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Definition: A set of lines passing through the origin is called 
equiangular, if every pair of lines make the same angle.
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Question: Determine         , the maximum number of 
equiangular lines in     .  

Definition: A set of lines passing through the origin is called 
equiangular, if every pair of lines make the same angle.

Earliest work: 
Haantjes, Seidel 47-48 
Blumenthal 49  
Van Lint, Seidel 66 
Lemmens, Seidel 73 
…
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Question: Determine         , the maximum number of 
equiangular lines in     .  

Definition: A set of lines passing through the origin is called 
equiangular, if every pair of lines make the same angle.

Earliest work: 
Haantjes, Seidel 47-48 
Blumenthal 49  
Van Lint, Seidel 66 
Lemmens, Seidel 73 
…

Connections: 
• Elliptic geometry 
• Frame theory 
• Theory of polytopes 
• Banach space theory 
• Spectral graph theory 
• Algebraic number theory 
• Quantum information theory
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Theorem[Absolute bound] (Gerzon 73):                       .
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Theorem[Absolute bound] (Gerzon 73):                       .

Proof: Let                   be unit vectors along the given lines. 
Then                         for some                  .
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Consider the matrices                         . They live in the space of            
symmetric            matrices, which has dimension         .
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Consider the matrices                         . They live in the space of            
symmetric            matrices, which has dimension         .

Theorem[Absolute bound] (Gerzon 73):                       .
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Theorem[Absolute bound] (Gerzon 73):                       .
What is known?

<latexit sha1_base64="MXkDC87RwuAPusvzaeP/wqLg0pk=">AAACAXicbVDLSsNAFJ34aq2vqBvBzWARKkJJiq9lwI0racE+oAllMp20QyeTODMRSogbf8WNC0Xc+hfu/AHxM5w+Ftp64MLhnHu59x4/ZlQqy/o0FhaXlldy+dXC2vrG5pa5vdOQUSIwqeOIRaLlI0kY5aSuqGKkFQuCQp+Rpj+4HPnNOyIkjfiNGsbEC1GP04BipLTUMfeuS+IIuozcQtenPApTcWxnaSXrmEWrbI0B54k9JUUH1r6/8rnTasf8cLsRTkLCFWZIyrZtxcpLkVAUM5IV3ESSGOEB6pG2phyFRHrp+IMMHmqlC4NI6OIKjtXfEykKpRyGvu4MkerLWW8k/ue1ExVceCnlcaIIx5NFQcKgiuAoDtilgmDFhpogLKi+FeI+EggrHVpBh2DPvjxPGpWyfVY+qdlFxwET5ME+OAAlYINz4IArUAV1gME9eATP4MV4MJ6MV+Nt0rpgTGd2wR8Y7z+pAJiy</latexit>

N(r) 
�r+1

2

�



Theorem[Absolute bound] (Gerzon 73):                       .
What is known?

- tight in dimension 2,3, 7 and 23. No other cases of equality 
are known.

<latexit sha1_base64="MXkDC87RwuAPusvzaeP/wqLg0pk=">AAACAXicbVDLSsNAFJ34aq2vqBvBzWARKkJJiq9lwI0racE+oAllMp20QyeTODMRSogbf8WNC0Xc+hfu/AHxM5w+Ftp64MLhnHu59x4/ZlQqy/o0FhaXlldy+dXC2vrG5pa5vdOQUSIwqeOIRaLlI0kY5aSuqGKkFQuCQp+Rpj+4HPnNOyIkjfiNGsbEC1GP04BipLTUMfeuS+IIuozcQtenPApTcWxnaSXrmEWrbI0B54k9JUUH1r6/8rnTasf8cLsRTkLCFWZIyrZtxcpLkVAUM5IV3ESSGOEB6pG2phyFRHrp+IMMHmqlC4NI6OIKjtXfEykKpRyGvu4MkerLWW8k/ue1ExVceCnlcaIIx5NFQcKgiuAoDtilgmDFhpogLKi+FeI+EggrHVpBh2DPvjxPGpWyfVY+qdlFxwET5ME+OAAlYINz4IArUAV1gME9eATP4MV4MJ6MV+Nt0rpgTGd2wR8Y7z+pAJiy</latexit>

N(r) 
�r+1

2

�



Theorem[Absolute bound] (Gerzon 73):                       .
What is known?

- tight in dimension 2,3, 7 and 23. No other cases of equality 
are known.

