
EQUIANGULAR LINES 
VIA MATRIX PROJECTION

By: Igor Balla



Question: Determine         , the maximum number of 
equiangular lines in     .  

Definition: A set of lines passing through the origin is called 
equiangular, if every pair of lines make the same angle.

Earliest work:

Haantjes, Seidel 47-48

Blumenthal 49 

Van Lint, Seidel 66

Lemmens, Seidel 73

…

Connections: 
• Elliptic geometry

• Frame theory

• Theory of polytopes

• Banach space theory

• Spectral graph theory

• Algebraic number theory

• Quantum information theory

<latexit sha1_base64="tfbwA+FiaZt59Fblv2N4oiZ8+KA="></latexit>

Rr

<latexit sha1_base64="4FWKYygMCt57aua5TnPIfTc4EYs=">AAAB63icbZDLSgMxFIbPeGutt6pLN8Ei1E2ZEW/LghtX0oK9QDuUTJppQ5PMkGSEMvQV3LhQxK0v5M4XEB/DTNuFtv4Q+Pj/c8g5J4g508Z1P52V1bX1jVx+s7C1vbO7V9w/aOooUYQ2SMQj1Q6wppxJ2jDMcNqOFcUi4LQVjG6yvPVAlWaRvDfjmPoCDyQLGcEms+7K6rRXLLkVdyq0DN4cSlVU//7K5y5qveJHtx+RRFBpCMdadzw3Nn6KlWGE00mhm2gaYzLCA9qxKLGg2k+ns07QiXX6KIyUfdKgqfu7I8VC67EIbKXAZqgXs8z8L+skJrz2UybjxFBJZh+FCUcmQtniqM8UJYaPLWCimJ0VkSFWmBh7noI9gre48jI0zyreZeW87pWqVZgpD0dwDGXw4AqqcAs1aACBITzCM7w4wnlyXp23WemKM+85hD9y3n8A+GeQeg==</latexit>

N(r)



Examples
r = 2:

3 lines

r = 3:

6 lines

Regular Hexagon Regular Icosahedron

r = 7:

28 lines

Take all 28 
permutations of the 

vector 
(3,3,-1,-1,-1,-1,-1,-1). 

r = 23:

Schläfli Graph 
(E8 lattice) 

276 lines

McLaughlin 

Graph

(Leech lattice)



Consider the matrices                          . They live in the          

        -dimensional space of symmetric matrices       .

Theorem[Absolute bound] (Gerzon 73):                       .

Proof: Let                   be unit vectors along the given lines. 
Then                         for some                  .

⇤Hence they are linearly independent.

<latexit sha1_base64="I18Lviiwpw/pAN7hSiH9yxHt6sg="></latexit>v1, . . . , vn
<latexit sha1_base64="6aUoOWxndeBN48zcXeXwGkeCW5o="></latexit>

hvi, vji = ±↵
<latexit sha1_base64="jY3sqFRYqvn08uk3lHXO5qCq7Q4="></latexit>

0  ↵ < 1
<latexit sha1_base64="9v8k4op3CdkfJXoi65rd7THOnvI="></latexit>
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<latexit sha1_base64="wtAtQVpZ/EKRIPWd+fcKRMtzVX4="></latexit>

Sr

<latexit sha1_base64="f4yQvbSCsrf1jQsE6jGCm1reQIM="></latexit>
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Recalling the Frobenius inner product of matrices
<latexit sha1_base64="j5ayU0Ca3BeuUd+c2gOib3x9UlU="></latexit>

hA,BiF = tr(A|B) =
X

i,j

Ai,jBi,j

we have

<latexit sha1_base64="Ii+qwl9inVM91NvqJtX4Pkpx+og="></latexit>�r+1
2

�

<latexit sha1_base64="MXkDC87RwuAPusvzaeP/wqLg0pk=">AAACAXicbVDLSsNAFJ34aq2vqBvBzWARKkJJiq9lwI0racE+oAllMp20QyeTODMRSogbf8WNC0Xc+hfu/AHxM5w+Ftp64MLhnHu59x4/ZlQqy/o0FhaXlldy+dXC2vrG5pa5vdOQUSIwqeOIRaLlI0kY5aSuqGKkFQuCQp+Rpj+4HPnNOyIkjfiNGsbEC1GP04BipLTUMfeuS+IIuozcQtenPApTcWxnaSXrmEWrbI0B54k9JUUH1r6/8rnTasf8cLsRTkLCFWZIyrZtxcpLkVAUM5IV3ESSGOEB6pG2phyFRHrp+IMMHmqlC4NI6OIKjtXfEykKpRyGvu4MkerLWW8k/ue1ExVceCnlcaIIx5NFQcKgiuAoDtilgmDFhpogLKi+FeI+EggrHVpBh2DPvjxPGpWyfVY+qdlFxwET5ME+OAAlYINz4IArUAV1gME9eATP4MV4MJ6MV+Nt0rpgTGd2wR8Y7z+pAJiy</latexit>

N(r) 
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2
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.



Theorem[Absolute bound] (Gerzon 73):                       .

Theorem[Relative Bound] (Lemmens, Seidel 73):                                
for all                      .

What is known?

<latexit sha1_base64="u7iLN1zXU8LpLxDPsj1klG2Hwyw="></latexit>

N↵(r)  r 1�↵2

1�r↵2

- tight in dimension 2,3, 7 and 23. No other cases of equality 
are known.

Question (Lemmens, Seidel 73):

Determine           , the maximum number of equiangular lines 
in      with common angle                , especially when 

                                

<latexit sha1_base64="clR0P7xWuqgWJV2TWxJOrjdsSFE="></latexit>

Rr
<latexit sha1_base64="gcJiVn/BBX78dDsAE2AcMlQUp/g="></latexit>

arccos(↵)

<latexit sha1_base64="8ZWlu8Ue4ATQN0LHzFSEVbgrwXg="></latexit>

N↵(r)

Theorem (Neumann 73): If                     then                        .

