuh20eCtXcIvuBGSReDNSKOU/vu+/RiflVu692Y5YEqI0TFCtG54bGz+lynAmcJRtJhpjyvq0iw1LJQ1R++nk1BE5skqbdCJlSxoyUX9PpDTUehgGtjOkpqfnvbH4n9dITOfST7mME4OSTRd1EkFMRMZ/kzZXyIwYWkKZ4vZWwnpUUWZsOlkbgjf/8iKpnha98+LZjU2jBFNk4AAO4Rg8uIASXEMZKsCgCw/wBM+OcB6dF+d12rrkzGby8AfO2w8I+5IP</latexit>vi

<latexit sha1_base64="b04NuAu4hNCQPnOuXZdeGy07hXs=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBVclaSIuix0484W7AOaGCaTm3bo5MHMRCyhvyKCC0XcuvYf3Pk3Th8LbT0wcDjnXO6d46ecSWVZ38bK6tr6xmZhq7i9s7u3bx6U2jLJBIUWTXgiuj6RwFkMLcUUh24qgEQ+h44/rE/8zj0IyZL4Vo1ScCPSj1nIKFFa8sySw3U4IF71Lq9iBzgfe2bZqlhT4GViz0m5hk9unpr1z4ZnfjlBQrMIYkU5kbJnW6lycyIUoxzGRSeTkBI6JH3oaRqTCKSbT28f41OtBDhMhH6xwlP190ROIilHka+TEVEDuehNxP+8XqbCKzdncZopiOlsUZhxrBI8KQIHTABVfKQJoYLpWzEdEEGo0nUVdQn24peXSbtasS8q503dRg3NUEBH6BidIRtdohq6Rg3UQhQ9oEf0gl6NsfFsvBnvs+iKMZ85RH9gfPwAACuWtw==</latexit>

�2`
2

<latexit sha1_base64="a2syj5RCaWksKxp+iCfBMixlDao=">AAAB6XicbZDLSgMxFIZPvNZ6q5edm2ARXJWZIurOggtd1ksv0A4lk2ba0ExmSDJCHfoGblwo4ta9T+ETuHPpm5heFtr6Q+Dj/88h5xw/Flwbx/lCc/MLi0vLmZXs6tr6xmZua7uqo0RRVqGRiFTdJ5oJLlnFcCNYPVaMhL5gNb93Psxrd0xpHslb04+ZF5KO5AGnxFjrunjTyuWdgjMSngV3Avmzj/vvi/fdtNzKfTbbEU1CJg0VROuG68TGS4kynAo2yDYTzWJCe6TDGhYlCZn20tGkA3xgnTYOImWfNHjk/u5ISah1P/RtZUhMV09nQ/O/rJGY4NRLuYwTwyQdfxQkApsID9fGba4YNaJvgVDF7ayYdoki1NjjZO0R3OmVZ6FaLLjHhaMrN18qwVgZ2IN9OAQXTqAEl1CGClAI4AGe4Bn10CN6Qa/j0jk06dmBP0JvP1tHkPk=</latexit>

2S
<latexit sha1_base64="8vOku/YMGoip+7Jixv6DK2Yb/qg=">AAAB63icbZDLSgMxFIbP1Futt3rZuQkWwVWZEVF3FlzosoK9QDuUTJppQ5PMkGSEOvQV3LhQxK1bn8IncOfSNzHTdqGtPwQ+/v8ccs4JYs60cd0vJ7ewuLS8kl8trK1vbG4Vt3fqOkoUoTUS8Ug1A6wpZ5LWDDOcNmNFsQg4bQSDyyxv3FGlWSRvzTCmvsA9yUJGsMmsNuW8Uyy5ZXcsNA/eFEoXH/ffV+97abVT/Gx3I5IIKg3hWOuW58bGT7EyjHA6KrQTTWNMBrhHWxYlFlT76XjWETq0TheFkbJPGjR2f3ekWGg9FIGtFNj09WyWmf9lrcSE537KZJwYKsnkozDhyEQoWxx1maLE8KEFTBSzsyLSxwoTY89TsEfwZleeh/px2Tstn9y4pUoFJsrDPhzAEXhwBhW4hirUgEAfHuAJnh3hPDovzuukNOdMe3bhj5y3H0lLkiA=</latexit>

`



Idea: Count closed walks of length       before and after 
deleting some vertices uniformly at random!

<latexit sha1_base64="a2syj5RCaWksKxp+iCfBMixlDao=">AAAB6XicbZDLSgMxFIZPvNZ6q5edm2ARXJWZIurOggtd1ksv0A4lk2ba0ExmSDJCHfoGblwo4ta9T+ETuHPpm5heFtr6Q+Dj/88h5xw/Flwbx/lCc/MLi0vLmZXs6tr6xmZua7uqo0RRVqGRiFTdJ5oJLlnFcCNYPVaMhL5gNb93Psxrd0xpHslb04+ZF5KO5AGnxFjrunjTyuWdgjMSngV3Avmzj/vvi/fdtNzKfTbbEU1CJg0VROuG68TGS4kynAo2yDYTzWJCe6TDGhYlCZn20tGkA3xgnTYOImWfNHjk/u5ISah1P/RtZUhMV09nQ/O/rJGY4NRLuYwTwyQdfxQkApsID9fGba4YNaJvgVDF7ayYdoki1NjjZO0R3OmVZ6FaLLjHhaMrN18qwVgZ2IN9OAQXTqAEl1CGClAI4AGe4Bn10CN6Qa/j0jk06dmBP0JvP1tHkPk=</latexit>

2S

The number of such walks starting at     is

Let    be a parameter and call a closed walk of length      small 
if its support has size at most   . Otherwise call it large.

<latexit sha1_base64="8vOku/YMGoip+7Jixv6DK2Yb/qg=">AAAB63icbZDLSgMxFIbP1Futt3rZuQkWwVWZEVF3FlzosoK9QDuUTJppQ5PMkGSEOvQV3LhQxK1bn8IncOfSNzHTdqGtPwQ+/v8ccs4JYs60cd0vJ7ewuLS8kl8trK1vbG4Vt3fqOkoUoTUS8Ug1A6wpZ5LWDDOcNmNFsQg4bQSDyyxv3FGlWSRvzTCmvsA9yUJGsMmsNuW8Uyy5ZXcsNA/eFEoXH/ffV+97abVT/Gx3I5IIKg3hWOuW58bGT7EyjHA6KrQTTWNMBrhHWxYlFlT76XjWETq0TheFkbJPGjR2f3ekWGg9FIGtFNj09WyWmf9lrcSE537KZJwYKsnkozDhyEQoWxx1maLE8KEFTBSzsyLSxwoTY89TsEfwZleeh/px2Tstn9y4pUoFJsrDPhzAEXhwBhW4hirUgEAfHuAJnh3hPDovzuukNOdMe3bhj5y3H0lLkiA=</latexit>

`

The number of closed walks of length      starting at     is          ,

<latexit sha1_base64="i2dB91pBw/tcv1BQwqckj+wnWo8=">AAAB6nicbVA9SwNBEJ3zM8avaEqbxSBYSLgTUcuAjWVE8wHJEfY2k2TJ3t6xuxcIRxp7GwtFbP1FFoL/wN9g5eaj0MQHA4/3ZpiZF8SCa+O6n87S8srq2npmI7u5tb2zm9vbr+ooUQwrLBKRqgdUo+ASK4YbgfVYIQ0DgbWgfzX2awNUmkfyzgxj9EPalbzDGTVWuh20eCtXcIvuBGSReDNSKOU/vu+/RiflVu692Y5YEqI0TFCtG54bGz+lynAmcJRtJhpjyvq0iw1LJQ1R++nk1BE5skqbdCJlSxoyUX9PpDTUehgGtjOkpqfnvbH4n9dITOfST7mME4OSTRd1EkFMRMZ/kzZXyIwYWkKZ4vZWwnpUUWZsOlkbgjf/8iKpnha98+LZjU2jBFNk4AAO4Rg8uIASXEMZKsCgCw/wBM+OcB6dF+d12rrkzGby8AfO2w8I+5IP</latexit>vi
<latexit sha1_base64="otTcriNCUMsTBQrklJZc2zKPcgk="></latexit>

e|i A
2Sei = e|i A

2S
BS(v)ei  �1(B

S(vi))
2S  �2S

2 .

<latexit sha1_base64="Ov/FdJEmXOCPHhCz1WXx2WEl2Dk=">AAAB7HicbZC7SgNBFIbPeo3xFi+dzWIQrMJuELUzYKFlBDcJJEuYnZxNhszOLjOzQlzyDDYWitha+hQ+gZ2lb+LkUmjiDwMf/38Oc84JEs6Udpwva2FxaXllNbeWX9/Y3Nou7OzWVJxKih6NeSwbAVHImUBPM82xkUgkUcCxHvQvR3n9DqVisbjVgwT9iHQFCxkl2lheuYWctwtFp+SMZc+DO4Xixcf999X7flZtFz5bnZimEQpNOVGq6TqJ9jMiNaMch/lWqjAhtE+62DQoSITKz8bDDu0j43TsMJbmCW2P3d8dGYmUGkSBqYyI7qnZbGT+lzVTHZ77GRNJqlHQyUdhym0d26PN7Q6TSDUfGCBUMjOrTXtEEqrNffLmCO7syvNQK5fc09LJjVOsVGCiHBzAIRyDC2dQgWuoggcUGDzAEzxbwnq0XqzXSemCNe3Zgz+y3n4AusWSXA==</latexit>

2` <latexit sha1_base64="i2dB91pBw/tcv1BQwqckj+wnWo8=">AAAB6nicbVA9SwNBEJ3zM8avaEqbxSBYSLgTUcuAjWVE8wHJEfY2k2TJ3t6xuxcIRxp7GwtFbP1FFoL/wN9g5eaj0MQHA4/3ZpiZF8SCa+O6n87S8srq2npmI7u5tb2zm9vbr+ooUQwrLBKRqgdUo+ASK4YbgfVYIQ0DgbWgfzX2awNUmkfyzgxj9EPalbzDGTVWuh20eCtXcIvuBGSReDNSKOU/vu+/RiflVu692Y5YEqI0TFCtG54bGz+lynAmcJRtJhpjyvq0iw1LJQ1R++nk1BE5skqbdCJlSxoyUX9PpDTUehgGtjOkpqfnvbH4n9dITOfST7mME4OSTRd1EkFMRMZ/kzZXyIwYWkKZ4vZWwnpUUWZsOlkbgjf/8iKpnha98+LZjU2jBFNk4AAO4Rg8uIASXEMZKsCgCw/wBM+OcB6dF+d12rrkzGby8AfO2w8I+5IP</latexit>vi
<latexit sha1_base64="oLt5LcNR3ofDKhDErEirBd31QKI=">AAACAHicbVC7SgNBFJ2NrxhfUQsLm8EoWIXdIGoZSGNnAuYB2bjMzt4kQ2Zn15lZISxp/BLBxkIRWxv/wc6/cfIoNPHAwOGce7hzjx9zprRtf1uZpeWV1bXsem5jc2t7J7+711BRIinUacQj2fKJAs4E1DXTHFqxBBL6HJr+oDL2m/cgFYvEjR7G0AlJT7Auo0QbycsfuBzusMtNIiBe6TYtYRc4H3n5gl20J8CLxJmRQhkfXz/WKp9VL//lBhFNQhCacqJU27Fj3UmJ1IxyGOXcREFM6ID0oG2oICGoTjo5YIRPjBLgbiTNExpP1N+JlIRKDUPfTIZE99W8Nxb/89qJ7l52UibiRIOg00XdhGMd4XEbOGASqOZDQwiVzPwV0z6RhGrTWc6U4MyfvEgapaJzXjyrmTbKaIosOkRH6BQ56AKV0RWqojqiaISe0At6tR6sZ+vNep+OZqxZZh/9gfXxA4FomKc=</latexit>

 �2`
2

so the number of connected induced subgraphs on    vertices 
that contain     is at most       . 