<latexit sha1_base64="MXkDC87RwuAPusvzaeP/wqLg0pk=">AAACAXicbVDLSsNAFJ34aq2vqBvBzWARKkJJiq9lwI0racE+oAllMp20QyeTODMRSogbf8WNC0Xc+hfu/AHxM5w+Ftp64MLhnHu59x4/ZlQqy/o0FhaXlldy+dXC2vrG5pa5vdOQUSIwqeOIRaLlI0kY5aSuqGKkFQuCQp+Rpj+4HPnNOyIkjfiNGsbEC1GP04BipLTUMfeuS+IIuozcQtenPApTcWxnaSXrmEWrbI0B54k9JUUH1r6/8rnTasf8cLsRTkLCFWZIyrZtxcpLkVAUM5IV3ESSGOEB6pG2phyFRHrp+IMMHmqlC4NI6OIKjtXfEykKpRyGvu4MkerLWW8k/ue1ExVceCnlcaIIx5NFQcKgiuAoDtilgmDFhpogLKi+FeI+EggrHVpBh2DPvjxPGpWyfVY+qdlFxwET5ME+OAAlYINz4IArUAV1gME9eATP4MV4MJ6MV+Nt0rpgTGd2wR8Y7z+pAJiy</latexit>

N(r) 
�r+1

2

�

Theorem (de Caen 00):                          .
<latexit sha1_base64="B+l6tC8nvRLJ1p6CRvzhCtkyUU8=">AAAB/nicbVDJSgNBEO2JW4xbVDx5aRKEBCHMBFGPg148aQSzQGYMPZ1K0qRnsbtHCEPAj/AHvHhQxKvf4S1/Y2c5aOKDgsd7VVTV8yLOpDLNkZFaWl5ZXUuvZzY2t7Z3srt7NRnGgkKVhjwUDY9I4CyAqmKKQyMSQHyPQ93rX479+iMIycLgTg0icH3SDViHUaK01MoeXBdEETtdeMDOjQ9dUhD35WIrmzdL5gR4kVgzkrdzzvHzyB5UWtlvpx3S2IdAUU6kbFpmpNyECMUoh2HGiSVEhPZJF5qaBsQH6SaT84f4SCtt3AmFrkDhifp7IiG+lAPf050+UT05743F/7xmrDrnbsKCKFYQ0OmiTsyxCvE4C9xmAqjiA00IFUzfimmPCEKVTiyjQ7DmX14ktXLJOi2d3Fp5+wJNkUaHKIcKyEJnyEZXqIKqiKIEvaA39G48Ga/Gh/E5bU0Zs5l99AfG1w/II5cU</latexit>

N(r) � ⌦(r2)



Theorem[Absolute bound] (Gerzon 73):                       .
What is known?

- tight in dimension 2,3, 7 and 23. No other cases of equality 
are known.

Question (Lemmens, Seidel 73): 
Determine           , the maximum number of equiangular lines 
in      with common angle                , especially when  
                                

<latexit sha1_base64="clR0P7xWuqgWJV2TWxJOrjdsSFE="></latexit>

Rr
<latexit sha1_base64="gcJiVn/BBX78dDsAE2AcMlQUp/g="></latexit>

arccos(↵)

<latexit sha1_base64="8ZWlu8Ue4ATQN0LHzFSEVbgrwXg="></latexit>

N↵(r)

<latexit sha1_base64="MXkDC87RwuAPusvzaeP/wqLg0pk=">AAACAXicbVDLSsNAFJ34aq2vqBvBzWARKkJJiq9lwI0racE+oAllMp20QyeTODMRSogbf8WNC0Xc+hfu/AHxM5w+Ftp64MLhnHu59x4/ZlQqy/o0FhaXlldy+dXC2vrG5pa5vdOQUSIwqeOIRaLlI0kY5aSuqGKkFQuCQp+Rpj+4HPnNOyIkjfiNGsbEC1GP04BipLTUMfeuS+IIuozcQtenPApTcWxnaSXrmEWrbI0B54k9JUUH1r6/8rnTasf8cLsRTkLCFWZIyrZtxcpLkVAUM5IV3ESSGOEB6pG2phyFRHrp+IMMHmqlC4NI6OIKjtXfEykKpRyGvu4MkerLWW8k/ue1ExVceCnlcaIIx5NFQcKgiuAoDtilgmDFhpogLKi+FeI+EggrHVpBh2DPvjxPGpWyfVY+qdlFxwET5ME+OAAlYINz4IArUAV1gME9eATP4MV4MJ6MV+Nt0rpgTGd2wR8Y7z+pAJiy</latexit>