<latexit sha1_base64="MXkDC87RwuAPusvzaeP/wqLg0pk=">AAACAXicbVDLSsNAFJ34aq2vqBvBzWARKkJJiq9lwI0racE+oAllMp20QyeTODMRSogbf8WNC0Xc+hfu/AHxM5w+Ftp64MLhnHu59x4/ZlQqy/o0FhaXlldy+dXC2vrG5pa5vdOQUSIwqeOIRaLlI0kY5aSuqGKkFQuCQp+Rpj+4HPnNOyIkjfiNGsbEC1GP04BipLTUMfeuS+IIuozcQtenPApTcWxnaSXrmEWrbI0B54k9JUUH1r6/8rnTasf8cLsRTkLCFWZIyrZtxcpLkVAUM5IV3ESSGOEB6pG2phyFRHrp+IMMHmqlC4NI6OIKjtXfEykKpRyGvu4MkerLWW8k/ue1ExVceCnlcaIIx5NFQcKgiuAoDtilgmDFhpogLKi+FeI+EggrHVpBh2DPvjxPGpWyfVY+qdlFxwET5ME+OAAlYINz4IArUAV1gME9eATP4MV4MJ6MV+Nt0rpgTGd2wR8Y7z+pAJiy</latexit>

N(r) 
�r+1

2

�

<latexit sha1_base64="yiRK9UE3WfLsBRyY7Ff/scpq+Xg=">AAACB3icbVDLSsNAFJ3UR2t9RV0KMlgEF6Umaq0bIeDGZQv2AU0ok8mkHTp5MDMRSujOjb/ixoUibv0Fd/6A+BlO2i609cBcDufcy5173JhRIQ3jU8stLa+s5gtrxfWNza1tfWe3JaKEY9LEEYt4x0WCMBqSpqSSkU7MCQpcRtru8Drz23eECxqFt3IUEydA/ZD6FCOppJ5+YCMWDxC8gubJWVmValZqZWgzL5Kip5eMijEBXCTmjJQs2Pj+KuSr9Z7+YXsRTgISSsyQEF3TiKWTIi4pZmRctBNBYoSHqE+6ioYoIMJJJ3eM4ZFSPOhHXL1Qwon6eyJFgRCjwFWdAZIDMe9l4n9eN5H+pZPSME4kCfF0kZ8wKCOYhQI9ygmWbKQIwpyqv0I8QBxhqaIrqhDM+ZMXSeu0Yl5UzhtmybLAFAWwDw7BMTBBDVjgBtRBE2BwDx7BM3jRHrQn7VV7m7bmtNnMHvgD7f0HLjGYog==</latexit>

↵ = 1/3, 1/5, 1/7, . . .

<latexit sha1_base64="dLMoURF9KLmwgKYW0rJ+ZslFgmM=">AAAB/nicbVDJSgNBEO2JS2LcRsWTl8YgeDHOBLfjgBePCZgFMmOo6fQkjT2L3T1CGAL+ihcPinj1O7z5A+Jn2FkOmvig4PFeFVX1/IQzqSzr08gtLC4t5wsrxdW19Y1Nc2u7IeNUEFonMY9FywdJOYtoXTHFaSsRFEKf06Z/eznym/dUSBZH12qQUC+EXsQCRkBpqWPuCuxyeoftYxd40oebCj7ClY5ZssrWGHie2FNScnDt+6uQP612zA+3G5M0pJEiHKRs21aivAyEYoTTYdFNJU2A3EKPtjWNIKTSy8bnD/GBVro4iIWuSOGx+nsig1DKQejrzhBUX856I/E/r52q4MLLWJSkikZksihIOVYxHmWBu0xQovhAEyCC6Vsx6YMAonRiRR2CPfvyPGlUyvZZ+aRmlxwHTVBAe2gfHSIbnSMHXaEqqiOCMvSIntGL8WA8Ga/G26Q1Z0xndtAfGO8/BSSWhQ==</latexit>

r  1/↵2 � 2

Theorem (de Caen 00):                          .
<latexit sha1_base64="B+l6tC8nvRLJ1p6CRvzhCtkyUU8=">AAAB/nicbVDJSgNBEO2JW4xbVDx5aRKEBCHMBFGPg148aQSzQGYMPZ1K0qRnsbtHCEPAj/AHvHhQxKvf4S1/Y2c5aOKDgsd7VVTV8yLOpDLNkZFaWl5ZXUuvZzY2t7Z3srt7NRnGgkKVhjwUDY9I4CyAqmKKQyMSQHyPQ93rX479+iMIycLgTg0icH3SDViHUaK01MoeXBdEETtdeMDOjQ9dUhD35WIrmzdL5gR4kVgzkrdzzvHzyB5UWtlvpx3S2IdAUU6kbFpmpNyECMUoh2HGiSVEhPZJF5qaBsQH6SaT84f4SCtt3AmFrkDhifp7IiG+lAPf050+UT05743F/7xmrDrnbsKCKFYQ0OmiTsyxCvE4C9xmAqjiA00IFUzfimmPCEKVTiyjQ7DmX14ktXLJOi2d3Fp5+wJNkUaHKIcKyEJnyEZXqIKqiKIEvaA39G48Ga/Gh/E5bU0Zs5l99AfG1w/II5cU</latexit>

N(r) � ⌦(r2)

<latexit sha1_base64="oc3R8nh9Hjtvp9E0ToTfBA/I89I=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahXkpSinqSghdPUsF+QBvCZrtpl242YXdTKKH/xIsHRbz6T7z5b9y2OWjrg4HHezPMzAsSzpR2nG+rsLG5tb1T3C3t7R8cHtnHJ20Vp5LQFol5LLsBVpQzQVuaaU67iaQ4CjjtBOO7ud+ZUKlYLJ70NKFehIeChYxgbSTfth/8PubJCFfkJbpFNenbZafqLIDWiZuTMuRo+vZXfxCTNKJCE46V6rlOor0MS80Ip7NSP1U0wWSMh7RnqMARVV62uHyGLowyQGEsTQmNFurviQxHSk2jwHRGWI/UqjcX//N6qQ5vvIyJJNVUkOWiMOVIx2geAxowSYnmU0MwkczcisgIS0y0CatkQnBXX14n7VrVvarWH+vlRiOPowhncA4VcOEaGnAPTWgBgQk8wyu8WZn1Yr1bH8vWgpXPnMIfWJ8/gAKSRg==</latexit>

N↵(r) > 2r
<latexit sha1_base64="1Ds26HySrb1iFtsvvTBvtjioxDw="></latexit>
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�
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Recent progress

Theorem (B., Dräxler, Keevash, Sudakov 17):                                if    is 
exponentially large in          , with equality if and only if 

<latexit sha1_base64="HLy62ygk1zcJgWhNYJKYc+uQR/Q="></latexit>

N↵(r)  2r � 2
<latexit sha1_base64="M2aj8QDvh45WKuO5/0rOUB23uvs="></latexit>

↵ = 1/3.