<latexit sha1_base64="8vOku/YMGoip+7Jixv6DK2Yb/qg=">AAAB63icbZDLSgMxFIbP1Futt3rZuQkWwVWZEVF3FlzosoK9QDuUTJppQ5PMkGSEOvQV3LhQxK1bn8IncOfSNzHTdqGtPwQ+/v8ccs4JYs60cd0vJ7ewuLS8kl8trK1vbG4Vt3fqOkoUoTUS8Ug1A6wpZ5LWDDOcNmNFsQg4bQSDyyxv3FGlWSRvzTCmvsA9yUJGsMmsNuW8Uyy5ZXcsNA/eFEoXH/ffV+97abVT/Gx3I5IIKg3hWOuW58bGT7EyjHA6KrQTTWNMBrhHWxYlFlT76XjWETq0TheFkbJPGjR2f3ekWGg9FIGtFNj09WyWmf9lrcSE537KZJwYKsnkozDhyEQoWxx1maLE8KEFTBSzsyLSxwoTY89TsEfwZleeh/px2Tstn9y4pUoFJsrDPhzAEXhwBhW4hirUgEAfHuAJnh3hPDovzuukNOdMe3bhj5y3H0lLkiA=</latexit>

`
<latexit sha1_base64="i2dB91pBw/tcv1BQwqckj+wnWo8=">AAAB6nicbVA9SwNBEJ3zM8avaEqbxSBYSLgTUcuAjWVE8wHJEfY2k2TJ3t6xuxcIRxp7GwtFbP1FFoL/wN9g5eaj0MQHA4/3ZpiZF8SCa+O6n87S8srq2npmI7u5tb2zm9vbr+ooUQwrLBKRqgdUo+ASK4YbgfVYIQ0DgbWgfzX2awNUmkfyzgxj9EPalbzDGTVWuh20eCtXcIvuBGSReDNSKOU/vu+/RiflVu692Y5YEqI0TFCtG54bGz+lynAmcJRtJhpjyvq0iw1LJQ1R++nk1BE5skqbdCJlSxoyUX9PpDTUehgGtjOkpqfnvbH4n9dITOfST7mME4OSTRd1EkFMRMZ/kzZXyIwYWkKZ4vZWwnpUUWZsOlkbgjf/8iKpnha98+LZjU2jBFNk4AAO4Rg8uIASXEMZKsCgCw/wBM+OcB6dF+d12rrkzGby8AfO2w8I+5IP</latexit>vi

<latexit sha1_base64="b04NuAu4hNCQPnOuXZdeGy07hXs=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBVclaSIuix0484W7AOaGCaTm3bo5MHMRCyhvyKCC0XcuvYf3Pk3Th8LbT0wcDjnXO6d46ecSWVZ38bK6tr6xmZhq7i9s7u3bx6U2jLJBIUWTXgiuj6RwFkMLcUUh24qgEQ+h44/rE/8zj0IyZL4Vo1ScCPSj1nIKFFa8sySw3U4IF71Lq9iBzgfe2bZqlhT4GViz0m5hk9unpr1z4ZnfjlBQrMIYkU5kbJnW6lycyIUoxzGRSeTkBI6JH3oaRqTCKSbT28f41OtBDhMhH6xwlP190ROIilHka+TEVEDuehNxP+8XqbCKzdncZopiOlsUZhxrBI8KQIHTABVfKQJoYLpWzEdEEGo0nUVdQn24peXSbtasS8q503dRg3NUEBH6BidIRtdohq6Rg3UQhQ9oEf0gl6NsfFsvBnvs+iKMZ85RH9gfPwAACuWtw==</latexit>

�2`
2

In each such induced subgraph, the number of small walks 
starting at     is at most      .

<latexit sha1_base64="wOYmvtJf1HI/B/KqtkdhMPOCh5s=">AAAB8HicbZDLSgMxFIYz9VbrrV52boJFcFVmiqg7Cy50WdFepB1LJj1tQ5PMkGSEOvQp3LhQxK0Ln8IncOfSNzG9LLT1h8DH/59DzjlBxJk2rvvlpObmFxaX0suZldW19Y3s5lZFh7GiUKYhD1UtIBo4k1A2zHCoRQqICDhUg97ZMK/egdIslNemH4EvSEeyNqPEWOumAZzfJoWrQTObc/PuSHgWvAnkTj/uv8/fd5JSM/vZaIU0FiAN5UTruudGxk+IMoxyGGQasYaI0B7pQN2iJAK0n4wGHuB967RwO1T2SYNH7u+OhAit+yKwlYKYrp7OhuZ/WT027RM/YTKKDUg6/qgdc2xCPNwet5gCanjfAqGK2Vkx7RJFqLE3ytgjeNMrz0KlkPeO8oeXbq5YRGOl0S7aQwfIQ8eoiC5QCZURRQI9oCf07Cjn0XlxXselKWfSs43+yHn7Ad2nlC0=</latexit>

`2S

<latexit sha1_base64="a2syj5RCaWksKxp+iCfBMixlDao=">AAAB6XicbZDLSgMxFIZPvNZ6q5edm2ARXJWZIurOggtd1ksv0A4lk2ba0ExmSDJCHfoGblwo4ta9T+ETuHPpm5heFtr6Q+Dj/88h5xw/Flwbx/lCc/MLi0vLmZXs6tr6xmZua7uqo0RRVqGRiFTdJ5oJLlnFcCNYPVaMhL5gNb93Psxrd0xpHslb04+ZF5KO5AGnxFjrunjTyuWdgjMSngV3Avmzj/vvi/fdtNzKfTbbEU1CJg0VROuG68TGS4kynAo2yDYTzWJCe6TDGhYlCZn20tGkA3xgnTYOImWfNHjk/u5ISah1P/RtZUhMV09nQ/O/rJGY4NRLuYwTwyQdfxQkApsID9fGba4YNaJvgVDF7ayYdoki1NjjZO0R3OmVZ6FaLLjHhaMrN18qwVgZ2IN9OAQXTqAEl1CGClAI4AGe4Bn10CN6Qa/j0jk06dmBP0JvP1tHkPk=</latexit>

2S
<latexit sha1_base64="8vOku/YMGoip+7Jixv6DK2Yb/qg=">AAAB63icbZDLSgMxFIbP1Futt3rZuQkWwVWZEVF3FlzosoK9QDuUTJppQ5PMkGSEOvQV3LhQxK1bn8IncOfSNzHTdqGtPwQ+/v8ccs4JYs60cd0vJ7ewuLS8kl8trK1vbG4Vt3fqOkoUoTUS8Ug1A6wpZ5LWDDOcNmNFsQg4bQSDyyxv3FGlWSRvzTCmvsA9yUJGsMmsNuW8Uyy5ZXcsNA/eFEoXH/ffV+97abVT/Gx3I5IIKg3hWOuW58bGT7EyjHA6KrQTTWNMBrhHWxYlFlT76XjWETq0TheFkbJPGjR2f3ekWGg9FIGtFNj09WyWmf9lrcSE537KZJwYKsnkozDhyEQoWxx1maLE8KEFTBSzsyLSxwoTY89TsEfwZleeh/px2Tstn9y4pUoFJsrDPhzAEXhwBhW4hirUgEAfHuAJnh3hPDovzuukNOdMe3bhj5y3H0lLkiA=</latexit>

`

<latexit sha1_base64="i2dB91pBw/tcv1BQwqckj+wnWo8=">AAAB6nicbVA9SwNBEJ3zM8avaEqbxSBYSLgTUcuAjWVE8wHJEfY2k2TJ3t6xuxcIRxp7GwtFbP1FFoL/wN9g5eaj0MQHA4/3ZpiZF8SCa+O6n87S8srq2npmI7u5tb2zm9vbr+ooUQwrLBKRqgdUo+ASK4YbgfVYIQ0DgbWgfzX2awNUmkfyzgxj9EPalbzDGTVWuh20eCtXcIvuBGSReDNSKOU/vu+/RiflVu692Y5YEqI0TFCtG54bGz+lynAmcJRtJhpjyvq0iw1LJQ1R++nk1BE5skqbdCJlSxoyUX9PpDTUehgGtjOkpqfnvbH4n9dITOfST7mME4OSTRd1EkFMRMZ/kzZXyIwYWkKZ4vZWwnpUUWZsOlkbgjf/8iKpnha98+LZjU2jBFNk4AAO4Rg8uIASXEMZKsCgCw/wBM+OcB6dF+d12rrkzGby8AfO2w8I+5IP</latexit>vi



Idea: Count closed walks of length       before and after 
deleting some vertices uniformly at random!

<latexit sha1_base64="a2syj5RCaWksKxp+iCfBMixlDao=">AAAB6XicbZDLSgMxFIZPvNZ6q5edm2ARXJWZIurOggtd1ksv0A4lk2ba0ExmSDJCHfoGblwo4ta9T+ETuHPpm5heFtr6Q+Dj/88h5xw/Flwbx/lCc/MLi0vLmZXs6tr6xmZua7uqo0RRVqGRiFTdJ5oJLlnFcCNYPVaMhL5gNb93Psxrd0xpHslb04+ZF5KO5AGnxFjrunjTyuWdgjMSngV3Avmzj/vvi/fdtNzKfTbbEU1CJg0VROuG68TGS4kynAo2yDYTzWJCe6TDGhYlCZn20tGkA3xgnTYOImWfNHjk/u5ISah1P/RtZUhMV09nQ/O/rJGY4NRLuYwTwyQdfxQkApsID9fGba4YNaJvgVDF7ayYdoki1NjjZO0R3OmVZ6FaLLjHhaMrN18qwVgZ2IN9OAQXTqAEl1CGClAI4AGe4Bn10CN6Qa/j0jk06dmBP0JvP1tHkPk=</latexit>

2S

The number of such walks starting at     is

Let    be a parameter and call a closed walk of length      small 
if its support has size at most   . Otherwise call it large.

<latexit sha1_base64="8vOku/YMGoip+7Jixv6DK2Yb/qg=">AAAB63icbZDLSgMxFIbP1Futt3rZuQkWwVWZEVF3FlzosoK9QDuUTJppQ5PMkGSEOvQV3LhQxK1bn8IncOfSNzHTdqGtPwQ+/v8ccs4JYs60cd0vJ7ewuLS8kl8trK1vbG4Vt3fqOkoUoTUS8Ug1A6wpZ5LWDDOcNmNFsQg4bQSDyyxv3FGlWSRvzTCmvsA9yUJGsMmsNuW8Uyy5ZXcsNA/eFEoXH/ffV+97abVT/Gx3I5IIKg3hWOuW58bGT7EyjHA6KrQTTWNMBrhHWxYlFlT76XjWETq0TheFkbJPGjR2f3ekWGg9FIGtFNj09WyWmf9lrcSE537KZJwYKsnkozDhyEQoWxx1maLE8KEFTBSzsyLSxwoTY89TsEfwZleeh/px2Tstn9y4pUoFJsrDPhzAEXhwBhW4hirUgEAfHuAJnh3hPDovzuukNOdMe3bhj5y3H0lLkiA=</latexit>

`

The number of closed walks of length      starting at     is          ,

<latexit sha1_base64="i2dB91pBw/tcv1BQwqckj+wnWo8=">AAAB6nicbVA9SwNBEJ3zM8avaEqbxSBYSLgTUcuAjWVE8wHJEfY2k2TJ3t6xuxcIRxp7GwtFbP1FFoL/wN9g5eaj0MQHA4/3ZpiZF8SCa+O6n87S8srq2npmI7u5tb2zm9vbr+ooUQwrLBKRqgdUo+ASK4YbgfVYIQ0DgbWgfzX2awNUmkfyzgxj9EPalbzDGTVWuh20eCtXcIvuBGSReDNSKOU/vu+/RiflVu692Y5YEqI0TFCtG54bGz+lynAmcJRtJhpjyvq0iw1LJQ1R++nk1BE5skqbdCJlSxoyUX9PpDTUehgGtjOkpqfnvbH4n9dITOfST7mME4OSTRd1EkFMRMZ/kzZXyIwYWkKZ4vZWwnpUUWZsOlkbgjf/8iKpnha98+LZjU2jBFNk4AAO4Rg8uIASXEMZKsCgCw/wBM+OcB6dF+d12rrkzGby8AfO2w8I+5IP</latexit>vi
<latexit sha1_base64="otTcriNCUMsTBQrklJZc2zKPcgk="></latexit>

e|i A
2Sei = e|i A

2S
BS(v)ei  �1(B

S(vi))
2S  �2S

2 .