N(r) 
�r+1

2

�

<latexit sha1_base64="yiRK9UE3WfLsBRyY7Ff/scpq+Xg=">AAACB3icbVDLSsNAFJ3UR2t9RV0KMlgEF6Umaq0bIeDGZQv2AU0ok8mkHTp5MDMRSujOjb/ixoUibv0Fd/6A+BlO2i609cBcDufcy5173JhRIQ3jU8stLa+s5gtrxfWNza1tfWe3JaKEY9LEEYt4x0WCMBqSpqSSkU7MCQpcRtru8Drz23eECxqFt3IUEydA/ZD6FCOppJ5+YCMWDxC8gubJWVmValZqZWgzL5Kip5eMijEBXCTmjJQs2Pj+KuSr9Z7+YXsRTgISSsyQEF3TiKWTIi4pZmRctBNBYoSHqE+6ioYoIMJJJ3eM4ZFSPOhHXL1Qwon6eyJFgRCjwFWdAZIDMe9l4n9eN5H+pZPSME4kCfF0kZ8wKCOYhQI9ygmWbKQIwpyqv0I8QBxhqaIrqhDM+ZMXSeu0Yl5UzhtmybLAFAWwDw7BMTBBDVjgBtRBE2BwDx7BM3jRHrQn7VV7m7bmtNnMHvgD7f0HLjGYog==</latexit>

↵ = 1/3, 1/5, 1/7, . . .

Theorem (de Caen 00):                          .
<latexit sha1_base64="B+l6tC8nvRLJ1p6CRvzhCtkyUU8=">AAAB/nicbVDJSgNBEO2JW4xbVDx5aRKEBCHMBFGPg148aQSzQGYMPZ1K0qRnsbtHCEPAj/AHvHhQxKvf4S1/Y2c5aOKDgsd7VVTV8yLOpDLNkZFaWl5ZXUuvZzY2t7Z3srt7NRnGgkKVhjwUDY9I4CyAqmKKQyMSQHyPQ93rX479+iMIycLgTg0icH3SDViHUaK01MoeXBdEETtdeMDOjQ9dUhD35WIrmzdL5gR4kVgzkrdzzvHzyB5UWtlvpx3S2IdAUU6kbFpmpNyECMUoh2HGiSVEhPZJF5qaBsQH6SaT84f4SCtt3AmFrkDhifp7IiG+lAPf050+UT05743F/7xmrDrnbsKCKFYQ0OmiTsyxCvE4C9xmAqjiA00IFUzfimmPCEKVTiyjQ7DmX14ktXLJOi2d3Fp5+wJNkUaHKIcKyEJnyEZXqIKqiKIEvaA39G48Ga/Gh/E5bU0Zs5l99AfG1w/II5cU</latexit>

N(r) � ⌦(r2)



Theorem[Absolute bound] (Gerzon 73):                       .
What is known?

- tight in dimension 2,3, 7 and 23. No other cases of equality 
are known.

Question (Lemmens, Seidel 73): 
Determine           , the maximum number of equiangular lines 
in      with common angle                , especially when  
                                

<latexit sha1_base64="clR0P7xWuqgWJV2TWxJOrjdsSFE="></latexit>

Rr
<latexit sha1_base64="gcJiVn/BBX78dDsAE2AcMlQUp/g="></latexit>

arccos(↵)

<latexit sha1_base64="8ZWlu8Ue4ATQN0LHzFSEVbgrwXg="></latexit>

N↵(r)

Theorem (Neumann 73): If                     then                        .

<latexit sha1_base64="MXkDC87RwuAPusvzaeP/wqLg0pk=">AAACAXicbVDLSsNAFJ34aq2vqBvBzWARKkJJiq9lwI0racE+oAllMp20QyeTODMRSogbf8WNC0Xc+hfu/AHxM5w+Ftp64MLhnHu59x4/ZlQqy/o0FhaXlldy+dXC2vrG5pa5vdOQUSIwqeOIRaLlI0kY5aSuqGKkFQuCQp+Rpj+4HPnNOyIkjfiNGsbEC1GP04BipLTUMfeuS+IIuozcQtenPApTcWxnaSXrmEWrbI0B54k9JUUH1r6/8rnTasf8cLsRTkLCFWZIyrZtxcpLkVAUM5IV3ESSGOEB6pG2phyFRHrp+IMMHmqlC4NI6OIKjtXfEykKpRyGvu4MkerLWW8k/ue1ExVceCnlcaIIx5NFQcKgiuAoDtilgmDFhpogLKi+FeI+EggrHVpBh2DPvjxPGpWyfVY+qdlFxwET5ME+OAAlYINz4IArUAV1gME9eATP4MV4MJ6MV+Nt0rpgTGd2wR8Y7z+pAJiy</latexit>