Theorem (Glazyrin, Yu 18):                                                   for all          .    
<latexit sha1_base64="QC3xd1RFwwq4puhEX/XcW87yg8Y="></latexit>

N↵(r) 
�

2
3↵2 + 4

7

�
r + 2

Question: What about for                                         ?

Theorem (Jiang, Tidor, Yao, Zhang, Zhao 19): Let      be the minimum 
number of vertices in a graph with spectral radius                 . If     

   is doubly exponentially large in          , then

<latexit sha1_base64="5wKs1ncHJ/XQXzjyB3wEm+uBpcw="></latexit>

↵  1
3

<latexit sha1_base64="zcQR6i0FH5bUhhsuELjS/WojtbQ="></latexit>

k↵

<latexit sha1_base64="9OYQG735b1Cni5z1kHVS7+vXx9Y="></latexit>

N↵(r) =
j

r�1
1�1/k↵

k

Theorem (Yu 17):                                     for                                          .

<latexit sha1_base64="c3sUZeVAmMcZF8y/y3yTaBpRVp0=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simznC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxllkNw=</latexit>r
<latexit sha1_base64="W4rf6p5wHJLzcnvZa1ucaIP4sY8=">AAAB8XicbZDJSgNBEIZr4pIYt6hHL41B8BRngtsx4MVjAmbBJIaaTk/SpKdn6O4RQshbePGgiFffxpsvID6GneWgiT80fPx/FV1Vfiy4Nq776aRWVtfW05mN7ObW9s5ubm+/pqNEUValkYhUw0fNBJesargRrBErhqEvWN0fXE/y+gNTmkfy1gxj1g6xJ3nAKRpr3XmnLRRxH++LnVzeLbhTkWXw5pAvkcr3VyZ9Xu7kPlrdiCYhk4YK1LrpubFpj1AZTgUbZ1uJZjHSAfZY06LEkOn2aDrxmBxbp0uCSNknDZm6vztGGGo9DH1bGaLp68VsYv6XNRMTXLVHXMaJYZLOPgoSQUxEJuuTLleMGjG0gFRxOyuhfVRIjT1S1h7BW1x5GWrFgndROKt4+VIJZsrAIRzBCXhwCSW4gTJUgYKER3iGF0c7T86r8zYrTTnzngP4I+f9B01Tkvc=</latexit>

1/↵2

<latexit sha1_base64="c3sUZeVAmMcZF8y/y3yTaBpRVp0=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simznC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxllkNw=</latexit>r
<latexit sha1_base64="iJXpzKQpYfTIkPxjPCYAxksZgLE=">AAAB+nicbZDLSsNAFIZP6qW13lJduhksgquaiLdlwI3LFuwF2hAm00k7dHJhZqKU2Edx40IRtz6JO19AfAynTRfa+sPAx3/O4Zz5/YQzqSzr0yisrK6tF0sb5c2t7Z1ds7LXknEqCG2SmMei42NJOYtoUzHFaScRFIc+p21/dD2tt++okCyObtU4oW6IBxELGMFKW55ZGXk9zJMhRicoB8+sWjVrJrQM9hyqDmp8f5WK53XP/Oj1Y5KGNFKEYym7tpUoN8NCMcLppNxLJU0wGeEB7WqMcEilm81On6Aj7fRREAv9IoVm7u+JDIdSjkNfd4ZYDeVibWr+V+umKrhyMxYlqaIRyRcFKUcqRtMcUJ8JShQfa8BEMH0rIkMsMFE6rbIOwV788jK0Tmv2Re2sYVcdB3KV4AAO4RhsuAQHbqAOTSBwD4/wDC/Gg/FkvBpveWvBmM/swx8Z7z/15pYZ</latexit>

k↵/↵

<latexit sha1_base64="+RZR0RrxuMItzIeji+XLBoDFkrY=">AAACFXicbVDLSgMxFM34aq2vUZdugkWooHVm8LUccOPOFuwDOtOSSdM2NPMwyQhl6E+48VfcuFDEreDOHxA/w7RTUFsPXO7hnHtJ7vEiRoU0jA9tbn5hcSmTXc6trK6tb+ibW1URxhyTCg5ZyOseEoTRgFQklYzUI06Q7zFS8/oXI792S7igYXAtBxFxfdQNaIdiJJXU0g/MIwexqIeaFjyEFnQYuYE8bVcFq5n8+MP9lp43isYYcJaYE5K3YfnrM5s5KbX0d6cd4tgngcQMCdEwjUi6CeKSYkaGOScWJEK4j7qkoWiAfCLcZHzVEO4ppQ07IVcVSDhWf28kyBdi4Htq0keyJ6a9kfif14hl59xNaBDFkgQ4fagTMyhDOIoItiknWLKBIghzqv4KcQ9xhKUKMqdCMKdPniVVq2ieFo/LZt62QYos2AG7oABMcAZscAlKoAIwuAMP4Ak8a/fao/aivaajc9pkZxv8gfb2DVinnsM=</latexit>

1/↵2 � 2  r  O(21/↵
2

)

<latexit sha1_base64="sn6Aav+AhVnNfgzpxmx0EkZ2w7M="></latexit>

N↵(r) 
�1/↵2�1

2

� <latexit sha1_base64="4j0hzEbdqfhO/bA9pGEA63qTFY0=">AAACE3icbVDLSgMxFM34aq2vUZdugkUQwTqpWl0OuHHZgn1AZyyZNNOGZh4mGaEM/Qc3/oobF4q4dePOHxA/w/SxqK0HLvdwzr0k93gxZ1JZ1pexsLi0vJLJrubW1jc2t8ztnZqMEkFolUQ8Eg0PS8pZSKuKKU4bsaA48Dite72roV+/p0KyKLxR/Zi6Ae6EzGcEKy21zCN04mAed/FtER7DInQ4vYNi3E6nLVRqmXmrYI0A5wmakLwNKz/f2cx5uWV+Ou2IJAENFeFYyiayYuWmWChGOB3knETSGJMe7tCmpiEOqHTT0U0DeKCVNvQjoStUcKROb6Q4kLIfeHoywKorZ72h+J/XTJR/6aYsjBNFQzJ+yE84VBEcBgTbTFCieF8TTATTf4WkiwUmSseY0yGg2ZPnSa1YQKXCWQXlbRuMkQV7YB8cAgQugA2uQRlUAQEP4Am8gFfj0Xg23oz38eiCMdnZBX9gfPwC88edXQ==</latexit>