<latexit sha1_base64="Ov/FdJEmXOCPHhCz1WXx2WEl2Dk=">AAAB7HicbZC7SgNBFIbPeo3xFi+dzWIQrMJuELUzYKFlBDcJJEuYnZxNhszOLjOzQlzyDDYWitha+hQ+gZ2lb+LkUmjiDwMf/38Oc84JEs6Udpwva2FxaXllNbeWX9/Y3Nou7OzWVJxKih6NeSwbAVHImUBPM82xkUgkUcCxHvQvR3n9DqVisbjVgwT9iHQFCxkl2lheuYWctwtFp+SMZc+DO4Xixcf999X7flZtFz5bnZimEQpNOVGq6TqJ9jMiNaMch/lWqjAhtE+62DQoSITKz8bDDu0j43TsMJbmCW2P3d8dGYmUGkSBqYyI7qnZbGT+lzVTHZ77GRNJqlHQyUdhym0d26PN7Q6TSDUfGCBUMjOrTXtEEqrNffLmCO7syvNQK5fc09LJjVOsVGCiHBzAIRyDC2dQgWuoggcUGDzAEzxbwnq0XqzXSemCNe3Zgz+y3n4AusWSXA==</latexit>

2` <latexit sha1_base64="i2dB91pBw/tcv1BQwqckj+wnWo8=">AAAB6nicbVA9SwNBEJ3zM8avaEqbxSBYSLgTUcuAjWVE8wHJEfY2k2TJ3t6xuxcIRxp7GwtFbP1FFoL/wN9g5eaj0MQHA4/3ZpiZF8SCa+O6n87S8srq2npmI7u5tb2zm9vbr+ooUQwrLBKRqgdUo+ASK4YbgfVYIQ0DgbWgfzX2awNUmkfyzgxj9EPalbzDGTVWuh20eCtXcIvuBGSReDNSKOU/vu+/RiflVu692Y5YEqI0TFCtG54bGz+lynAmcJRtJhpjyvq0iw1LJQ1R++nk1BE5skqbdCJlSxoyUX9PpDTUehgGtjOkpqfnvbH4n9dITOfST7mME4OSTRd1EkFMRMZ/kzZXyIwYWkKZ4vZWwnpUUWZsOlkbgjf/8iKpnha98+LZjU2jBFNk4AAO4Rg8uIASXEMZKsCgCw/wBM+OcB6dF+d12rrkzGby8AfO2w8I+5IP</latexit>vi
<latexit sha1_base64="oLt5LcNR3ofDKhDErEirBd31QKI=">AAACAHicbVC7SgNBFJ2NrxhfUQsLm8EoWIXdIGoZSGNnAuYB2bjMzt4kQ2Zn15lZISxp/BLBxkIRWxv/wc6/cfIoNPHAwOGce7hzjx9zprRtf1uZpeWV1bXsem5jc2t7J7+711BRIinUacQj2fKJAs4E1DXTHFqxBBL6HJr+oDL2m/cgFYvEjR7G0AlJT7Auo0QbycsfuBzusMtNIiBe6TYtYRc4H3n5gl20J8CLxJmRQhkfXz/WKp9VL//lBhFNQhCacqJU27Fj3UmJ1IxyGOXcREFM6ID0oG2oICGoTjo5YIRPjBLgbiTNExpP1N+JlIRKDUPfTIZE99W8Nxb/89qJ7l52UibiRIOg00XdhGMd4XEbOGASqOZDQwiVzPwV0z6RhGrTWc6U4MyfvEgapaJzXjyrmTbKaIosOkRH6BQ56AKV0RWqojqiaISe0At6tR6sZ+vNep+OZqxZZh/9gfXxA4FomKc=</latexit>

 �2`
2

so the number of connected induced subgraphs on    vertices 
that contain     is at most       . 

<latexit sha1_base64="8vOku/YMGoip+7Jixv6DK2Yb/qg=">AAAB63icbZDLSgMxFIbP1Futt3rZuQkWwVWZEVF3FlzosoK9QDuUTJppQ5PMkGSEOvQV3LhQxK1bn8IncOfSNzHTdqGtPwQ+/v8ccs4JYs60cd0vJ7ewuLS8kl8trK1vbG4Vt3fqOkoUoTUS8Ug1A6wpZ5LWDDOcNmNFsQg4bQSDyyxv3FGlWSRvzTCmvsA9yUJGsMmsNuW8Uyy5ZXcsNA/eFEoXH/ffV+97abVT/Gx3I5IIKg3hWOuW58bGT7EyjHA6KrQTTWNMBrhHWxYlFlT76XjWETq0TheFkbJPGjR2f3ekWGg9FIGtFNj09WyWmf9lrcSE537KZJwYKsnkozDhyEQoWxx1maLE8KEFTBSzsyLSxwoTY89TsEfwZleeh/px2Tstn9y4pUoFJsrDPhzAEXhwBhW4hirUgEAfHuAJnh3hPDovzuukNOdMe3bhj5y3H0lLkiA=</latexit>

`
<latexit sha1_base64="i2dB91pBw/tcv1BQwqckj+wnWo8=">AAAB6nicbVA9SwNBEJ3zM8avaEqbxSBYSLgTUcuAjWVE8wHJEfY2k2TJ3t6xuxcIRxp7GwtFbP1FFoL/wN9g5eaj0MQHA4/3ZpiZF8SCa+O6n87S8srq2npmI7u5tb2zm9vbr+ooUQwrLBKRqgdUo+ASK4YbgfVYIQ0DgbWgfzX2awNUmkfyzgxj9EPalbzDGTVWuh20eCtXcIvuBGSReDNSKOU/vu+/RiflVu692Y5YEqI0TFCtG54bGz+lynAmcJRtJhpjyvq0iw1LJQ1R++nk1BE5skqbdCJlSxoyUX9PpDTUehgGtjOkpqfnvbH4n9dITOfST7mME4OSTRd1EkFMRMZ/kzZXyIwYWkKZ4vZWwnpUUWZsOlkbgjf/8iKpnha98+LZjU2jBFNk4AAO4Rg8uIASXEMZKsCgCw/wBM+OcB6dF+d12rrkzGby8AfO2w8I+5IP</latexit>vi

<latexit sha1_base64="b04NuAu4hNCQPnOuXZdeGy07hXs=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBVclaSIuix0484W7AOaGCaTm3bo5MHMRCyhvyKCC0XcuvYf3Pk3Th8LbT0wcDjnXO6d46ecSWVZ38bK6tr6xmZhq7i9s7u3bx6U2jLJBIUWTXgiuj6RwFkMLcUUh24qgEQ+h44/rE/8zj0IyZL4Vo1ScCPSj1nIKFFa8sySw3U4IF71Lq9iBzgfe2bZqlhT4GViz0m5hk9unpr1z4ZnfjlBQrMIYkU5kbJnW6lycyIUoxzGRSeTkBI6JH3oaRqTCKSbT28f41OtBDhMhH6xwlP190ROIilHka+TEVEDuehNxP+8XqbCKzdncZopiOlsUZhxrBI8KQIHTABVfKQJoYLpWzEdEEGo0nUVdQn24peXSbtasS8q503dRg3NUEBH6BidIRtdohq6Rg3UQhQ9oEf0gl6NsfFsvBnvs+iKMZ85RH9gfPwAACuWtw==</latexit>

�2`
2

In each such induced subgraph, the number of small walks 
starting at     is at most      .

<latexit sha1_base64="wOYmvtJf1HI/B/KqtkdhMPOCh5s=">AAAB8HicbZDLSgMxFIYz9VbrrV52boJFcFVmiqg7Cy50WdFepB1LJj1tQ5PMkGSEOvQp3LhQxK0Ln8IncOfSNzG9LLT1h8DH/59DzjlBxJk2rvvlpObmFxaX0suZldW19Y3s5lZFh7GiUKYhD1UtIBo4k1A2zHCoRQqICDhUg97ZMK/egdIslNemH4EvSEeyNqPEWOumAZzfJoWrQTObc/PuSHgWvAnkTj/uv8/fd5JSM/vZaIU0FiAN5UTruudGxk+IMoxyGGQasYaI0B7pQN2iJAK0n4wGHuB967RwO1T2SYNH7u+OhAit+yKwlYKYrp7OhuZ/WT027RM/YTKKDUg6/qgdc2xCPNwet5gCanjfAqGK2Vkx7RJFqLE3ytgjeNMrz0KlkPeO8oeXbq5YRGOl0S7aQwfIQ8eoiC5QCZURRQI9oCf07Cjn0XlxXselKWfSs43+yHn7Ad2nlC0=</latexit>

`2S

Thus the number of small walks starting at     is at most           !  

<latexit sha1_base64="a2syj5RCaWksKxp+iCfBMixlDao=">AAAB6XicbZDLSgMxFIZPvNZ6q5edm2ARXJWZIurOggtd1ksv0A4lk2ba0ExmSDJCHfoGblwo4ta9T+ETuHPpm5heFtr6Q+Dj/88h5xw/Flwbx/lCc/MLi0vLmZXs6tr6xmZua7uqo0RRVqGRiFTdJ5oJLlnFcCNYPVaMhL5gNb93Psxrd0xpHslb04+ZF5KO5AGnxFjrunjTyuWdgjMSngV3Avmzj/vvi/fdtNzKfTbbEU1CJg0VROuG68TGS4kynAo2yDYTzWJCe6TDGhYlCZn20tGkA3xgnTYOImWfNHjk/u5ISah1P/RtZUhMV09nQ/O/rJGY4NRLuYwTwyQdfxQkApsID9fGba4YNaJvgVDF7ayYdoki1NjjZO0R3OmVZ6FaLLjHhaMrN18qwVgZ2IN9OAQXTqAEl1CGClAI4AGe4Bn10CN6Qa/j0jk06dmBP0JvP1tHkPk=</latexit>

2S
<latexit sha1_base64="8vOku/YMGoip+7Jixv6DK2Yb/qg=">AAAB63icbZDLSgMxFIbP1Futt3rZuQkWwVWZEVF3FlzosoK9QDuUTJppQ5PMkGSEOvQV3LhQxK1bn8IncOfSNzHTdqGtPwQ+/v8ccs4JYs60cd0vJ7ewuLS8kl8trK1vbG4Vt3fqOkoUoTUS8Ug1A6wpZ5LWDDOcNmNFsQg4bQSDyyxv3FGlWSRvzTCmvsA9yUJGsMmsNuW8Uyy5ZXcsNA/eFEoXH/ffV+97abVT/Gx3I5IIKg3hWOuW58bGT7EyjHA6KrQTTWNMBrhHWxYlFlT76XjWETq0TheFkbJPGjR2f3ekWGg9FIGtFNj09WyWmf9lrcSE537KZJwYKsnkozDhyEQoWxx1maLE8KEFTBSzsyLSxwoTY89TsEfwZleeh/px2Tstn9y4pUoFJsrDPhzAEXhwBhW4hirUgEAfHuAJnh3hPDovzuukNOdMe3bhj5y3H0lLkiA=</latexit>

`

<latexit sha1_base64="i2dB91pBw/tcv1BQwqckj+wnWo8=">AAAB6nicbVA9SwNBEJ3zM8avaEqbxSBYSLgTUcuAjWVE8wHJEfY2k2TJ3t6xuxcIRxp7GwtFbP1FFoL/wN9g5eaj0MQHA4/3ZpiZF8SCa+O6n87S8srq2npmI7u5tb2zm9vbr+ooUQwrLBKRqgdUo+ASK4YbgfVYIQ0DgbWgfzX2awNUmkfyzgxj9EPalbzDGTVWuh20eCtXcIvuBGSReDNSKOU/vu+/RiflVu692Y5YEqI0TFCtG54bGz+lynAmcJRtJhpjyvq0iw1LJQ1R++nk1BE5skqbdCJlSxoyUX9PpDTUehgGtjOkpqfnvbH4n9dITOfST7mME4OSTRd1EkFMRMZ/kzZXyIwYWkKZ4vZWwnpUUWZsOlkbgjf/8iKpnha98+LZjU2jBFNk4AAO4Rg8uIASXEMZKsCgCw/wBM+OcB6dF+d12rrkzGby8AfO2w8I+5IP</latexit>vi

<latexit sha1_base64="i2dB91pBw/tcv1BQwqckj+wnWo8=">AAAB6nicbVA9SwNBEJ3zM8avaEqbxSBYSLgTUcuAjWVE8wHJEfY2k2TJ3t6xuxcIRxp7GwtFbP1FFoL/wN9g5eaj0MQHA4/3ZpiZF8SCa+O6n87S8srq2npmI7u5tb2zm9vbr+ooUQwrLBKRqgdUo+ASK4YbgfVYIQ0DgbWgfzX2awNUmkfyzgxj9EPalbzDGTVWuh20eCtXcIvuBGSReDNSKOU/vu+/RiflVu692Y5YEqI0TFCtG54bGz+lynAmcJRtJhpjyvq0iw1LJQ1R++nk1BE5skqbdCJlSxoyUX9PpDTUehgGtjOkpqfnvbH4n9dITOfST7mME4OSTRd1EkFMRMZ/kzZXyIwYWkKZ4vZWwnpUUWZsOlkbgjf/8iKpnha98+LZjU2jBFNk4AAO4Rg8uIASXEMZKsCgCw/wBM+OcB6dF+d12rrkzGby8AfO2w8I+5IP</latexit>vi
<latexit sha1_base64="0+NcyUAsnGM8qeVtfjxVcmnEEnE=">AAACBHicbVC7TsMwFHV4lvIKMHaxKEhMVVIhYKzUhY1W0IfUhshxnNaq40S2g1RFGVj4DjYWBhBihX9g429w2g7QciRbx+eeq+t7vJhRqSzr21haXlldWy9sFDe3tnd2zb39towSgUkLRywSXQ9JwignLUUVI91YEBR6jHS8UT2vd+6IkDTiN2ocEydEA04DipHSkmuW+kybfeRWb9NqnzCWwfzWj+vMNctWxZoALhJ7Rso1eHT12Kx/Nlzzq+9HOAkJV5ghKXu2FSsnRUJRzEhW7CeSxAiP0ID0NOUoJNJJJ0tk8FgrPgwioQ9XcKL+7khRKOU49LQzRGoo52u5+F+tl6jgwkkpjxNFOJ4OChIGVQTzRKBPBcGKjTVBWFD9V4iHSCCsdG5FHYI9v/IiaVcr9lnltKnTqIEpCqAEDsEJsME5qIFL0AAtgME9eAIv4NV4MJ6NN+N9al0yZj0H4A+Mjx/VTpqF</latexit>

�2`
2 `2S



Hence the total number of small walks (starting at some 
vertex) is at most              .