N(r) 
�r+1

2

�

<latexit sha1_base64="yiRK9UE3WfLsBRyY7Ff/scpq+Xg=">AAACB3icbVDLSsNAFJ3UR2t9RV0KMlgEF6Umaq0bIeDGZQv2AU0ok8mkHTp5MDMRSujOjb/ixoUibv0Fd/6A+BlO2i609cBcDufcy5173JhRIQ3jU8stLa+s5gtrxfWNza1tfWe3JaKEY9LEEYt4x0WCMBqSpqSSkU7MCQpcRtru8Drz23eECxqFt3IUEydA/ZD6FCOppJ5+YCMWDxC8gubJWVmValZqZWgzL5Kip5eMijEBXCTmjJQs2Pj+KuSr9Z7+YXsRTgISSsyQEF3TiKWTIi4pZmRctBNBYoSHqE+6ioYoIMJJJ3eM4ZFSPOhHXL1Qwon6eyJFgRCjwFWdAZIDMe9l4n9eN5H+pZPSME4kCfF0kZ8wKCOYhQI9ygmWbKQIwpyqv0I8QBxhqaIrqhDM+ZMXSeu0Yl5UzhtmybLAFAWwDw7BMTBBDVjgBtRBE2BwDx7BM3jRHrQn7VV7m7bmtNnMHvgD7f0HLjGYog==</latexit>

↵ = 1/3, 1/5, 1/7, . . .

Theorem (de Caen 00):                          .
<latexit sha1_base64="B+l6tC8nvRLJ1p6CRvzhCtkyUU8=">AAAB/nicbVDJSgNBEO2JW4xbVDx5aRKEBCHMBFGPg148aQSzQGYMPZ1K0qRnsbtHCEPAj/AHvHhQxKvf4S1/Y2c5aOKDgsd7VVTV8yLOpDLNkZFaWl5ZXUuvZzY2t7Z3srt7NRnGgkKVhjwUDY9I4CyAqmKKQyMSQHyPQ93rX479+iMIycLgTg0icH3SDViHUaK01MoeXBdEETtdeMDOjQ9dUhD35WIrmzdL5gR4kVgzkrdzzvHzyB5UWtlvpx3S2IdAUU6kbFpmpNyECMUoh2HGiSVEhPZJF5qaBsQH6SaT84f4SCtt3AmFrkDhifp7IiG+lAPf050+UT05743F/7xmrDrnbsKCKFYQ0OmiTsyxCvE4C9xmAqjiA00IFUzfimmPCEKVTiyjQ7DmX14ktXLJOi2d3Fp5+wJNkUaHKIcKyEJnyEZXqIKqiKIEvaA39G48Ga/Gh/E5bU0Zs5l99AfG1w/II5cU</latexit>

N(r) � ⌦(r2)

<latexit sha1_base64="oc3R8nh9Hjtvp9E0ToTfBA/I89I=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahXkpSinqSghdPUsF+QBvCZrtpl242YXdTKKH/xIsHRbz6T7z5b9y2OWjrg4HHezPMzAsSzpR2nG+rsLG5tb1T3C3t7R8cHtnHJ20Vp5LQFol5LLsBVpQzQVuaaU67iaQ4CjjtBOO7ud+ZUKlYLJ70NKFehIeChYxgbSTfth/8PubJCFfkJbpFNenbZafqLIDWiZuTMuRo+vZXfxCTNKJCE46V6rlOor0MS80Ip7NSP1U0wWSMh7RnqMARVV62uHyGLowyQGEsTQmNFurviQxHSk2jwHRGWI/UqjcX//N6qQ5vvIyJJNVUkOWiMOVIx2geAxowSYnmU0MwkczcisgIS0y0CatkQnBXX14n7VrVvarWH+vlRiOPowhncA4VcOEaGnAPTWgBgQk8wyu8WZn1Yr1bH8vWgpXPnMIfWJ8/gAKSRg==</latexit>

N↵(r) > 2r
<latexit sha1_base64="1Ds26HySrb1iFtsvvTBvtjioxDw="></latexit>

1
2

�
1
↵ � 1

�
2 N



Theorem[Absolute bound] (Gerzon 73):                       .
What is known?

- tight in dimension 2,3, 7 and 23. No other cases of equality 
are known.

Question (Lemmens, Seidel 73): 
Determine           , the maximum number of equiangular lines 
in      with common angle                , especially when  
                                

<latexit sha1_base64="clR0P7xWuqgWJV2TWxJOrjdsSFE="></latexit>

Rr
<latexit sha1_base64="gcJiVn/BBX78dDsAE2AcMlQUp/g="></latexit>

arccos(↵)

<latexit sha1_base64="8ZWlu8Ue4ATQN0LHzFSEVbgrwXg="></latexit>

N↵(r)

Theorem (Neumann 73): If                     then                        .