1/↵2 � 2  r  3/↵2 � 16

<latexit sha1_base64="yJVT/4czpEERArdDWPH+gKp8pNo=">AAACFnicbVDJSgNBEO2JW4zbqEcvjUGJh4SZIOox4MVjAmaBTAg9nZ6kSc9Cd40Qhjn5CV78lHjxoIhX8ebf2FkQTXxQ8Hiviqp6biS4Asv6MjIrq2vrG9nN3Nb2zu6euX/QUGEsKavTUISy5RLFBA9YHTgI1ookI74rWNMdXk/85h2TiofBLYwi1vFJP+AepwS01DWLjicJTew0KaeOYB4UfgSHiGhAUlzENnYk7w/grGvmrZI1BV4m9pzkK6djfl9rjatd89PphTT2WQBUEKXathVBJyESOBUszTmxYhGhQ9JnbU0D4jPVSaZvpfhEKz3shVJXAHiq/p5IiK/UyHd1p09goBa9ifif147Bu+okPIhiYAGdLfJigSHEk4xwj0tGQYw0IVRyfSumA6JjAZ1kTodgL768TBrlkn1ROq/Z+UoFzZBFR+gYFZCNLlEF3aAqqiOKHtATekGvxqPxbLwZ77PWjDGfOUR/YHx8A98hojI=</latexit>

1
2

�
1
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.



Theorem(B.): There exists a constant            such that as           ,                              
New results

Simple lower bounds:                   for all       , and if              , 
then                               .

<latexit sha1_base64="RJcsS0igGX88s/TYukP50mk1svI=">AAAB+3icbVDJSgNBEO2JS2Lcxnj00hiEeAkz4nYc8OJJEjALJMPQ06lJmvQsdveIYcivePGgiFd/xJs/IH6GneWgiQ8KHu9VUVXPTziTyrI+jdzK6tp6vrBR3Nza3tk190pNGaeCQoPGPBZtn0jgLIKGYopDOxFAQp9Dyx9eTfzWPQjJ4uhWjRJwQ9KPWMAoUVryzNKN1yU8GZCKOMbdPtxh4Zllq2pNgZeJPSdlB9e/vwr5s5pnfnR7MU1DiBTlRMqObSXKzYhQjHIYF7uphITQIelDR9OIhCDdbHr7GB9ppYeDWOiKFJ6qvycyEko5Cn3dGRI1kIveRPzP66QquHQzFiWpgojOFgUpxyrGkyBwjwmgio80IVQwfSumAyIIVTquog7BXnx5mTRPqvZ59bRulx0HzVBAB+gQVZCNLpCDrlENNRBFD+gRPaMXY2w8Ga/G26w1Z8xn9tEfGO8/UGKWQw==</latexit>

N↵(r) � r <latexit sha1_base64="tChn96fEX8XPwIi48Y0G08q7QZo=">AAAB8HicbZDLSgMxFIYz9VbrrepKXBgsggspMyLqcsCNywr2Iu1QzqSZNjSTDElGKEPXPoAbF4q49XG68zl8AdPLQlt/CHz8/znknBMmnGnjul9Obml5ZXUtv17Y2Nza3inu7tW0TBWhVSK5VI0QNOVM0KphhtNGoijEIaf1sH8zzuuPVGkmxb0ZJDSIoStYxAgYaz20gCc9OMOqXSy5ZXcivAjeDEr+wVNbjo6+K+3iqNWRJI2pMISD1k3PTUyQgTKMcDostFJNEyB96NKmRQEx1UE2GXiIT6zTwZFU9gmDJ+7vjgxirQdxaCtjMD09n43N/7JmaqLrIGMiSQ0VZPpRlHJsJB5vjztMUWL4wAIQxeysmPRAATH2RgV7BG9+5UWonZe9y/LFnVfyfTRVHh2iY3SKPHSFfHSLKqiKCIrRM3pFb45yXpx352NamnNmPfvoj5zPH+6kk4o=</latexit>↵, r
<latexit sha1_base64="ZZQOxwyqKf8lx01QHVqi8ULi+hQ=">AAAB+nicbVC7SgNBFJ31GeMrMaXNYBAsJOyKqIXFgo1lBPOAbFjuTmaTIbOzy8ysssQ0/oeNhSK2fomF4B/4DVZOHoUmHrhwOOde7r0nSDhT2rY/rYXFpeWV1dxafn1jc2u7UNypqziVhNZIzGPZDEBRzgStaaY5bSaSQhRw2gj6FyO/cUOlYrG41llC2xF0BQsZAW0kv1Ds+x7wpAf4HHtMhDrzC2W7Yo+B54kzJWW39PF9/zU8rPqFd68TkzSiQhMOSrUcO9HtAUjNCKfDvJcqmgDpQ5e2DBUQUdUejE8f4n2jdHAYS1NC47H6e2IAkVJZFJjOCHRPzXoj8T+vlerwrD1gIkk1FWSyKEw51jEe5YA7TFKieWYIEMnMrZj0QALRJq28CcGZfXme1I8qzknl+Mopuy6aIId20R46QA46RS66RFVUQwTdogf0hJ6tO+vRerFeJ60L1nSmhP7AevsBMpyXvQ==</latexit>

k↵ < 1
<latexit sha1_base64="DNSOKnVaYUrocgFgGukq02axdg8="></latexit>

N↵(r) �
j

r�1
1�1/k↵

k

equality iff the 
absolute bound is met 
in dimension         

<latexit sha1_base64="636glYSbcdd6EarZNLXAKeH1lOY=">AAAB9XicdVDLSsNAFJ3UR2t9VV26GSyCG2MS+3IXcOOyBfuANi2T6aQdOnkwM1FK6H+4caGIW//FnT8gfoaTtoKKHrhwOOde7r3HjRgV0jDetMzK6tp6NreR39za3tkt7O23RBhzTJo4ZCHvuEgQRgPSlFQy0ok4Qb7LSNudXKZ++4ZwQcPgWk4j4vhoFFCPYiSV1DfPeohFY9S34Cm0BoWioV/USla5Cg3dmCMl5zWrUoHmUinasPHxnsuW64PCa28Y4tgngcQMCdE1jUg6CeKSYkZm+V4sSITwBI1IV9EA+UQ4yfzqGTxWyhB6IVcVSDhXv08kyBdi6ruq00dyLH57qfiX142lV3MSGkSxJAFeLPJiBmUI0wjgkHKCJZsqgjCn6laIx4gjLFVQeRXC16fwf9KydLOilxpm0bbBAjlwCI7ACTBBFdjgCtRBE2DAwR14AI/arXavPWnPi9aMtpw5AD+gvXwCN52T+g==</latexit>

1/↵2 � 2

always equality!        