<latexit sha1_base64="9XP6qs0w1KZvrTL/LMBBT/+ybBE=">AAACBnicbVC7TsMwFHV4lvIKMCIki4LEVCUVAsZKXdhoBX1ITYgcx2mtOk5kO0hV1ImFz2BlYQAhRvgGNv4Gp+0ALUeydXzuubq+x08Ylcqyvo2FxaXlldXCWnF9Y3Nr29zZbck4FZg0ccxi0fGRJIxy0lRUMdJJBEGRz0jbH9TyevuOCEljfqOGCXEj1OM0pBgpLXnmAYcO0/YAeZXbrOIQxkYwv/XjeuSZJatsjQHniT0lpSo8unps1D7qnvnlBDFOI8IVZkjKrm0lys2QUBQzMio6qSQJwgPUI11NOYqIdLPxGiN4rJUAhrHQhys4Vn93ZCiSchj52hkh1ZeztVz8r9ZNVXjhZpQnqSIcTwaFKYMqhnkmMKCCYMWGmiAsqP4rxH0kEFY6uaIOwZ5deZ60KmX7rHza0GlUwQQFsA8OwQmwwTmogktQB02AwT14Ai/g1Xgwno03431iXTCmPXvgD4zPHwZ8myc=</latexit>

n�2`
2 `2S



Hence the total number of small walks (starting at some 
vertex) is at most              .

<latexit sha1_base64="9XP6qs0w1KZvrTL/LMBBT/+ybBE=">AAACBnicbVC7TsMwFHV4lvIKMCIki4LEVCUVAsZKXdhoBX1ITYgcx2mtOk5kO0hV1ImFz2BlYQAhRvgGNv4Gp+0ALUeydXzuubq+x08Ylcqyvo2FxaXlldXCWnF9Y3Nr29zZbck4FZg0ccxi0fGRJIxy0lRUMdJJBEGRz0jbH9TyevuOCEljfqOGCXEj1OM0pBgpLXnmAYcO0/YAeZXbrOIQxkYwv/XjeuSZJatsjQHniT0lpSo8unps1D7qnvnlBDFOI8IVZkjKrm0lys2QUBQzMio6qSQJwgPUI11NOYqIdLPxGiN4rJUAhrHQhys4Vn93ZCiSchj52hkh1ZeztVz8r9ZNVXjhZpQnqSIcTwaFKYMqhnkmMKCCYMWGmiAsqP4rxH0kEFY6uaIOwZ5deZ60KmX7rHza0GlUwQQFsA8OwQmwwTmogktQB02AwT14Ai/g1Xgwno03431iXTCmPXvgD4zPHwZ8myc=</latexit>

n�2`
2 `2S

Now, if we choose                 vertices uniformly at random, 
then for any large walk, the probability that we do not sample 
any of its vertices is

<latexit sha1_base64="xZDvnlpg5meZMsHU7HwzqjskoC0=">AAACBnicbVC7SgNBFJ2Nrxhfq4KNCINBsQq7ImojLNhYRjAPyC5hdjKbDJmdWWZmhbCksvFXbCwUsbUVOzt/wh+wcZJNodEDl3s4515m7gkTRpV2nA+rMDM7N79QXCwtLa+srtnrG3UlUolJDQsmZDNEijDKSU1TzUgzkQTFISONsH8+8hvXRCoq+JUeJCSIUZfTiGKkjdS2dzQ8gxz6kUQ485noZj5hbDjMW9suOxVnDPiXuBNS9vbx6+fb11a1bb/7HYHTmHCNGVKq5TqJDjIkNcWMDEt+qkiCcB91SctQjmKigmx8xhDuGaUDIyFNcQ3H6s+NDMVKDeLQTMZI99S0NxL/81qpjk6DjPIk1YTj/KEoZVALOMoEdqgkWLOBIQhLav4KcQ+ZRLRJrmRCcKdP/kvqhxX3uHJ06ZY9D+Qogm2wCw6AC06ABy5AFdQABjfgDjyAR+vWureerOd8tGBNdjbBL1gv3xZ0nVw=</latexit>

t = n log `
`

<latexit sha1_base64="NzBgdHIbbGyy8VLih33MVd6p53w="></latexit>�n�`
t

�. �n
t

�


�
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n

�t  1
` .



Hence the total number of small walks (starting at some 
vertex) is at most              .

<latexit sha1_base64="9XP6qs0w1KZvrTL/LMBBT/+ybBE=">AAACBnicbVC7TsMwFHV4lvIKMCIki4LEVCUVAsZKXdhoBX1ITYgcx2mtOk5kO0hV1ImFz2BlYQAhRvgGNv4Gp+0ALUeydXzuubq+x08Ylcqyvo2FxaXlldXCWnF9Y3Nr29zZbck4FZg0ccxi0fGRJIxy0lRUMdJJBEGRz0jbH9TyevuOCEljfqOGCXEj1OM0pBgpLXnmAYcO0/YAeZXbrOIQxkYwv/XjeuSZJatsjQHniT0lpSo8unps1D7qnvnlBDFOI8IVZkjKrm0lys2QUBQzMio6qSQJwgPUI11NOYqIdLPxGiN4rJUAhrHQhys4Vn93ZCiSchj52hkh1ZeztVz8r9ZNVXjhZpQnqSIcTwaFKYMqhnkmMKCCYMWGmiAsqP4rxH0kEFY6uaIOwZ5deZ60KmX7rHza0GlUwQQFsA8OwQmwwTmogktQB02AwT14Ai/g1Xgwno03431iXTCmPXvgD4zPHwZ8myc=</latexit>

n�2`
2 `2S

Now, if we choose                 vertices uniformly at random, 
then for any large walk, the probability that we do not sample 
any of its vertices is

<latexit sha1_base64="xZDvnlpg5meZMsHU7HwzqjskoC0=">AAACBnicbVC7SgNBFJ2Nrxhfq4KNCINBsQq7ImojLNhYRjAPyC5hdjKbDJmdWWZmhbCksvFXbCwUsbUVOzt/wh+wcZJNodEDl3s4515m7gkTRpV2nA+rMDM7N79QXCwtLa+srtnrG3UlUolJDQsmZDNEijDKSU1TzUgzkQTFISONsH8+8hvXRCoq+JUeJCSIUZfTiGKkjdS2dzQ8gxz6kUQ485noZj5hbDjMW9suOxVnDPiXuBNS9vbx6+fb11a1bb/7HYHTmHCNGVKq5TqJDjIkNcWMDEt+qkiCcB91SctQjmKigmx8xhDuGaUDIyFNcQ3H6s+NDMVKDeLQTMZI99S0NxL/81qpjk6DjPIk1YTj/KEoZVALOMoEdqgkWLOBIQhLav4KcQ+ZRLRJrmRCcKdP/kvqhxX3uHJ06ZY9D+Qogm2wCw6AC06ABy5AFdQABjfgDjyAR+vWureerOd8tGBNdjbBL1gv3xZ0nVw=</latexit>

t = n log `
`

<latexit sha1_base64="NzBgdHIbbGyy8VLih33MVd6p53w="></latexit>�n�`
t

�. �n
t

�


�
1� `

n

�t  1
` .

Since the total number of large walks is at most         , with 
positive probability, there exist    vertices whose removal 
yields a subgraph     with at most              large walks.

<latexit sha1_base64="VkF29CfqopyEIkyT+pEn++OpKzE=">AAAB+XicbVDLSgMxFL1TX7W+Rt0IboJFEBdlphR1OeDGZUX7gHYsmTTThmYyQ5IplKGf4UJw40IRt/6JO//G9LHQ1gOBwznncm9OkHCmtON8W7mV1bX1jfxmYWt7Z3fP3j+oqziVhNZIzGPZDLCinAla00xz2kwkxVHAaSMYXE/8xpBKxWJxr0cJ9SPcEyxkBGsjdWxboDY38S7ulB+y8t24YxedkjMFWibunBQ9VHk8On9yqx37q92NSRpRoQnHSrVcJ9F+hqVmhNNxoZ0qmmAywD3aMlTgiCo/m14+RqdG6aIwluYJjabq74kMR0qNosAkI6z7atGbiP95rVSHV37GRJJqKshsUZhypGM0qQF1maRE85EhmEhmbkWkjyUm2pRVMCW4i19eJvVyyb0oVW7doufBDHk4hhM4AxcuwYMbqEINCAzhGV7hzcqsF+vd+phFc9Z85hD+wPr8AZ/7lTs=</latexit>

n�2S
2

<latexit sha1_base64="voMz7Gi189rKb/8ISnKLAJ+t0BA=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ0+lJ2vT0DN01QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/FhwjY7zZWUWFpeWV7KrubX1jc2t/PZOTUeJoqxKIxGphk80E1yyKnIUrBErRkJfsLrfvxzl9TumNI/kDQ5i5oWkK3nAKUFjVbCdLzhFZyx7HtwpFC4+7r+v3vfScjv/2epENAmZRCqI1k3XidFLiUJOBRvmWolmMaF90mVNg5KETHvpeNChfWicjh1EyjyJ9tj93ZGSUOtB6JvKkGBPz2Yj87+smWBw7qVcxgkySScfBYmwMbJHW9sdrhhFMTBAqOJmVpv2iCIUzW1y5gju7MrzUDsuuqfFk4pbKJVgoizswwEcgQtnUIJrKEMVKDB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxxtkN4=</latexit>

t
<latexit sha1_base64="Rb5I4ByHmoijnrmDWndKdzxG58A=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAdzTMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8331dve2llU7+o92NaBKi0JQTpVquE2svJVIzynGUaycKY0IHpIctg4KEqLx0MujIPjRO1w4iaZ7Q9sT92ZGSUKlh6JvKkOi+ms/G5n9ZK9HBuZcyEScaBZ1+FCTc1pE93truMolU86EBQiUzs9q0TySh2twmZ47gzq/8F+rHRfe0eFJ1C6USTJWFfTiAI3DhDEpQhgrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9mukLI=</latexit>

H

<latexit sha1_base64="vBXncp988TEvncld6djch5KeXsg=">AAACAHicbVC7TsMwFHXKo6W8AgwMLBYVElNJKl5jJBbGVtCH1ITIcZzWquNEtoNURV34FRYGEGLlM9j4AcRn4D4GaDmSpaNzztX1PUHKqFSW9WkUlpZXVoultfL6xubWtrmz25JJJjBp4oQlohMgSRjlpKmoYqSTCoLigJF2MLga++17IiRN+K0apsSLUY/TiGKktOSb+xy6TMdD5Nfu8trNCJ5AlzDmmxWrak0AF4k9IxUHNr6/SsWzum9+uGGCs5hwhRmSsmtbqfJyJBTFjIzKbiZJivAA9UhXU45iIr18csAIHmklhFEi9OMKTtTfEzmKpRzGgU7GSPXlvDcW//O6mYouvZzyNFOE4+miKGNQJXDcBgypIFixoSYIC6r/CnEfCYSV7qysS7DnT14krVrVPq+eNuyK44ApSuAAHIJjYIML4IBrUAdNgMEIPIJn8GI8GE/Gq/E2jRaM2cwe+APj/QelhJgX</latexit>

n�2S
2 /`



Hence the total number of small walks (starting at some 
vertex) is at most              .