<latexit sha1_base64="MXkDC87RwuAPusvzaeP/wqLg0pk=">AAACAXicbVDLSsNAFJ34aq2vqBvBzWARKkJJiq9lwI0racE+oAllMp20QyeTODMRSogbf8WNC0Xc+hfu/AHxM5w+Ftp64MLhnHu59x4/ZlQqy/o0FhaXlldy+dXC2vrG5pa5vdOQUSIwqeOIRaLlI0kY5aSuqGKkFQuCQp+Rpj+4HPnNOyIkjfiNGsbEC1GP04BipLTUMfeuS+IIuozcQtenPApTcWxnaSXrmEWrbI0B54k9JUUH1r6/8rnTasf8cLsRTkLCFWZIyrZtxcpLkVAUM5IV3ESSGOEB6pG2phyFRHrp+IMMHmqlC4NI6OIKjtXfEykKpRyGvu4MkerLWW8k/ue1ExVceCnlcaIIx5NFQcKgiuAoDtilgmDFhpogLKi+FeI+EggrHVpBh2DPvjxPGpWyfVY+qdlFxwET5ME+OAAlYINz4IArUAV1gME9eATP4MV4MJ6MV+Nt0rpgTGd2wR8Y7z+pAJiy</latexit>

N(r) 
�r+1

2

�

<latexit sha1_base64="yiRK9UE3WfLsBRyY7Ff/scpq+Xg=">AAACB3icbVDLSsNAFJ3UR2t9RV0KMlgEF6Umaq0bIeDGZQv2AU0ok8mkHTp5MDMRSujOjb/ixoUibv0Fd/6A+BlO2i609cBcDufcy5173JhRIQ3jU8stLa+s5gtrxfWNza1tfWe3JaKEY9LEEYt4x0WCMBqSpqSSkU7MCQpcRtru8Drz23eECxqFt3IUEydA/ZD6FCOppJ5+YCMWDxC8gubJWVmValZqZWgzL5Kip5eMijEBXCTmjJQs2Pj+KuSr9Z7+YXsRTgISSsyQEF3TiKWTIi4pZmRctBNBYoSHqE+6ioYoIMJJJ3eM4ZFSPOhHXL1Qwon6eyJFgRCjwFWdAZIDMe9l4n9eN5H+pZPSME4kCfF0kZ8wKCOYhQI9ygmWbKQIwpyqv0I8QBxhqaIrqhDM+ZMXSeu0Yl5UzhtmybLAFAWwDw7BMTBBDVjgBtRBE2BwDx7BM3jRHrQn7VV7m7bmtNnMHvgD7f0HLjGYog==</latexit>

↵ = 1/3, 1/5, 1/7, . . .

Theorem (de Caen 00):                          .
<latexit sha1_base64="B+l6tC8nvRLJ1p6CRvzhCtkyUU8=">AAAB/nicbVDJSgNBEO2JW4xbVDx5aRKEBCHMBFGPg148aQSzQGYMPZ1K0qRnsbtHCEPAj/AHvHhQxKvf4S1/Y2c5aOKDgsd7VVTV8yLOpDLNkZFaWl5ZXUuvZzY2t7Z3srt7NRnGgkKVhjwUDY9I4CyAqmKKQyMSQHyPQ93rX479+iMIycLgTg0icH3SDViHUaK01MoeXBdEETtdeMDOjQ9dUhD35WIrmzdL5gR4kVgzkrdzzvHzyB5UWtlvpx3S2IdAUU6kbFpmpNyECMUoh2HGiSVEhPZJF5qaBsQH6SaT84f4SCtt3AmFrkDhifp7IiG+lAPf050+UT05743F/7xmrDrnbsKCKFYQ0OmiTsyxCvE4C9xmAqjiA00IFUzfimmPCEKVTiyjQ7DmX14ktXLJOi2d3Fp5+wJNkUaHKIcKyEJnyEZXqIKqiKIEvaA39G48Ga/Gh/E5bU0Zs5l99AfG1w/II5cU</latexit>

N(r) � ⌦(r2)

<latexit sha1_base64="oc3R8nh9Hjtvp9E0ToTfBA/I89I=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahXkpSinqSghdPUsF+QBvCZrtpl242YXdTKKH/xIsHRbz6T7z5b9y2OWjrg4HHezPMzAsSzpR2nG+rsLG5tb1T3C3t7R8cHtnHJ20Vp5LQFol5LLsBVpQzQVuaaU67iaQ4CjjtBOO7ud+ZUKlYLJ70NKFehIeChYxgbSTfth/8PubJCFfkJbpFNenbZafqLIDWiZuTMuRo+vZXfxCTNKJCE46V6rlOor0MS80Ip7NSP1U0wWSMh7RnqMARVV62uHyGLowyQGEsTQmNFurviQxHSk2jwHRGWI/UqjcX//N6qQ5vvIyJJNVUkOWiMOVIx2geAxowSYnmU0MwkczcisgIS0y0CatkQnBXX14n7VrVvarWH+vlRiOPowhncA4VcOEaGnAPTWgBgQk8wyu8WZn1Yr1bH8vWgpXPnMIfWJ8/gAKSRg==</latexit>