<latexit sha1_base64="KhClQlCZC+PDgM2hSYIp42rx8Jo="></latexit>

N↵(r) 

8
>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>:

�1/↵2�1
2

�
if 1

↵2 � 2 < r  1�o(1)
4↵4

(2 + o(1))r if 1�o(1)
4↵4 < r  O

�
1
↵5

�

✓
1 + 1+o(1)

4 cos2( ⇡
q+2 )

◆
r if 1

↵2q+1 ⌧ r  O
�

1
↵2q+3

�
for integer q � 2

�
5
4 + o(1)

�
r if 1/↵!(1)  r < 21/↵

4C

⇣
1 + C log(1/↵)

log log r

⌘
r if 21/↵

4C  r < 21/↵
C(k↵�1)

j
r�1

1�1/k↵

k
if 21/↵

C(k↵�1)  r.

<latexit sha1_base64="9kBAESdcWmpQxKr/x0jn2An727M=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcp9OKxgmkLbSib7aRdutmE3Y1QSn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6aCa+O6305hY3Nre6e4W9rbPzg8Kh+ftHSSKYY+S0SiOiHVKLhE33AjsJMqpHEosB2OG3O//YRK80Q+mkmKQUyHkkecUWMlv0HuiNsvV9yquwBZJ15OKpCj2S9/9QYJy2KUhgmqdddzUxNMqTKcCZyVepnGlLIxHWLXUklj1MF0ceyMXFhlQKJE2ZKGLNTfE1Maaz2JQ9sZUzPSq95c/M/rZia6DaZcpplByZaLokwQk5D552TAFTIjJpZQpri9lbARVZQZm0/JhuCtvrxOWldV77pae6hV6vU8jiKcwTlcggc3UId7aIIPDDg8wyu8OdJ5cd6dj2VrwclnTuEPnM8fNbONpA==</latexit>

C > 0
<latexit sha1_base64="rQc8QOF76hAXVSNjN7qiJvNnLaw=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5JIUZcFNy4r2Ac0odxMJ83QySTMTJQair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7T5ByprTjfFulldW19Y3yZmVre2d3z94/aKskk4S2SMIT2Q1AUc4EbWmmOe2mkkIccNoJRtdTv3NPpWKJuNPjlPoxDAULGQFtpL595AFPI8CeZMNIg5TJA3b6dtWpOTPgZeIWpIoKNPv2lzdISBZToQkHpXquk2o/B6kZ4XRS8TJFUyAjGNKeoQJiqvx8dv0EnxplgMNEmhIaz9TfEznESo3jwHTGoCO16E3F/7xepsMrP2cizTQVZL4ozDjWCZ5GgQdMUqL52BAgkplbMYlAAtEmsIoJwV18eZm0z2vuRa1+W682GkUcZXSMTtAZctElaqAb1EQtRNAjekav6M16sl6sd+tj3lqyiplD9AfW5w8DUpTx</latexit>

↵ ! 0



Corollary(B.): Let      be a   -regular graph with second and last 
eigenvalue           . If the spectral gap satisfies                   , then

New results for regular graphs
<latexit sha1_base64="MmcnO+qZ4XLDd+XeS67hkuG1i3U="></latexit>

G
<latexit sha1_base64="DGE+BilWaWH1TQwafeu9WLGoVxU="></latexit>

k
<latexit sha1_base64="ay9vAgueoAPg8JDMyNVTBEWaueY="></latexit>

�2,�n
<latexit sha1_base64="CXsh2UhPeyrxPDxOLyDggCjtbBo="></latexit>

k � �2 ⌧ n
<latexit sha1_base64="KMJOk0pLJRffcdHfhAwsfTdF5NM="></latexit>

�2 � (1� o(1))k1/3 and
<latexit sha1_base64="MlZvb9jQfcaq4jB41Xn5ZPoXTYY="></latexit>

�2 � (1� o(1))
p
��n.

Theorem(B.): If     is a   -regular graph with                   , then


with equality in both whenever                                     , i.e. 
when     corresponds to a set of real equiangular lines meeting 
the absolute bound in dimension                             .

<latexit sha1_base64="L51ctVlI1PW4y1/asA08l6wx7qA="></latexit>

k � �2 < n
2

<latexit sha1_base64="jEBJOg22pgMoXKSEa8B+TBQVj4M="></latexit>

2
⇣
k � (k��2)

2

n

⌘
 �2(�2+1)(2�2+1)

1� 2(k��2)
n

� �2(3�2 + 1),

<latexit sha1_base64="u26ignaU0TSO4imrLVEtF8yi/yc="></latexit>

��n  �2(�2+1)

1� 2(k��2)
n

� �2,
<latexit sha1_base64="QbAwzEfjwIas6aIOeqHLovZiVsI="></latexit>

n+ 1 =
�n�mult(�2)+1

2

�
<latexit sha1_base64="MmcnO+qZ4XLDd+XeS67hkuG1i3U="></latexit>

G
<latexit sha1_base64="IeTSmvspflqsjjs2ERy7gKCQyGk="></latexit>

r = n�mult(�2)

<latexit sha1_base64="MmcnO+qZ4XLDd+XeS67hkuG1i3U="></latexit>

G
<latexit sha1_base64="DGE+BilWaWH1TQwafeu9WLGoVxU="></latexit>

k



Corollary(B.): Let      be a   -regular graph with second 
eigenvalue      . If the spectral gap satisfies                   , then

<latexit sha1_base64="MmcnO+qZ4XLDd+XeS67hkuG1i3U="></latexit>

G
<latexit sha1_base64="DGE+BilWaWH1TQwafeu9WLGoVxU="></latexit>

k
<latexit sha1_base64="CXsh2UhPeyrxPDxOLyDggCjtbBo="></latexit>

k � �2 ⌧ n
<latexit sha1_base64="KMJOk0pLJRffcdHfhAwsfTdF5NM="></latexit>

�2 � (1� o(1))k1/3 .

Note that                         is equidistant from each    .

Proof sketch: Starting with the adjacency matrix     , let 

                 and define                                            .