<latexit sha1_base64="9XP6qs0w1KZvrTL/LMBBT/+ybBE=">AAACBnicbVC7TsMwFHV4lvIKMCIki4LEVCUVAsZKXdhoBX1ITYgcx2mtOk5kO0hV1ImFz2BlYQAhRvgGNv4Gp+0ALUeydXzuubq+x08Ylcqyvo2FxaXlldXCWnF9Y3Nr29zZbck4FZg0ccxi0fGRJIxy0lRUMdJJBEGRz0jbH9TyevuOCEljfqOGCXEj1OM0pBgpLXnmAYcO0/YAeZXbrOIQxkYwv/XjeuSZJatsjQHniT0lpSo8unps1D7qnvnlBDFOI8IVZkjKrm0lys2QUBQzMio6qSQJwgPUI11NOYqIdLPxGiN4rJUAhrHQhys4Vn93ZCiSchj52hkh1ZeztVz8r9ZNVXjhZpQnqSIcTwaFKYMqhnkmMKCCYMWGmiAsqP4rxH0kEFY6uaIOwZ5deZ60KmX7rHza0GlUwQQFsA8OwQmwwTmogktQB02AwT14Ai/g1Xgwno03431iXTCmPXvgD4zPHwZ8myc=</latexit>

n�2`
2 `2S

Now, if we choose                 vertices uniformly at random, 
then for any large walk, the probability that we do not sample 
any of its vertices is

<latexit sha1_base64="xZDvnlpg5meZMsHU7HwzqjskoC0=">AAACBnicbVC7SgNBFJ2Nrxhfq4KNCINBsQq7ImojLNhYRjAPyC5hdjKbDJmdWWZmhbCksvFXbCwUsbUVOzt/wh+wcZJNodEDl3s4515m7gkTRpV2nA+rMDM7N79QXCwtLa+srtnrG3UlUolJDQsmZDNEijDKSU1TzUgzkQTFISONsH8+8hvXRCoq+JUeJCSIUZfTiGKkjdS2dzQ8gxz6kUQ485noZj5hbDjMW9suOxVnDPiXuBNS9vbx6+fb11a1bb/7HYHTmHCNGVKq5TqJDjIkNcWMDEt+qkiCcB91SctQjmKigmx8xhDuGaUDIyFNcQ3H6s+NDMVKDeLQTMZI99S0NxL/81qpjk6DjPIk1YTj/KEoZVALOMoEdqgkWLOBIQhLav4KcQ+ZRLRJrmRCcKdP/kvqhxX3uHJ06ZY9D+Qogm2wCw6AC06ABy5AFdQABjfgDjyAR+vWureerOd8tGBNdjbBL1gv3xZ0nVw=</latexit>

t = n log `
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<latexit sha1_base64="NzBgdHIbbGyy8VLih33MVd6p53w="></latexit>�n�`
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Since the total number of large walks is at most         , with 
positive probability, there exist    vertices whose removal 
yields a subgraph     with at most              large walks.

<latexit sha1_base64="VkF29CfqopyEIkyT+pEn++OpKzE=">AAAB+XicbVDLSgMxFL1TX7W+Rt0IboJFEBdlphR1OeDGZUX7gHYsmTTThmYyQ5IplKGf4UJw40IRt/6JO//G9LHQ1gOBwznncm9OkHCmtON8W7mV1bX1jfxmYWt7Z3fP3j+oqziVhNZIzGPZDLCinAla00xz2kwkxVHAaSMYXE/8xpBKxWJxr0cJ9SPcEyxkBGsjdWxboDY38S7ulB+y8t24YxedkjMFWibunBQ9VHk8On9yqx37q92NSRpRoQnHSrVcJ9F+hqVmhNNxoZ0qmmAywD3aMlTgiCo/m14+RqdG6aIwluYJjabq74kMR0qNosAkI6z7atGbiP95rVSHV37GRJJqKshsUZhypGM0qQF1maRE85EhmEhmbkWkjyUm2pRVMCW4i19eJvVyyb0oVW7doufBDHk4hhM4AxcuwYMbqEINCAzhGV7hzcqsF+vd+phFc9Z85hD+wPr8AZ/7lTs=</latexit>
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2

<latexit sha1_base64="voMz7Gi189rKb/8ISnKLAJ+t0BA=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ0+lJ2vT0DN01QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/FhwjY7zZWUWFpeWV7KrubX1jc2t/PZOTUeJoqxKIxGphk80E1yyKnIUrBErRkJfsLrfvxzl9TumNI/kDQ5i5oWkK3nAKUFjVbCdLzhFZyx7HtwpFC4+7r+v3vfScjv/2epENAmZRCqI1k3XidFLiUJOBRvmWolmMaF90mVNg5KETHvpeNChfWicjh1EyjyJ9tj93ZGSUOtB6JvKkGBPz2Yj87+smWBw7qVcxgkySScfBYmwMbJHW9sdrhhFMTBAqOJmVpv2iCIUzW1y5gju7MrzUDsuuqfFk4pbKJVgoizswwEcgQtnUIJrKEMVKDB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxxtkN4=</latexit>

t
<latexit sha1_base64="Rb5I4ByHmoijnrmDWndKdzxG58A=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAdzTMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8331dve2llU7+o92NaBKi0JQTpVquE2svJVIzynGUaycKY0IHpIctg4KEqLx0MujIPjRO1w4iaZ7Q9sT92ZGSUKlh6JvKkOi+ms/G5n9ZK9HBuZcyEScaBZ1+FCTc1pE93truMolU86EBQiUzs9q0TySh2twmZ47gzq/8F+rHRfe0eFJ1C6USTJWFfTiAI3DhDEpQhgrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9mukLI=</latexit>

H

<latexit sha1_base64="vBXncp988TEvncld6djch5KeXsg=">AAACAHicbVC7TsMwFHXKo6W8AgwMLBYVElNJKl5jJBbGVtCH1ITIcZzWquNEtoNURV34FRYGEGLlM9j4AcRn4D4GaDmSpaNzztX1PUHKqFSW9WkUlpZXVoultfL6xubWtrmz25JJJjBp4oQlohMgSRjlpKmoYqSTCoLigJF2MLga++17IiRN+K0apsSLUY/TiGKktOSb+xy6TMdD5Nfu8trNCJ5AlzDmmxWrak0AF4k9IxUHNr6/SsWzum9+uGGCs5hwhRmSsmtbqfJyJBTFjIzKbiZJivAA9UhXU45iIr18csAIHmklhFEi9OMKTtTfEzmKpRzGgU7GSPXlvDcW//O6mYouvZzyNFOE4+miKGNQJXDcBgypIFixoSYIC6r/CnEfCYSV7qysS7DnT14krVrVPq+eNuyK44ApSuAAHIJjYIML4IBrUAdNgMEIPIJn8GI8GE/Gq/E2jRaM2cwe+APj/QelhJgX</latexit>
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Thus     has at most                              closed walks of length

starting at some vertex. 

<latexit sha1_base64="Rb5I4ByHmoijnrmDWndKdzxG58A=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAdzTMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8331dve2llU7+o92NaBKi0JQTpVquE2svJVIzynGUaycKY0IHpIctg4KEqLx0MujIPjRO1w4iaZ7Q9sT92ZGSUKlh6JvKkOi+ms/G5n9ZK9HBuZcyEScaBZ1+FCTc1pE93truMolU86EBQiUzs9q0TySh2twmZ47gzq/8F+rHRfe0eFJ1C6USTJWFfTiAI3DhDEpQhgrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9mukLI=</latexit>

H

<latexit sha1_base64="AIv8GSMViGEGMDV7ZLZt+a1NENQ=">AAACIHicbVDLSsNAFJ34aq2vqks3g0UQhJoUtS4Dbly2aB/Q1DCZTtqhk0mYmQgl9FPc+CtuXCiiO/0A8TOcpF3Y1gMDh3PO5c49XsSoVKb5aSwtr6yu5fLrhY3Nre2d4u5eU4axwKSBQxaKtockYZSThqKKkXYkCAo8Rlre8Cr1W/dESBryWzWKSDdAfU59ipHSkluscugwHe8ht3KXVG7G8BQ6hDF4AmedVBxnVhZziyWzbGaAi8SakpIN6z/f+dx5zS1+OL0QxwHhCjMkZccyI9VNkFAUMzIuOLEkEcJD1CcdTTkKiOwm2YFjeKSVHvRDoR9XMFP/TiQokHIUeDoZIDWQ814q/ud1YuVfdhPKo1gRjieL/JhBFcK0LdijgmDFRpogLKj+K8QDJBBWutOCLsGaP3mRNCtl66J8VrdKtg0myIMDcAiOgQWqwAbXoAYaAIMH8ARewKvxaDwbb8b7JLpkTGf2wQyMr1+MjaRT</latexit>
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<latexit sha1_base64="a2syj5RCaWksKxp+iCfBMixlDao=">AAAB6XicbZDLSgMxFIZPvNZ6q5edm2ARXJWZIurOggtd1ksv0A4lk2ba0ExmSDJCHfoGblwo4ta9T+ETuHPpm5heFtr6Q+Dj/88h5xw/Flwbx/lCc/MLi0vLmZXs6tr6xmZua7uqo0RRVqGRiFTdJ5oJLlnFcCNYPVaMhL5gNb93Psxrd0xpHslb04+ZF5KO5AGnxFjrunjTyuWdgjMSngV3Avmzj/vvi/fdtNzKfTbbEU1CJg0VROuG68TGS4kynAo2yDYTzWJCe6TDGhYlCZn20tGkA3xgnTYOImWfNHjk/u5ISah1P/RtZUhMV09nQ/O/rJGY4NRLuYwTwyQdfxQkApsID9fGba4YNaJvgVDF7ayYdoki1NjjZO0R3OmVZ6FaLLjHhaMrN18qwVgZ2IN9OAQXTqAEl1CGClAI4AGe4Bn10CN6Qa/j0jk06dmBP0JvP1tHkPk=</latexit>

2S



Hence the total number of small walks (starting at some 
vertex) is at most              .

<latexit sha1_base64="9XP6qs0w1KZvrTL/LMBBT/+ybBE=">AAACBnicbVC7TsMwFHV4lvIKMCIki4LEVCUVAsZKXdhoBX1ITYgcx2mtOk5kO0hV1ImFz2BlYQAhRvgGNv4Gp+0ALUeydXzuubq+x08Ylcqyvo2FxaXlldXCWnF9Y3Nr29zZbck4FZg0ccxi0fGRJIxy0lRUMdJJBEGRz0jbH9TyevuOCEljfqOGCXEj1OM0pBgpLXnmAYcO0/YAeZXbrOIQxkYwv/XjeuSZJatsjQHniT0lpSo8unps1D7qnvnlBDFOI8IVZkjKrm0lys2QUBQzMio6qSQJwgPUI11NOYqIdLPxGiN4rJUAhrHQhys4Vn93ZCiSchj52hkh1ZeztVz8r9ZNVXjhZpQnqSIcTwaFKYMqhnkmMKCCYMWGmiAsqP4rxH0kEFY6uaIOwZ5deZ60KmX7rHza0GlUwQQFsA8OwQmwwTmogktQB02AwT14Ai/g1Xgwno03431iXTCmPXvgD4zPHwZ8myc=</latexit>
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Now, if we choose                 vertices uniformly at random, 
then for any large walk, the probability that we do not sample 
any of its vertices is

<latexit sha1_base64="xZDvnlpg5meZMsHU7HwzqjskoC0=">AAACBnicbVC7SgNBFJ2Nrxhfq4KNCINBsQq7ImojLNhYRjAPyC5hdjKbDJmdWWZmhbCksvFXbCwUsbUVOzt/wh+wcZJNodEDl3s4515m7gkTRpV2nA+rMDM7N79QXCwtLa+srtnrG3UlUolJDQsmZDNEijDKSU1TzUgzkQTFISONsH8+8hvXRCoq+JUeJCSIUZfTiGKkjdS2dzQ8gxz6kUQ485noZj5hbDjMW9suOxVnDPiXuBNS9vbx6+fb11a1bb/7HYHTmHCNGVKq5TqJDjIkNcWMDEt+qkiCcB91SctQjmKigmx8xhDuGaUDIyFNcQ3H6s+NDMVKDeLQTMZI99S0NxL/81qpjk6DjPIk1YTj/KEoZVALOMoEdqgkWLOBIQhLav4KcQ+ZRLRJrmRCcKdP/kvqhxX3uHJ06ZY9D+Qogm2wCw6AC06ABy5AFdQABjfgDjyAR+vWureerOd8tGBNdjbBL1gv3xZ0nVw=</latexit>

t = n log `
`

<latexit sha1_base64="NzBgdHIbbGyy8VLih33MVd6p53w="></latexit>�n�`
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Since the total number of large walks is at most         , with 
positive probability, there exist    vertices whose removal 
yields a subgraph     with at most              large walks.