N↵(r) > 2r
<latexit sha1_base64="1Ds26HySrb1iFtsvvTBvtjioxDw="></latexit>

1
2

�
1
↵ � 1

�
2 N

Fact:                  . 
<latexit sha1_base64="RJcsS0igGX88s/TYukP50mk1svI=">AAAB+3icbVDJSgNBEO2JS2Lcxnj00hiEeAkz4nYc8OJJEjALJMPQ06lJmvQsdveIYcivePGgiFd/xJs/IH6GneWgiQ8KHu9VUVXPTziTyrI+jdzK6tp6vrBR3Nza3tk190pNGaeCQoPGPBZtn0jgLIKGYopDOxFAQp9Dyx9eTfzWPQjJ4uhWjRJwQ9KPWMAoUVryzNKN1yU8GZCKOMbdPtxh4Zllq2pNgZeJPSdlB9e/vwr5s5pnfnR7MU1DiBTlRMqObSXKzYhQjHIYF7uphITQIelDR9OIhCDdbHr7GB9ppYeDWOiKFJ6qvycyEko5Cn3dGRI1kIveRPzP66QquHQzFiWpgojOFgUpxyrGkyBwjwmgio80IVQwfSumAyIIVTquog7BXnx5mTRPqvZ59bRulx0HzVBAB+gQVZCNLpCDrlENNRBFD+gRPaMXY2w8Ga/G26w1Z8xn9tEfGO8/UGKWQw==</latexit>

N↵(r) � r



Theorem[Absolute bound] (Gerzon 73):                       .

Theorem[Relative Bound] (Lemmens, Seidel 73):                                
for all                      .

What is known?

<latexit sha1_base64="u7iLN1zXU8LpLxDPsj1klG2Hwyw="></latexit>

N↵(r)  r 1�↵2

1�r↵2

- tight in dimension 2,3, 7 and 23. No other cases of equality 
are known.

Question (Lemmens, Seidel 73): 
Determine           , the maximum number of equiangular lines 
in      with common angle                , especially when  
                                

<latexit sha1_base64="clR0P7xWuqgWJV2TWxJOrjdsSFE="></latexit>

Rr
<latexit sha1_base64="gcJiVn/BBX78dDsAE2AcMlQUp/g="></latexit>

arccos(↵)

<latexit sha1_base64="8ZWlu8Ue4ATQN0LHzFSEVbgrwXg="></latexit>

N↵(r)

Theorem (Neumann 73): If                     then                        .

<latexit sha1_base64="MXkDC87RwuAPusvzaeP/wqLg0pk=">AAACAXicbVDLSsNAFJ34aq2vqBvBzWARKkJJiq9lwI0racE+oAllMp20QyeTODMRSogbf8WNC0Xc+hfu/AHxM5w+Ftp64MLhnHu59x4/ZlQqy/o0FhaXlldy+dXC2vrG5pa5vdOQUSIwqeOIRaLlI0kY5aSuqGKkFQuCQp+Rpj+4HPnNOyIkjfiNGsbEC1GP04BipLTUMfeuS+IIuozcQtenPApTcWxnaSXrmEWrbI0B54k9JUUH1r6/8rnTasf8cLsRTkLCFWZIyrZtxcpLkVAUM5IV3ESSGOEB6pG2phyFRHrp+IMMHmqlC4NI6OIKjtXfEykKpRyGvu4MkerLWW8k/ue1ExVceCnlcaIIx5NFQcKgiuAoDtilgmDFhpogLKi+FeI+EggrHVpBh2DPvjxPGpWyfVY+qdlFxwET5ME+OAAlYINz4IArUAV1gME9eATP4MV4MJ6MV+Nt0rpgTGd2wR8Y7z+pAJiy</latexit>

N(r) 
�r+1

2

�

<latexit sha1_base64="yiRK9UE3WfLsBRyY7Ff/scpq+Xg=">AAACB3icbVDLSsNAFJ3UR2t9RV0KMlgEF6Umaq0bIeDGZQv2AU0ok8mkHTp5MDMRSujOjb/ixoUibv0Fd/6A+BlO2i609cBcDufcy5173JhRIQ3jU8stLa+s5gtrxfWNza1tfWe3JaKEY9LEEYt4x0WCMBqSpqSSkU7MCQpcRtru8Drz23eECxqFt3IUEydA/ZD6FCOppJ5+YCMWDxC8gubJWVmValZqZWgzL5Kip5eMijEBXCTmjJQs2Pj+KuSr9Z7+YXsRTgISSsyQEF3TiKWTIi4pZmRctBNBYoSHqE+6ioYoIMJJJ3eM4ZFSPOhHXL1Qwon6eyJFgRCjwFWdAZIDMe9l4n9eN5H+pZPSME4kCfF0kZ8wKCOYhQI9ygmWbKQIwpyqv0I8QBxhqaIrqhDM+ZMXSeu0Yl5UzhtmybLAFAWwDw7BMTBBDVjgBtRBE2BwDx7BM3jRHrQn7VV7m7bmtNnMHvgD7f0HLjGYog==</latexit>

↵ = 1/3, 1/5, 1/7, . . .