<latexit sha1_base64="LT5qkXR5g1iIrcoKGziiqtP4ExU=">AAAB8HicbVC7SgNBFL3rM8ZXNKXNYBAsJOwGUcsFG8sI5iHJEmZnJ8mQmdllZlYISxp/wcZCEVs/x0LwD/wGKyePQhMPXDiccy73ESacaeO6n87S8srq2npuI7+5tb2zW9jbr+s4VYTWSMxj1QyxppxJWjPMcNpMFMUi5LQRDi7HfuOOKs1ieWOGCQ0E7knWZQQbK922uY1GuFPpFEpu2Z0ALRJvRkp+8eP7/mt0Uu0U3ttRTFJBpSEca93y3MQEGVaGEU5H+XaqaYLJAPdoy1KJBdVBNll4hI6sEqFurGxJgybq744MC62HIrRJgU1fz3tj8T+vlZruRZAxmaSGSjId1E05MjEaX48ipigxfGgJJorZXRHpY4WJsT/K2yd48ycvknql7J2VT6+9ku/DFDk4gEM4Bg/OwYcrqEINCAh4gCd4dpTz6Lw4r9PokjPrKcIfOG8/FBqUXA==</latexit>

�2

<latexit sha1_base64="zrrppln8tVTzOyWIMtnKxhCoatc=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNiAc9JmAWSIbQ06lJWnt6hu4eIQ55Ai8eFPHqA/gUPoE3j76JneWgiT80fPx/FV1VfsyZ0o7zZWXm5hcWl7LLuZXVtfWN/OZWTUWJpFilEY9kwycKORNY1UxzbMQSSehzrPu3F8O8fodSsUhc636MXki6ggWMEm2synk7X3CKzkj2LLgTKJx93H9fvu+k5Xb+s9WJaBKi0JQTpZquE2svJVIzynGQayUKY0JvSRebBgUJUXnpaNCBvW+cjh1E0jyh7ZH7uyMloVL90DeVIdE9NZ0Nzf+yZqKDUy9lIk40Cjr+KEi4rSN7uLXdYRKp5n0DhEpmZrVpj0hCtblNzhzBnV55FmqHRfe4eFRxC6USjJWFXdiDA3DhBEpwBWWoAgWEB3iCZ+vGerRerNdxacaa9GzDH1lvP88SkKs=</latexit>

A
<latexit sha1_base64="nklSvYKLzyGHM32H6LrsBiR6kzY=">AAACCnicbVC7SgNBFJ2NrxhfUUub0SAISthdRG2EgI1lBDcJZMNyd3Y2GTL7YGZWCGtqG3/FxkIRWytLO//GyaPQxAMDh3Pu4c49fsqZVKb5bRQWFpeWV4qrpbX1jc2t8vZOQyaZINQhCU9EywdJOYupo5jitJUKCpHPadPvX4385h0VkiXxrRqktBNBN2YhI6C05JX3XeBpD/AldkMBJLeGue1ynQ/As/ExtoZeuWJWzTHwPLGmpFI7+TQdG+7rXvnLDRKSRTRWhIOUbctMVScHoRjhdFhyM0lTIH3o0ramMURUdvLxKUN8qJUAh4nQL1Z4rP5O5BBJOYh8PRmB6slZbyT+57UzFV50chanmaIxmSwKM45Vgke94IAJShQfaAJEMP1XTHqgK1G6vZIuwZo9eZ407Kp1Vj29sSq1GpqgiPbQATpCFjpHNXSN6shBBD2gJ/SCXo1H49l4M94nowVjmtlFf2B8/ACRjJvX</latexit>

↵ = 1
2�2+1

<latexit sha1_base64="Sc1WiJgnZ0Wdg2zSMHp7izWVTq4=">AAACEXicbZDJSgNBEIZ73BLjNurRS2EQIpIwE9wuwogXFYQEzAJJCD2dTtKkZ6G7RwhDXsGLr+LFgyJevXnzBcTHsLMcNPGHho+/qqiu3w05k8qyPo25+YXFpURyObWyura+YW5ulWUQCUJLJOCBqLpYUs58WlJMcVoNBcWey2nF7V0M65U7KiQL/FvVD2nDwx2ftRnBSltNM3MDZ5Cxs1DHPOzifbiCgwnDNWQhP+Hzppm2ctZIMAv2BNIOFL+/komjQtP8qLcCEnnUV4RjKWu2FapGjIVihNNBqh5JGmLSwx1a0+hjj8pGPLpoAHvaaUE7EPr5Ckbu74kYe1L2PVd3elh15XRtaP5Xq0WqfdqImR9GivpkvKgdcVABDOOBFhOUKN7XgIlg+q9AulhgonSIKR2CPX3yLJTzOfs4d1i0046DxkqiHbSLMshGJ8hBl6iASoige/SIntGL8WA8Ga/G27h1zpjMbKM/Mt5/AHzhm/8=</latexit>

M = (1� ↵)I + ↵J � 2↵A

Straightforward to check that      is positive semidefinite, so it 
is the Gram matrix of some unit vectors                 .

<latexit sha1_base64="ri4fWNOlsLvY5EKiO9ajIPohY8I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAe9CAmYBZIh9HRqktaenqG7R4hDnsCLB0W8+gA+hU/gzaNvYmc5aOIPDR//X0VXlR9zprTjfFmZufmFxaXscm5ldW19I7+5VVNRIilWacQj2fCJQs4EVjXTHBuxRBL6HOv+7fkwr9+hVCwS17ofoxeSrmABo0Qbq3LVzhecojOSPQvuBApnH/ffF+87abmd/2x1IpqEKDTlRKmm68TaS4nUjHIc5FqJwpjQW9LFpkFBQlReOhp0YO8bp2MHkTRPaHvk/u5ISahUP/RNZUh0T01nQ/O/rJno4NRLmYgTjYKOPwoSbuvIHm5td5hEqnnfAKGSmVlt2iOSUG1ukzNHcKdXnoXaYdE9Lh5V3EKpBGNlYRf24ABcOIESXEIZqkAB4QGe4Nm6sR6tF+t1XJqxJj3b8EfW2w/hQpC3</latexit>