<latexit sha1_base64="VkF29CfqopyEIkyT+pEn++OpKzE=">AAAB+XicbVDLSgMxFL1TX7W+Rt0IboJFEBdlphR1OeDGZUX7gHYsmTTThmYyQ5IplKGf4UJw40IRt/6JO//G9LHQ1gOBwznncm9OkHCmtON8W7mV1bX1jfxmYWt7Z3fP3j+oqziVhNZIzGPZDLCinAla00xz2kwkxVHAaSMYXE/8xpBKxWJxr0cJ9SPcEyxkBGsjdWxboDY38S7ulB+y8t24YxedkjMFWibunBQ9VHk8On9yqx37q92NSRpRoQnHSrVcJ9F+hqVmhNNxoZ0qmmAywD3aMlTgiCo/m14+RqdG6aIwluYJjabq74kMR0qNosAkI6z7atGbiP95rVSHV37GRJJqKshsUZhypGM0qQF1maRE85EhmEhmbkWkjyUm2pRVMCW4i19eJvVyyb0oVW7doufBDHk4hhM4AxcuwYMbqEINCAzhGV7hzcqsF+vd+phFc9Z85hD+wPr8AZ/7lTs=</latexit>
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2

<latexit sha1_base64="voMz7Gi189rKb/8ISnKLAJ+t0BA=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ0+lJ2vT0DN01QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/FhwjY7zZWUWFpeWV7KrubX1jc2t/PZOTUeJoqxKIxGphk80E1yyKnIUrBErRkJfsLrfvxzl9TumNI/kDQ5i5oWkK3nAKUFjVbCdLzhFZyx7HtwpFC4+7r+v3vfScjv/2epENAmZRCqI1k3XidFLiUJOBRvmWolmMaF90mVNg5KETHvpeNChfWicjh1EyjyJ9tj93ZGSUOtB6JvKkGBPz2Yj87+smWBw7qVcxgkySScfBYmwMbJHW9sdrhhFMTBAqOJmVpv2iCIUzW1y5gju7MrzUDsuuqfFk4pbKJVgoizswwEcgQtnUIJrKEMVKDB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxxtkN4=</latexit>

t
<latexit sha1_base64="Rb5I4ByHmoijnrmDWndKdzxG58A=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAdzTMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8331dve2llU7+o92NaBKi0JQTpVquE2svJVIzynGUaycKY0IHpIctg4KEqLx0MujIPjRO1w4iaZ7Q9sT92ZGSUKlh6JvKkOi+ms/G5n9ZK9HBuZcyEScaBZ1+FCTc1pE93truMolU86EBQiUzs9q0TySh2twmZ47gzq/8F+rHRfe0eFJ1C6USTJWFfTiAI3DhDEpQhgrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9mukLI=</latexit>

H

<latexit sha1_base64="vBXncp988TEvncld6djch5KeXsg=">AAACAHicbVC7TsMwFHXKo6W8AgwMLBYVElNJKl5jJBbGVtCH1ITIcZzWquNEtoNURV34FRYGEGLlM9j4AcRn4D4GaDmSpaNzztX1PUHKqFSW9WkUlpZXVoultfL6xubWtrmz25JJJjBp4oQlohMgSRjlpKmoYqSTCoLigJF2MLga++17IiRN+K0apsSLUY/TiGKktOSb+xy6TMdD5Nfu8trNCJ5AlzDmmxWrak0AF4k9IxUHNr6/SsWzum9+uGGCs5hwhRmSsmtbqfJyJBTFjIzKbiZJivAA9UhXU45iIr18csAIHmklhFEi9OMKTtTfEzmKpRzGgU7GSPXlvDcW//O6mYouvZzyNFOE4+miKGNQJXDcBgypIFixoSYIC6r/CnEfCYSV7qysS7DnT14krVrVPq+eNuyK44ApSuAAHIJjYIML4IBrUAdNgMEIPIJn8GI8GE/Gq/E2jRaM2cwe+APj/QelhJgX</latexit>
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Thus     has at most                              closed walks of length

starting at some vertex. 

<latexit sha1_base64="Rb5I4ByHmoijnrmDWndKdzxG58A=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAdzTMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8331dve2llU7+o92NaBKi0JQTpVquE2svJVIzynGUaycKY0IHpIctg4KEqLx0MujIPjRO1w4iaZ7Q9sT92ZGSUKlh6JvKkOi+ms/G5n9ZK9HBuZcyEScaBZ1+FCTc1pE93truMolU86EBQiUzs9q0TySh2twmZ47gzq/8F+rHRfe0eFJ1C6USTJWFfTiAI3DhDEpQhgrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9mukLI=</latexit>

H

<latexit sha1_base64="AIv8GSMViGEGMDV7ZLZt+a1NENQ=">AAACIHicbVDLSsNAFJ34aq2vqks3g0UQhJoUtS4Dbly2aB/Q1DCZTtqhk0mYmQgl9FPc+CtuXCiiO/0A8TOcpF3Y1gMDh3PO5c49XsSoVKb5aSwtr6yu5fLrhY3Nre2d4u5eU4axwKSBQxaKtockYZSThqKKkXYkCAo8Rlre8Cr1W/dESBryWzWKSDdAfU59ipHSkluscugwHe8ht3KXVG7G8BQ6hDF4AmedVBxnVhZziyWzbGaAi8SakpIN6z/f+dx5zS1+OL0QxwHhCjMkZccyI9VNkFAUMzIuOLEkEcJD1CcdTTkKiOwm2YFjeKSVHvRDoR9XMFP/TiQokHIUeDoZIDWQ814q/ud1YuVfdhPKo1gRjieL/JhBFcK0LdijgmDFRpogLKj+K8QDJBBWutOCLsGaP3mRNCtl66J8VrdKtg0myIMDcAiOgQWqwAbXoAYaAIMH8ARewKvxaDwbb8b7JLpkTGf2wQyMr1+MjaRT</latexit>

n�2S
2 /`+ n�2`

2 `2S
<latexit sha1_base64="a2syj5RCaWksKxp+iCfBMixlDao=">AAAB6XicbZDLSgMxFIZPvNZ6q5edm2ARXJWZIurOggtd1ksv0A4lk2ba0ExmSDJCHfoGblwo4ta9T+ETuHPpm5heFtr6Q+Dj/88h5xw/Flwbx/lCc/MLi0vLmZXs6tr6xmZua7uqo0RRVqGRiFTdJ5oJLlnFcCNYPVaMhL5gNb93Psxrd0xpHslb04+ZF5KO5AGnxFjrunjTyuWdgjMSngV3Avmzj/vvi/fdtNzKfTbbEU1CJg0VROuG68TGS4kynAo2yDYTzWJCe6TDGhYlCZn20tGkA3xgnTYOImWfNHjk/u5ISah1P/RtZUhMV09nQ/O/rJGY4NRLuYwTwyQdfxQkApsID9fGba4YNaJvgVDF7ayYdoki1NjjZO0R3OmVZ6FaLLjHhaMrN18qwVgZ2IN9OAQXTqAEl1CGClAI4AGe4Bn10CN6Qa/j0jk06dmBP0JvP1tHkPk=</latexit>
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On the other hand, the number of such walks is at least

                                                                    .

<latexit sha1_base64="x18WULB2IcwapsEgnjzHW8hyyDE="></latexit>

tr(A2S
H
) � �2S

2 mH(�2)



Hence the total number of small walks (starting at some 
vertex) is at most              .

<latexit sha1_base64="9XP6qs0w1KZvrTL/LMBBT/+ybBE=">AAACBnicbVC7TsMwFHV4lvIKMCIki4LEVCUVAsZKXdhoBX1ITYgcx2mtOk5kO0hV1ImFz2BlYQAhRvgGNv4Gp+0ALUeydXzuubq+x08Ylcqyvo2FxaXlldXCWnF9Y3Nr29zZbck4FZg0ccxi0fGRJIxy0lRUMdJJBEGRz0jbH9TyevuOCEljfqOGCXEj1OM0pBgpLXnmAYcO0/YAeZXbrOIQxkYwv/XjeuSZJatsjQHniT0lpSo8unps1D7qnvnlBDFOI8IVZkjKrm0lys2QUBQzMio6qSQJwgPUI11NOYqIdLPxGiN4rJUAhrHQhys4Vn93ZCiSchj52hkh1ZeztVz8r9ZNVXjhZpQnqSIcTwaFKYMqhnkmMKCCYMWGmiAsqP4rxH0kEFY6uaIOwZ5deZ60KmX7rHza0GlUwQQFsA8OwQmwwTmogktQB02AwT14Ai/g1Xgwno03431iXTCmPXvgD4zPHwZ8myc=</latexit>
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Now, if we choose                 vertices uniformly at random, 
then for any large walk, the probability that we do not sample 
any of its vertices is

<latexit sha1_base64="xZDvnlpg5meZMsHU7HwzqjskoC0=">AAACBnicbVC7SgNBFJ2Nrxhfq4KNCINBsQq7ImojLNhYRjAPyC5hdjKbDJmdWWZmhbCksvFXbCwUsbUVOzt/wh+wcZJNodEDl3s4515m7gkTRpV2nA+rMDM7N79QXCwtLa+srtnrG3UlUolJDQsmZDNEijDKSU1TzUgzkQTFISONsH8+8hvXRCoq+JUeJCSIUZfTiGKkjdS2dzQ8gxz6kUQ485noZj5hbDjMW9suOxVnDPiXuBNS9vbx6+fb11a1bb/7HYHTmHCNGVKq5TqJDjIkNcWMDEt+qkiCcB91SctQjmKigmx8xhDuGaUDIyFNcQ3H6s+NDMVKDeLQTMZI99S0NxL/81qpjk6DjPIk1YTj/KEoZVALOMoEdqgkWLOBIQhLav4KcQ+ZRLRJrmRCcKdP/kvqhxX3uHJ06ZY9D+Qogm2wCw6AC06ABy5AFdQABjfgDjyAR+vWureerOd8tGBNdjbBL1gv3xZ0nVw=</latexit>

t = n log `
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<latexit sha1_base64="NzBgdHIbbGyy8VLih33MVd6p53w="></latexit>�n�`
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Since the total number of large walks is at most         , with 
positive probability, there exist    vertices whose removal 
yields a subgraph     with at most              large walks.

<latexit sha1_base64="VkF29CfqopyEIkyT+pEn++OpKzE=">AAAB+XicbVDLSgMxFL1TX7W+Rt0IboJFEBdlphR1OeDGZUX7gHYsmTTThmYyQ5IplKGf4UJw40IRt/6JO//G9LHQ1gOBwznncm9OkHCmtON8W7mV1bX1jfxmYWt7Z3fP3j+oqziVhNZIzGPZDLCinAla00xz2kwkxVHAaSMYXE/8xpBKxWJxr0cJ9SPcEyxkBGsjdWxboDY38S7ulB+y8t24YxedkjMFWibunBQ9VHk8On9yqx37q92NSRpRoQnHSrVcJ9F+hqVmhNNxoZ0qmmAywD3aMlTgiCo/m14+RqdG6aIwluYJjabq74kMR0qNosAkI6z7atGbiP95rVSHV37GRJJqKshsUZhypGM0qQF1maRE85EhmEhmbkWkjyUm2pRVMCW4i19eJvVyyb0oVW7doufBDHk4hhM4AxcuwYMbqEINCAzhGV7hzcqsF+vd+phFc9Z85hD+wPr8AZ/7lTs=</latexit>

n�2S
2

<latexit sha1_base64="voMz7Gi189rKb/8ISnKLAJ+t0BA=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ0+lJ2vT0DN01QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/FhwjY7zZWUWFpeWV7KrubX1jc2t/PZOTUeJoqxKIxGphk80E1yyKnIUrBErRkJfsLrfvxzl9TumNI/kDQ5i5oWkK3nAKUFjVbCdLzhFZyx7HtwpFC4+7r+v3vfScjv/2epENAmZRCqI1k3XidFLiUJOBRvmWolmMaF90mVNg5KETHvpeNChfWicjh1EyjyJ9tj93ZGSUOtB6JvKkGBPz2Yj87+smWBw7qVcxgkySScfBYmwMbJHW9sdrhhFMTBAqOJmVpv2iCIUzW1y5gju7MrzUDsuuqfFk4pbKJVgoizswwEcgQtnUIJrKEMVKDB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxxtkN4=</latexit>

t
<latexit sha1_base64="Rb5I4ByHmoijnrmDWndKdzxG58A=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAdzTMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8331dve2llU7+o92NaBKi0JQTpVquE2svJVIzynGUaycKY0IHpIctg4KEqLx0MujIPjRO1w4iaZ7Q9sT92ZGSUKlh6JvKkOi+ms/G5n9ZK9HBuZcyEScaBZ1+FCTc1pE93truMolU86EBQiUzs9q0TySh2twmZ47gzq/8F+rHRfe0eFJ1C6USTJWFfTiAI3DhDEpQhgrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9mukLI=</latexit>

H

<latexit sha1_base64="vBXncp988TEvncld6djch5KeXsg=">AAACAHicbVC7TsMwFHXKo6W8AgwMLBYVElNJKl5jJBbGVtCH1ITIcZzWquNEtoNURV34FRYGEGLlM9j4AcRn4D4GaDmSpaNzztX1PUHKqFSW9WkUlpZXVoultfL6xubWtrmz25JJJjBp4oQlohMgSRjlpKmoYqSTCoLigJF2MLga++17IiRN+K0apsSLUY/TiGKktOSb+xy6TMdD5Nfu8trNCJ5AlzDmmxWrak0AF4k9IxUHNr6/SsWzum9+uGGCs5hwhRmSsmtbqfJyJBTFjIzKbiZJivAA9UhXU45iIr18csAIHmklhFEi9OMKTtTfEzmKpRzGgU7GSPXlvDcW//O6mYouvZzyNFOE4+miKGNQJXDcBgypIFixoSYIC6r/CnEfCYSV7qysS7DnT14krVrVPq+eNuyK44ApSuAAHIJjYIML4IBrUAdNgMEIPIJn8GI8GE/Gq/E2jRaM2cwe+APj/QelhJgX</latexit>

n�2S
2 /`

Thus     has at most                              closed walks of length

starting at some vertex. 