<latexit sha1_base64="dLMoURF9KLmwgKYW0rJ+ZslFgmM=">AAAB/nicbVDJSgNBEO2JS2LcRsWTl8YgeDHOBLfjgBePCZgFMmOo6fQkjT2L3T1CGAL+ihcPinj1O7z5A+Jn2FkOmvig4PFeFVX1/IQzqSzr08gtLC4t5wsrxdW19Y1Nc2u7IeNUEFonMY9FywdJOYtoXTHFaSsRFEKf06Z/eznym/dUSBZH12qQUC+EXsQCRkBpqWPuCuxyeoftYxd40oebCj7ClY5ZssrWGHie2FNScnDt+6uQP612zA+3G5M0pJEiHKRs21aivAyEYoTTYdFNJU2A3EKPtjWNIKTSy8bnD/GBVro4iIWuSOGx+nsig1DKQejrzhBUX856I/E/r52q4MLLWJSkikZksihIOVYxHmWBu0xQovhAEyCC6Vsx6YMAonRiRR2CPfvyPGlUyvZZ+aRmlxwHTVBAe2gfHSIbnSMHXaEqqiOCMvSIntGL8WA8Ga/G26Q1Z0xndtAfGO8/BSSWhQ==</latexit>

r  1/↵2 � 2

Theorem (de Caen 00):                          .
<latexit sha1_base64="B+l6tC8nvRLJ1p6CRvzhCtkyUU8=">AAAB/nicbVDJSgNBEO2JW4xbVDx5aRKEBCHMBFGPg148aQSzQGYMPZ1K0qRnsbtHCEPAj/AHvHhQxKvf4S1/Y2c5aOKDgsd7VVTV8yLOpDLNkZFaWl5ZXUuvZzY2t7Z3srt7NRnGgkKVhjwUDY9I4CyAqmKKQyMSQHyPQ93rX479+iMIycLgTg0icH3SDViHUaK01MoeXBdEETtdeMDOjQ9dUhD35WIrmzdL5gR4kVgzkrdzzvHzyB5UWtlvpx3S2IdAUU6kbFpmpNyECMUoh2HGiSVEhPZJF5qaBsQH6SaT84f4SCtt3AmFrkDhifp7IiG+lAPf050+UT05743F/7xmrDrnbsKCKFYQ0OmiTsyxCvE4C9xmAqjiA00IFUzfimmPCEKVTiyjQ7DmX14ktXLJOi2d3Fp5+wJNkUaHKIcKyEJnyEZXqIKqiKIEvaA39G48Ga/Gh/E5bU0Zs5l99AfG1w/II5cU</latexit>

N(r) � ⌦(r2)

<latexit sha1_base64="oc3R8nh9Hjtvp9E0ToTfBA/I89I=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahXkpSinqSghdPUsF+QBvCZrtpl242YXdTKKH/xIsHRbz6T7z5b9y2OWjrg4HHezPMzAsSzpR2nG+rsLG5tb1T3C3t7R8cHtnHJ20Vp5LQFol5LLsBVpQzQVuaaU67iaQ4CjjtBOO7ud+ZUKlYLJ70NKFehIeChYxgbSTfth/8PubJCFfkJbpFNenbZafqLIDWiZuTMuRo+vZXfxCTNKJCE46V6rlOor0MS80Ip7NSP1U0wWSMh7RnqMARVV62uHyGLowyQGEsTQmNFurviQxHSk2jwHRGWI/UqjcX//N6qQ5vvIyJJNVUkOWiMOVIx2geAxowSYnmU0MwkczcisgIS0y0CatkQnBXX14n7VrVvarWH+vlRiOPowhncA4VcOEaGnAPTWgBgQk8wyu8WZn1Yr1bH8vWgpXPnMIfWJ8/gAKSRg==</latexit>