M
<latexit sha1_base64="GEd8wMH3GbMun1FmNjfNd0gjH+s=">AAAB+XicbVDLSsNAFJ34rPUVdSUuHCyCi1ISEXUZcOOygn1AG8JkMmmHTmbCzCRQQtf+hBsXirj1T7rzO/wBp4+Fth64cDjnXu69J0wZVdpxvqyV1bX1jc3SVnl7Z3dv3z44bCqRSUwaWDAh2yFShFFOGppqRtqpJCgJGWmFg7uJ38qJVFTwRz1MiZ+gHqcxxUgbKbDtPHCrsMsioVUV5oGRKk7NmQIuE3dOKt7xUyDGp9/1wB53I4GzhHCNGVKq4zqp9gskNcWMjMrdTJEU4QHqkY6hHCVE+cX08hE8N0oEYyFNcQ2n6u+JAiVKDZPQdCZI99WiNxH/8zqZjm/9gvI004Tj2aI4Y1ALOIkBRlQSrNnQEIQlNbdC3EcSYW3CKpsQ3MWXl0nzsuZe164e3IrngRlK4AScgQvgghvggXtQBw2AQQ6ewSt4swrrxXq3PmatK9Z85gj8gfX5A/CTlkQ=</latexit>v1, . . . , vn

<latexit sha1_base64="Wj3qO6xshtwocMN+6qCEp0+MFSQ="></latexit>

v = 1
n

Pn
i=1 vi

<latexit sha1_base64="s25MTop0OChGx7t57L0r9Wan6bs=">AAAB6nicbZC7SgNBFIbPeI3xFk1pMxgECwm7Imq5YGMZ0VwgWcLsZDYZMju7zMwGwpLG3sZCEVufyELwDXwGKyeXQhN/GPj4/3OYc06QCK6N43yipeWV1bX13EZ+c2t7Z7ewt1/Tcaooq9JYxKoREM0El6xquBGskShGokCwetC/Guf1AVOax/LODBPmR6QrecgpMda6HbR5u1Byys5EeBHcGZS84sf3/dfopNIuvLc6MU0jJg0VROum6yTGz4gynAo2yrdSzRJC+6TLmhYliZj2s8moI3xknQ4OY2WfNHji/u7ISKT1MApsZURMT89nY/O/rJma8NLPuExSwySdfhSmApsYj/fGHa4YNWJogVDF7ayY9ogi1Njr5O0R3PmVF6F2WnbPy2c3bsnzYKocHMAhHIMLF+DBNVSgChS68ABP8IwEekQv6HVauoRmPUX4I/T2AwlLkhA=</latexit>vi

Project                           onto the span of                        

(orthogonally with respect to the Frobenius inner product).

<latexit sha1_base64="w0Dc+w3yU2/uFjBslRuPwfY/jW4=">AAACJXicbVDLSgMxFL1TX7W+qi5cuIkWQRDKjIi6UBhw47KCfUBbSyZN29BMZkgyhTL0Z9z4Cf6CGxctIrjRXzHTFrTVA4GTc869yb1eyJnStv1hpRYWl5ZX0quZtfWNza3s9k5JBZEktEgCHsiKhxXlTNCiZprTSigp9j1Oy173JvHLPSoVC8S97oe07uO2YC1GsDZSI3tVQega1QKTSVrEvQHqNZyHGhOaSoI5OknuM4Efs5HN2Xl7DPSXOFOScw+8Txg+7xUa2VGtGZDIp0ITjpWqOnao6zGWmhFOB5lapGiISRe3adVQgX2q6vF4ygE6MkoTtQJpjtBorP6uiLGvVN/3TNLHuqPmvUT8z6tGunVZj5kII00FmTzUijjSAUpWhppMUqJ53xBMJDN/RaSDJSZmCypjluDMj/yXlE7zznn+7M7JuS5MkIZ9OIRjcOACXLiFAhSBwCO8wBBG1pP1ar1Z75NoyprW7MIMrK9vleyoZw==</latexit>

X = vv|1 + v1v
|

The (Frobenius) norm of     can only decrease!
<latexit sha1_base64="L76z0Drcyp5h/W/9sFJMgCchvAQ=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8YgeAozIurNgAc9JmAWSIbQ06lJ2vQsdPcIccgTePGgiFcfwKfwCbx59E3sLAdN/KHh4/+r6KryYsGVtu0vK7OwuLS8kl3Nra1vbG7lt3dqKkokwyqLRCQbHlUoeIhVzbXARiyRBp7Aute/HOX1O5SKR+GNHsToBrQbcp8zqo1VabTzBbtoj0XmwZlC4eLj/vvqfS8tt/OfrU7EkgBDzQRVqunYsXZTKjVnAoe5VqIwpqxPu9g0GNIAlZuOBx2SQ+N0iB9J80JNxu7vjpQGSg0Cz1QGVPfUbDYy/8uaifbP3ZSHcaIxZJOP/EQQHZHR1qTDJTItBgYok9zMSliPSsq0uU3OHMGZXXkeasdF57R4UnEKpRJMlIV9OIAjcOAMSnANZagCA4QHeIJn69Z6tF6s10lpxpr27MIfWW8/8e6Qwg==</latexit>

X

<latexit sha1_base64="UMBY+5FbwacYNadxWmkkju4LTtM="></latexit>

v1v
|
1 , . . . , vnv

|
n

⇤



Given a pair of complex lines                , the quantity              is 
the same for all unit vectors                      and so 

is called the Hermitian angle between     and    .

New results in the complex setting
<latexit sha1_base64="2+jL0kmVyhdTy8lhNqMikoO9ou8="></latexit>

U, V ⇢ Cr

<latexit sha1_base64="cpl887hs4yWu7xCa9XjsQs/0k0k="></latexit>

u 2 U, v 2 V

<latexit sha1_base64="sTWBTnMWbYDRRjhDABIxAJOfXzc="></latexit>

| hu, vi |

<latexit sha1_base64="vbZ0VfxTMbxPElhhE1TdI/lXatg="></latexit>

U
<latexit sha1_base64="8Lr7wYy+8o4yi4Ii1BfGsq6Dgl0="></latexit>

V

<latexit sha1_base64="Pe39bk6kJ1hVh25ZbxApvQgbb2U="></latexit>

arccos | hu, vi |

We define            to be the maximum number of complex 
equiangular lines in      with common Hermitian angle                .