<latexit sha1_base64="Rb5I4ByHmoijnrmDWndKdzxG58A=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAdzTMAskAyhp1OTtOnpGbp7hDjkCbx4UMSrD+BT+ATePPomdpaDRn9o+Pj/Krqq/JgzpR3n08osLC4tr2RXc2vrG5tb+e2duooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHl+O8cYtSsUhc62GMXkh6ggWMEm2sarmTLzhFZyL7L7gzKFy8331dve2llU7+o92NaBKi0JQTpVquE2svJVIzynGUaycKY0IHpIctg4KEqLx0MujIPjRO1w4iaZ7Q9sT92ZGSUKlh6JvKkOi+ms/G5n9ZK9HBuZcyEScaBZ1+FCTc1pE93truMolU86EBQiUzs9q0TySh2twmZ47gzq/8F+rHRfe0eFJ1C6USTJWFfTiAI3DhDEpQhgrUgALCPTzCk3VjPVjP1su0NGPNenbhl6zXb9mukLI=</latexit>

H

<latexit sha1_base64="AIv8GSMViGEGMDV7ZLZt+a1NENQ=">AAACIHicbVDLSsNAFJ34aq2vqks3g0UQhJoUtS4Dbly2aB/Q1DCZTtqhk0mYmQgl9FPc+CtuXCiiO/0A8TOcpF3Y1gMDh3PO5c49XsSoVKb5aSwtr6yu5fLrhY3Nre2d4u5eU4axwKSBQxaKtockYZSThqKKkXYkCAo8Rlre8Cr1W/dESBryWzWKSDdAfU59ipHSkluscugwHe8ht3KXVG7G8BQ6hDF4AmedVBxnVhZziyWzbGaAi8SakpIN6z/f+dx5zS1+OL0QxwHhCjMkZccyI9VNkFAUMzIuOLEkEcJD1CcdTTkKiOwm2YFjeKSVHvRDoR9XMFP/TiQokHIUeDoZIDWQ814q/ud1YuVfdhPKo1gRjieL/JhBFcK0LdijgmDFRpogLKj+K8QDJBBWutOCLsGaP3mRNCtl66J8VrdKtg0myIMDcAiOgQWqwAbXoAYaAIMH8ARewKvxaDwbb8b7JLpkTGf2wQyMr1+MjaRT</latexit>

n�2S
2 /`+ n�2`

2 `2S
<latexit sha1_base64="a2syj5RCaWksKxp+iCfBMixlDao=">AAAB6XicbZDLSgMxFIZPvNZ6q5edm2ARXJWZIurOggtd1ksv0A4lk2ba0ExmSDJCHfoGblwo4ta9T+ETuHPpm5heFtr6Q+Dj/88h5xw/Flwbx/lCc/MLi0vLmZXs6tr6xmZua7uqo0RRVqGRiFTdJ5oJLlnFcCNYPVaMhL5gNb93Psxrd0xpHslb04+ZF5KO5AGnxFjrunjTyuWdgjMSngV3Avmzj/vvi/fdtNzKfTbbEU1CJg0VROuG68TGS4kynAo2yDYTzWJCe6TDGhYlCZn20tGkA3xgnTYOImWfNHjk/u5ISah1P/RtZUhMV09nQ/O/rJGY4NRLuYwTwyQdfxQkApsID9fGba4YNaJvgVDF7ayYdoki1NjjZO0R3OmVZ6FaLLjHhaMrN18qwVgZ2IN9OAQXTqAEl1CGClAI4AGe4Bn10CN6Qa/j0jk06dmBP0JvP1tHkPk=</latexit>

2S

On the other hand, the number of such walks is at least

                                                                    .

<latexit sha1_base64="x18WULB2IcwapsEgnjzHW8hyyDE="></latexit>

tr(A2S
H
) � �2S

2 mH(�2)
Multiplicity of      in  

<latexit sha1_base64="E9eh/MvsikO5ErPEgEAq6lCIo/o=">AAAB8HicdVDLSsNAFJ34rPVV7dLNYBFcSEhibesu4MZlBfuQNpTJZNoOnUzCzEQooRt/wY0LRdz6OS4E/8BvcOWkraCiBy4czjmX+/BjRqWyrDdjYXFpeWU1t5Zf39jc2i7s7DZllAhMGjhikWj7SBJGOWkoqhhpx4Kg0Gek5Y/OMr91TYSkEb9U45h4IRpw2qcYKS1ddZmOBqjn9AolyzytlZ2TKrRMa4qMHNecSgXac6XkFl8/bt4nR/Ve4aUbRDgJCVeYISk7thUrL0VCUczIJN9NJIkRHqEB6WjKUUikl04XnsADrQSwHwldXMGp+r0jRaGU49DXyRCpofztZeJfXidR/ZqXUh4ninA8G9RPGFQRzK6HARUEKzbWBGFB9a4QD5FAWOkf5fUTvi6F/5OmY9oVs3xhl1wXzJADe2AfHAIbVIELzkEdNAAGIbgF9+DBEMad8Wg8zaILxrynCH7AeP4Ea0SUmA==</latexit>

�2
<latexit sha1_base64="bLtH+vq4uUvIk+xZSqOnHcGmIYg=">AAAB6HicdZDLSgMxFIYz9VbrrV52boJFcDXM1NrWlQUXdtmCvUA7lEyaaWMzmSHJCHXoE7hxoYhbH8Cn8AncufRNzLQVVPSHwM/3n0POOW7IqFSW9W6kFhaXllfSq5m19Y3Nrez2TlMGkcCkgQMWiLaLJGGUk4aiipF2KAjyXUZa7ug8yVvXREga8Es1DonjowGnHsVIaVSv9rI5yzwtF/InJWiZ1lSJOS7ni0Voz0nu7PXm4+JlL671sm/dfoAjn3CFGZKyY1uhcmIkFMWMTDLdSJIQ4REakI62HPlEOvF00Ak81KQPvUDoxxWc0u8dMfKlHPuurvSRGsrfWQL/yjqR8spOTHkYKcLx7CMvYlAFMNka9qkgWLGxNggLqmeFeIgEwkrfJqOP8LUp/N8086ZdNAt1O1epgJnSYB8cgCNggxKogCqogQbAgIBbcA8ejCvjzng0nmalKWPeswt+yHj+BDDnkO4=</latexit>

H



Putting it all together and using the Cauchy interlacing 
theorem, we conclude that                                  

<latexit sha1_base64="mxtRqWTB4XaaivaztsOtfvdUmw8="></latexit>

m(�2)  t+mH(�2)  n
log `

`
+ n�2`�2S

2 `2S +
n

`
.



Putting it all together and using the Cauchy interlacing 
theorem, we conclude that                                  

<latexit sha1_base64="mxtRqWTB4XaaivaztsOtfvdUmw8="></latexit>

m(�2)  t+mH(�2)  n
log `

`
+ n�2`�2S

2 `2S +
n

`
.

The desired result now follows by choosing     appropriately 
depending on the regime:                             

<latexit sha1_base64="zTrITCkoExKBGeAbYbRN2cDMQBY=">AAAB7HicbZC7SgNBFIbPxluMt3jpbAaDYBV2RdTOgIWWEdwkkIQwOzlJhszOLjOzQlzyDDYWitha+hQ+gZ2lb+LkUmjiDwMf/38Oc84JYsG1cd0vJ7OwuLS8kl3Nra1vbG7lt3cqOkoUQ59FIlK1gGoUXKJvuBFYixXSMBBYDfqXo7x6h0rzSN6aQYzNkHYl73BGjbX8BgpBWvmCW3THIvPgTaFw8XH/ffW+l5Zb+c9GO2JJiNIwQbWue25smilVhjOBw1wj0RhT1qddrFuUNETdTMfDDsmhddqkEyn7pCFj93dHSkOtB2FgK0Nqeno2G5n/ZfXEdM6bKZdxYlCyyUedRBATkdHmpM0VMiMGFihT3M5KWI8qyoy9T84ewZtdeR4qx0XvtHhy4xZKJZgoC/twAEfgwRmU4BrK4AMDDg/wBM+OdB6dF+d1Uppxpj278EfO2w+gTpJK</latexit>

`



Putting it all together and using the Cauchy interlacing 
theorem, we conclude that                                  

<latexit sha1_base64="mxtRqWTB4XaaivaztsOtfvdUmw8="></latexit>

m(�2)  t+mH(�2)  n
log `

`
+ n�2`�2S

2 `2S +
n

`
.

The desired result now follows by choosing     appropriately 
depending on the regime:                             

<latexit sha1_base64="zTrITCkoExKBGeAbYbRN2cDMQBY=">AAAB7HicbZC7SgNBFIbPxluMt3jpbAaDYBV2RdTOgIWWEdwkkIQwOzlJhszOLjOzQlzyDDYWitha+hQ+gZ2lb+LkUmjiDwMf/38Oc84JYsG1cd0vJ7OwuLS8kl3Nra1vbG7lt3cqOkoUQ59FIlK1gGoUXKJvuBFYixXSMBBYDfqXo7x6h0rzSN6aQYzNkHYl73BGjbX8BgpBWvmCW3THIvPgTaFw8XH/ffW+l5Zb+c9GO2JJiNIwQbWue25smilVhjOBw1wj0RhT1qddrFuUNETdTMfDDsmhddqkEyn7pCFj93dHSkOtB2FgK0Nqeno2G5n/ZfXEdM6bKZdxYlCyyUedRBATkdHmpM0VMiMGFihT3M5KWI8qyoy9T84ewZtdeR4qx0XvtHhy4xZKJZgoC/twAEfgwRmU4BrK4AMDDg/wBM+OdB6dF+d1Uppxpj278EfO2w+gTpJK</latexit>

`

If                              , then we let                 .


Otherwise if                              , then we let                .

<latexit sha1_base64="rXbCeQ0rXnSCq1QMCi6JVPabjPw=">AAACFHicbVC7SgNBFJ31GeMramnhYBAEIewGUcuAFpYRzEOyYZmdvdkMmX04MyuEkI+w8VcstDCIrYWdhb2N/+BkkyImHhg4c865zNzjxpxJZZqfxtz8wuLScmYlu7q2vrGZ29quyigRFCo04pGou0QCZyFUFFMc6rEAErgcam7nfOjX7kBIFoXXqhtDMyB+yFqMEqUlJ3dkcx32iFPENo98PHH14TbVHPsCuCJYp/NmwUyBZ4k1JvnS3s/Tzdfgu+zkPmwvokkAoaKcSNmwzFg1e0QoRjn0s3YiISa0Q3xoaBqSAGSzly7Vxwda8XArEvqECqfq5ESPBFJ2A1cnA6Lactobiv95jUS1zpo9FsaJgpCOHmolHKsIDxvCHhNAFe9qQqhg+q+YtokgVOkes7oEa3rlWVItFqyTwvGVbqOERsigXbSPDpGFTlEJXaIyqiCK7tEjekED48F4Nl6Nt1F0zhjP7KA/MN5/AYfeomY=</latexit>

�2 log �2 � log� n
<latexit sha1_base64="egKT7PJwtZ1mPbR+b6hM2dku3Kw=">AAACA3icbZDLSgMxFIYz9VbrbdSVugkWwVWdKaJuhAE3LivaC3SGmkkzNTSTDElGKEPBja/ixoUibt27E9z5Cj6F6WWhrT8EPv5zDifnDxNGlXacLys3Mzs3v5BfLCwtr6yu2esbNSVSiUkVCyZkI0SKMMpJVVPNSCORBMUhI/Wwezao12+JVFTwK91LSBCjDqcRxUgbq2Vv+4QxeAr9SCKcXfazMvSZ6Bjqt+yiU3KGgtPgjqHoHWx91L7fryst+9NvC5zGhGvMkFJN10l0kCGpKWakX/BTRRKEu6hDmgY5iokKsuENfbhnnDaMhDSPazh0f09kKFaqF4emM0b6Rk3WBuZ/tWaqo5MgozxJNeF4tChKGdQCDgKBbSoJ1qxnAGFJzV8hvkEmDW1iK5gQ3MmTp6FWLrlHpcMLt+h5YKQ82AG7YB+44Bh44BxUQBVgcAcewBN4tu6tR+vFeh215qzxzCb4I+vtBzm7mv4=</latexit>

` = S
2 log S

<latexit sha1_base64="rfo3gMeSfbcse2w8Ix3LwAP5Ets=">AAACEnicbVDNS8MwHE39nPNr6tGDwSHoZbRD1IOHgh48TnAfspaSpukWlqYlSYUx9jd48V/xoqAMr568efDuxf/BrBuomw8CL++9H8nv+QmjUpnmuzEzOze/sJhbyi+vrK6tFzY2azJOBSZVHLNYNHwkCaOcVBVVjDQSQVDkM1L3O2dDv35DhKQxv1LdhLgRanEaUoyUlrzCgcN0OEBeGTosbsGf6ynMFM85J0whqLNFs2RmgNPEGpOivfP1eP0x+Kx4hTcniHEaEa4wQ1I2LTNRbg8JRTEj/byTSpIg3EEt0tSUo4hIt5et1Id7WglgGAt9uIKZ+nuihyIpu5GvkxFSbTnpDcX/vGaqwhO3R3mSKsLx6KEwZVDFcNgPDKggWLGuJggLqv8KcRsJhJVuMa9LsCZXnia1csk6Kh1eWkXbBiPkwDbYBfvAAsfABhegAqoAg1twD57As3FnPBgD42UUnTHGM1vgD4zXbzhfoRY=</latexit>

�2 log �2 < log� n
<latexit sha1_base64="odzymuDAmOt9++TUZyxZa40WKpY=">AAAB/HicbVDLSsNAFJ3UR2t9Rbt0M1gEVzWpz40QcOOyBfuAJoTJZNIOnUzCzEQoof6KGxeKuPVD3PkD4mc4fSy09cDA4Zx7uHdOkDIqlWV9GoWV1bX1YmmjvLm1vbNr7u23ZZIJTFo4YYnoBkgSRjlpKaoY6aaCoDhgpBMMbyZ+554ISRN+p0Yp8WLU5zSiGCkt+WbFJYzBa+gynQmRX4cnp75ZtWrWFHCZ2HNSdWDz+6tUPG/45ocbJjiLCVeYISl7tpUqL0dCUczIuOxmkqQID1Gf9DTlKCbSy6fHj+GRVkIYJUI/ruBU/Z3IUSzlKA70ZIzUQC56E/E/r5ep6MrLKU8zRTieLYoyBlUCJ03AkAqCFRtpgrCg+laIB0ggrHRfZV2CvfjlZdKu1+yL2lnTrjoOmKEEDsAhOAY2uAQOuAUN0AIYjMAjeAYvxoPxZLwab7PRgjHPVMAfGO8/JfCWFg==</latexit>

` = �2/3 ⇤



Putting it all together and using the Cauchy interlacing 
theorem, we conclude that                                  

<latexit sha1_base64="mxtRqWTB4XaaivaztsOtfvdUmw8="></latexit>

m(�2)  t+mH(�2)  n
log `

`
+ n�2`�2S

2 `2S +
n

`
.

The desired result now follows by choosing     appropriately 
depending on the regime:                             

<latexit sha1_base64="zTrITCkoExKBGeAbYbRN2cDMQBY=">AAAB7HicbZC7SgNBFIbPxluMt3jpbAaDYBV2RdTOgIWWEdwkkIQwOzlJhszOLjOzQlzyDDYWitha+hQ+gZ2lb+LkUmjiDwMf/38Oc84JYsG1cd0vJ7OwuLS8kl3Nra1vbG7lt3cqOkoUQ59FIlK1gGoUXKJvuBFYixXSMBBYDfqXo7x6h0rzSN6aQYzNkHYl73BGjbX8BgpBWvmCW3THIvPgTaFw8XH/ffW+l5Zb+c9GO2JJiNIwQbWue25smilVhjOBw1wj0RhT1qddrFuUNETdTMfDDsmhddqkEyn7pCFj93dHSkOtB2FgK0Nqeno2G5n/ZfXEdM6bKZdxYlCyyUedRBATkdHmpM0VMiMGFihT3M5KWI8qyoy9T84ewZtdeR4qx0XvtHhy4xZKJZgoC/twAEfgwRmU4BrK4AMDDg/wBM+OdB6dF+d1Uppxpj278EfO2w+gTpJK</latexit>

`

If                              , then we let                 .


Otherwise if                              , then we let                .

<latexit sha1_base64="rXbCeQ0rXnSCq1QMCi6JVPabjPw=">AAACFHicbVC7SgNBFJ31GeMramnhYBAEIewGUcuAFpYRzEOyYZmdvdkMmX04MyuEkI+w8VcstDCIrYWdhb2N/+BkkyImHhg4c865zNzjxpxJZZqfxtz8wuLScmYlu7q2vrGZ29quyigRFCo04pGou0QCZyFUFFMc6rEAErgcam7nfOjX7kBIFoXXqhtDMyB+yFqMEqUlJ3dkcx32iFPENo98PHH14TbVHPsCuCJYp/NmwUyBZ4k1JvnS3s/Tzdfgu+zkPmwvokkAoaKcSNmwzFg1e0QoRjn0s3YiISa0Q3xoaBqSAGSzly7Vxwda8XArEvqECqfq5ESPBFJ2A1cnA6Lactobiv95jUS1zpo9FsaJgpCOHmolHKsIDxvCHhNAFe9qQqhg+q+YtokgVOkes7oEa3rlWVItFqyTwvGVbqOERsigXbSPDpGFTlEJXaIyqiCK7tEjekED48F4Nl6Nt1F0zhjP7KA/MN5/AYfeomY=</latexit>

�2 log �2 � log� n
<latexit sha1_base64="egKT7PJwtZ1mPbR+b6hM2dku3Kw=">AAACA3icbZDLSgMxFIYz9VbrbdSVugkWwVWdKaJuhAE3LivaC3SGmkkzNTSTDElGKEPBja/ixoUibt27E9z5Cj6F6WWhrT8EPv5zDifnDxNGlXacLys3Mzs3v5BfLCwtr6yu2esbNSVSiUkVCyZkI0SKMMpJVVPNSCORBMUhI/Wwezao12+JVFTwK91LSBCjDqcRxUgbq2Vv+4QxeAr9SCKcXfazMvSZ6Bjqt+yiU3KGgtPgjqHoHWx91L7fryst+9NvC5zGhGvMkFJN10l0kCGpKWakX/BTRRKEu6hDmgY5iokKsuENfbhnnDaMhDSPazh0f09kKFaqF4emM0b6Rk3WBuZ/tWaqo5MgozxJNeF4tChKGdQCDgKBbSoJ1qxnAGFJzV8hvkEmDW1iK5gQ3MmTp6FWLrlHpcMLt+h5YKQ82AG7YB+44Bh44BxUQBVgcAcewBN4tu6tR+vFeh215qzxzCb4I+vtBzm7mv4=</latexit>

` = S
2 log S

<latexit sha1_base64="rfo3gMeSfbcse2w8Ix3LwAP5Ets=">AAACEnicbVDNS8MwHE39nPNr6tGDwSHoZbRD1IOHgh48TnAfspaSpukWlqYlSYUx9jd48V/xoqAMr568efDuxf/BrBuomw8CL++9H8nv+QmjUpnmuzEzOze/sJhbyi+vrK6tFzY2azJOBSZVHLNYNHwkCaOcVBVVjDQSQVDkM1L3O2dDv35DhKQxv1LdhLgRanEaUoyUlrzCgcN0OEBeGTosbsGf6ynMFM85J0whqLNFs2RmgNPEGpOivfP1eP0x+Kx4hTcniHEaEa4wQ1I2LTNRbg8JRTEj/byTSpIg3EEt0tSUo4hIt5et1Id7WglgGAt9uIKZ+nuihyIpu5GvkxFSbTnpDcX/vGaqwhO3R3mSKsLx6KEwZVDFcNgPDKggWLGuJggLqv8KcRsJhJVuMa9LsCZXnia1csk6Kh1eWkXbBiPkwDbYBfvAAsfABhegAqoAg1twD57As3FnPBgD42UUnTHGM1vgD4zXbzhfoRY=</latexit>

�2 log �2 < log� n
<latexit sha1_base64="odzymuDAmOt9++TUZyxZa40WKpY=">AAAB/HicbVDLSsNAFJ3UR2t9Rbt0M1gEVzWpz40QcOOyBfuAJoTJZNIOnUzCzEQoof6KGxeKuPVD3PkD4mc4fSy09cDA4Zx7uHdOkDIqlWV9GoWV1bX1YmmjvLm1vbNr7u23ZZIJTFo4YYnoBkgSRjlpKaoY6aaCoDhgpBMMbyZ+554ISRN+p0Yp8WLU5zSiGCkt+WbFJYzBa+gynQmRX4cnp75ZtWrWFHCZ2HNSdWDz+6tUPG/45ocbJjiLCVeYISl7tpUqL0dCUczIuOxmkqQID1Gf9DTlKCbSy6fHj+GRVkIYJUI/ruBU/Z3IUSzlKA70ZIzUQC56E/E/r5ep6MrLKU8zRTieLYoyBlUCJ03AkAqCFRtpgrCg+laIB0ggrHRfZV2CvfjlZdKu1+yL2lnTrjoOmKEEDsAhOAY2uAQOuAUN0AIYjMAjeAYvxoPxZLwab7PRgjHPVMAfGO8/JfCWFg==</latexit>

` = �2/3 ⇤

Open question: Is there a constant            such that if              , 
then                    ?

<latexit sha1_base64="mnPHZ5uhZEnRC4ARZvQB65CbXuo=">AAACEnicbVDLSgMxFM34rPU16tJNsAgtSJkpoi4LblxWcNpCpwyZNNOGJpkhyQhlnG9w46+4caGIO3Hlzr8xfSDaeiBwOOdcbu4JE0aVdpwva2l5ZXVtvbBR3Nza3tm19/abKk4lJh6OWSzbIVKEUUE8TTUj7UQSxENGWuHwcuy3bolUNBY3epSQLkd9QSOKkTZSYFd42Wcm3kNBrQJ9RpRSlEM/kghnIs9+zDywS07VmQAuEndGSvWTd8erobtGYH/6vRinnAiNGVKq4zqJ7mZIaooZyYt+qkiC8BD1ScdQgThR3WxyUg6PjdKDUSzNExpO1N8TGeJKjXhokhzpgZr3xuJ/XifV0UU3oyJJNRF4uihKGdQxHPcDe1QSrNnIEIQlNX+FeIBMG9q0WDQluPMnL5JmreqeVU+v3VK9DqYogENwBMrABeegDq5AA3gAg3vwCJ7Bi/VgPVmv1ts0umTNZg7AH1gf34+5oF8=</latexit>

m(�2) . n
�2

<latexit sha1_base64="wWXKl8hKVQCtLxKZeG6UH4GMvMA=">AAAB+nicbVDJSgNBEO2JWxaXJB69NAbBg4QZEfUYiAePEc0CmTH0dCpJk56esbtHCWM+xYsHRbz6H4I3/8bOctDEBwWP96qoqudHnClt299WamV1bX0jncnmNre2d/KFYkOFsaRQpyEPZcsnCjgTUNdMc2hFEkjgc2j6w+rEb96DVCwUN3oUgReQvmA9Rok2UidfENjtwx12L4BrcptUx518yS7bU+Bl4sxJqVLMXdcyR5+1Tv7L7YY0DkBoyolSbceOtJcQqRnlMM66sYKI0CHpQ9tQQQJQXjI9fYwPjNLFvVCaEhpP1d8TCQmUGgW+6QyIHqhFbyL+57Vj3Tv3EiaiWIOgs0W9mGMd4kkOuMskUM1HhhAqmbkV0wGRhGqTVtaE4Cy+vEwax2XntHxy5ZQqFTRDGu2hfXSIHHSGKugS1VAdUfSAntALerUerWfrzXqftaas+cwu+gPr4wcuJpWD</latexit>

n � �C<latexit sha1_base64="Li+RVFeZEOg59BHxAX1a2vvznP8=">AAAB7XicbZA7SwNBFIXvxleMr/jobAaDYBV2RdRKA2ksI5gHJEuYncwmY2ZnlplZISz5D4JYKGLr/7GzsLezs3byKDR6YODjnHuZe28Qc6aN6745mbn5hcWl7HJuZXVtfSO/uVXTMlGEVonkUjUCrClnglYNM5w2YkVxFHBaD/rlUV6/oUozKa7MIKZ+hLuChYxgY61aGZ0h5LbzBbfojoX+gjeFwvnX3cdO5fO90s6/tjqSJBEVhnCsddNzY+OnWBlGOB3mWommMSZ93KVNiwJHVPvpeNoh2rdOB4VS2ScMGrs/O1IcaT2IAlsZYdPTs9nI/C9rJiY89VMm4sRQQSYfhQlHRqLR6qjDFCWGDyxgopidFZEeVpgYe6CcPYI3u/JfqB0WvePi0aVXKJVgoizswh4cgAcnUIILqEAVCFzDLTzAoyOde+fJeZ6UZpxpzzb8kvPyDRmgkqs=</latexit>

C > 0