<latexit sha1_base64="HQRxjhP06Otz9sC/TOMBM2QGE8E="></latexit>

NC
↵ (r)

<latexit sha1_base64="ljGRezzWRDKaNntJgLL+qh0F6SU="></latexit>

Cr
<latexit sha1_base64="hvLdLCbYvL+fPqZoFH/IgY8ew0Q="></latexit>

arccos(↵)

Theorem[Absolute bound] (Delsarte, Goethals, Seidel 75):                 . 
<latexit sha1_base64="u/j+IbVRy4YU5MU7qrJGYrf3ihQ="></latexit>

NC
↵ (r)  r2

Collections of     complex equiangular lines in      are known as

SICs/SIC-POVMs in quantum information theory. 

<latexit sha1_base64="HUSW30pPeTnt1kM4eKwbVBpHqjQ="></latexit>

r2
<latexit sha1_base64="ljGRezzWRDKaNntJgLL+qh0F6SU="></latexit>

Cr

Conjecture (Zauner 99): For each          ,                             and a 
construction can be obtained as the orbit of a vector under 
the action of a Weyl-Heisenberg group.

<latexit sha1_base64="l0bHw4Qg1pGSb2eo/6NseGoXeNA="></latexit>

r 2 N
<latexit sha1_base64="wmvDq+PBtnTnVrXnwnh3i2xaI44="></latexit>

max↵ NC
↵ (r) = r2



New results in the complex setting

Theorem(B.): If                  , then                                , with 
equality if and only if there exists a SIC in                dimensions.

Theorem[Relative Bound] (Delsarte, Goethals, Seidel 75):                                 

                            for all                       .

<latexit sha1_base64="B912TXnWdGYbSmO141+P5JRF6ZU="></latexit>

NC
↵ (r)  r 1�↵2

1�r↵2

<latexit sha1_base64="M6lmPDulEQL0AS/GDwZoDUtpE78=">AAACB3icbVC7SgNBFJ2Nrxhfq4KNIINBiYVhR0UtF2wsI5gHZGOYncwmQ2YfzswKYdnOxl+xsVDE1lLs7PwJf8DGyaPQxAMXDufcy733uBFnUlnWp5GZmp6ZncvO5xYWl5ZXzNW1igxjQWiZhDwUNRdLyllAy4opTmuRoNh3Oa263bO+X72hQrIwuFS9iDZ83A6YxwhWWmqaWwI6nF5DxxOYJGg/LKC9NHEwjzr46jBtmnmraA0AJwkakby9S96+3r83Sk3zw2mFJPZpoAjHUtaRFalGgoVihNM058SSRph0cZvWNQ2wT2UjGfyRwh2ttKAXCl2BggP190SCfSl7vqs7faw6ctzri/959Vh5p42EBVGsaECGi7yYQxXCfiiwxQQlivc0wUQwfSskHawTUTq6nA4Bjb88SSoHRXRcPLpAedsGQ2TBJtgGBYDACbDBOSiBMiDgFtyDR/Bk3BkPxrPxMmzNGKOZdfAHxusPL02csQ==</latexit>

r  1�o(1)
↵3

<latexit sha1_base64="3HUsY04uT74kq67gyXh/Msx4tGU="></latexit>

NC
↵ (r) 

�
1
↵2 � 1

�2
<latexit sha1_base64="BFkD6s74sBNU7Xb93YRi6BGM/sc=">AAAB9XicbVDJSgNBEO2JS2Lcoh69NAbBi3EmuB0HvHhMwCyQTEJNpydp0tMzdPcoYch/ePGgiFf/xZs/IH6GneWgiQ8KHu9VUVXPjzlT2rY/rczK6tp6NreR39za3tkt7O3XVZRIQmsk4pFs+qAoZ4LWNNOcNmNJIfQ5bfjDm4nfuKdSsUjc6VFMvRD6ggWMgDZSxzlrA48H0CnjU+x0C0W7ZE+Bl4kzJ0UXV7+/ctmLSrfw0e5FJAmp0ISDUi3HjrWXgtSMcDrOtxNFYyBD6NOWoQJCqrx0evUYHxulh4NImhIaT9XfEymESo1C33SGoAdq0ZuI/3mtRAfXXspEnGgqyGxRkHCsIzyJAPeYpETzkSFAJDO3YjIACUSboPImBGfx5WVSL5ecy9J51Sm6Lpohhw7RETpBDrpCLrpFFVRDBEn0iJ7Ri/VgPVmv1tusNWPNZw7QH1jvP97gk70=</latexit>

1/↵2 � 1
<latexit sha1_base64="csx4f4cGdkHZVIQxgaq7Tsa1TKA="></latexit>

N
C
↵ (r)  1+↵

↵ r +O
�

1
↵3

�

<latexit sha1_base64="cD+tekpOIrHpYRO5f6EQ9tX6ju0=">AAAB/nicbVDLSgMxFM3UR2t9jYorN8EiuLFOiq/lgBuXLdgHdMaSSTNtMJMZk4xQhoK/4saFIm79Dnf+gPgZpo+Fth64cDjnXu69J0g4U9pxPq3cwuLScr6wUlxdW9/YtLe2GypOJaF1EvNYtgKsKGeC1jXTnLYSSXEUcNoMbi9HfvOeSsVica0HCfUj3BMsZARrI3XsXQk9Tu8gOvYwT/r4pgKPIOrYJafsjAHnCZqSkgtr31+F/Gm1Y3943ZikERWacKxUGzmJ9jMsNSOcDoteqmiCyS3u0bahAkdU+dn4/CE8MEoXhrE0JTQcq78nMhwpNYgC0xlh3Vez3kj8z2unOrzwMyaSVFNBJovClEMdw1EWsMskJZoPDMFEMnMrJH0sMdEmsaIJAc2+PE8alTI6K5/UUMl1wQQFsAf2wSFA4By44ApUQR0QkIFH8AxerAfryXq13iatOWs6swP+wHr/AQOgloQ=</latexit>

r  1/↵2 � 1

Otherwise                                        .



Future directions for research

• Unit vectors corresponding to equiangular lines are 
equivalently spherical              -codes. Extend methods to 
more general spherical    -codes.


• Prove an appropriate generalization of the usual Alon-
Boppana theorem to determine            up to a multiplicative 
constant. 

• Generalize to equiangular subspaces. 

• Generalize to signed graphs and unitarily-signed graphs.

<latexit sha1_base64="FDUGznVHjcD9f1/3oIs2BwDcq5Y="></latexit>

{↵,�↵}
<latexit sha1_base64="+4+soWZPVcldvmhglygKcPoad18="></latexit>

L

<latexit sha1_base64="HQRxjhP06Otz9sC/TOMBM2QGE8E="></latexit>

NC
↵ (r)