N↵(r) > 2r
<latexit sha1_base64="1Ds26HySrb1iFtsvvTBvtjioxDw="></latexit>

1
2

�
1
↵ � 1

�
2 N

Fact:                  . 
<latexit sha1_base64="RJcsS0igGX88s/TYukP50mk1svI=">AAAB+3icbVDJSgNBEO2JS2Lcxnj00hiEeAkz4nYc8OJJEjALJMPQ06lJmvQsdveIYcivePGgiFd/xJs/IH6GneWgiQ8KHu9VUVXPTziTyrI+jdzK6tp6vrBR3Nza3tk190pNGaeCQoPGPBZtn0jgLIKGYopDOxFAQp9Dyx9eTfzWPQjJ4uhWjRJwQ9KPWMAoUVryzNKN1yU8GZCKOMbdPtxh4Zllq2pNgZeJPSdlB9e/vwr5s5pnfnR7MU1DiBTlRMqObSXKzYhQjHIYF7uphITQIelDR9OIhCDdbHr7GB9ppYeDWOiKFJ6qvycyEko5Cn3dGRI1kIveRPzP66QquHQzFiWpgojOFgUpxyrGkyBwjwmgio80IVQwfSumAyIIVTquog7BXnx5mTRPqvZ59bRulx0HzVBAB+gQVZCNLpCDrlENNRBFD+gRPaMXY2w8Ga/G26w1Z8xn9tEfGO8/UGKWQw==</latexit>

N↵(r) � r



Recent progress



Recent progress

Theorem (B., Dräxler, Keevash, Sudakov 17):                                 if    is 
exponentially large in          , with equality if and only if 

<latexit sha1_base64="HLy62ygk1zcJgWhNYJKYc+uQR/Q="></latexit>

N↵(r)  2r � 2
<latexit sha1_base64="M2aj8QDvh45WKuO5/0rOUB23uvs="></latexit>

↵ = 1/3.

<latexit sha1_base64="c3sUZeVAmMcZF8y/y3yTaBpRVp0=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simznC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxllkNw=</latexit>r
<latexit sha1_base64="W4rf6p5wHJLzcnvZa1ucaIP4sY8=">AAAB8XicbZDJSgNBEIZr4pIYt6hHL41B8BRngtsx4MVjAmbBJIaaTk/SpKdn6O4RQshbePGgiFffxpsvID6GneWgiT80fPx/FV1Vfiy4Nq776aRWVtfW05mN7ObW9s5ubm+/pqNEUValkYhUw0fNBJesargRrBErhqEvWN0fXE/y+gNTmkfy1gxj1g6xJ3nAKRpr3XmnLRRxH++LnVzeLbhTkWXw5pAvkcr3VyZ9Xu7kPlrdiCYhk4YK1LrpubFpj1AZTgUbZ1uJZjHSAfZY06LEkOn2aDrxmBxbp0uCSNknDZm6vztGGGo9DH1bGaLp68VsYv6XNRMTXLVHXMaJYZLOPgoSQUxEJuuTLleMGjG0gFRxOyuhfVRIjT1S1h7BW1x5GWrFgndROKt4+VIJZsrAIRzBCXhwCSW4gTJUgYKER3iGF0c7T86r8zYrTTnzngP4I+f9B01Tkvc=</latexit>

1/↵2



Recent progress

Theorem (B., Dräxler, Keevash, Sudakov 17):                                 if    is 
exponentially large in          , with equality if and only if 

<latexit sha1_base64="HLy62ygk1zcJgWhNYJKYc+uQR/Q="></latexit>

N↵(r)  2r � 2
<latexit sha1_base64="M2aj8QDvh45WKuO5/0rOUB23uvs="></latexit>

↵ = 1/3.

Theorem (Jiang, Tidor, Yao, Zhang, Zhao 19): Let      be the minimum 
number of vertices in a graph with spectral radius                 . If      
   is doubly exponentially large in          , then

<latexit sha1_base64="zcQR6i0FH5bUhhsuELjS/WojtbQ="></latexit>

k↵

<latexit sha1_base64="9OYQG735b1Cni5z1kHVS7+vXx9Y="></latexit>

N↵(r) =
j

r�1
1�1/k↵

k

<latexit sha1_base64="c3sUZeVAmMcZF8y/y3yTaBpRVp0=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simznC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxllkNw=</latexit>r
<latexit sha1_base64="W4rf6p5wHJLzcnvZa1ucaIP4sY8=">AAAB8XicbZDJSgNBEIZr4pIYt6hHL41B8BRngtsx4MVjAmbBJIaaTk/SpKdn6O4RQshbePGgiFffxpsvID6GneWgiT80fPx/FV1Vfiy4Nq776aRWVtfW05mN7ObW9s5ubm+/pqNEUValkYhUw0fNBJesargRrBErhqEvWN0fXE/y+gNTmkfy1gxj1g6xJ3nAKRpr3XmnLRRxH++LnVzeLbhTkWXw5pAvkcr3VyZ9Xu7kPlrdiCYhk4YK1LrpubFpj1AZTgUbZ1uJZjHSAfZY06LEkOn2aDrxmBxbp0uCSNknDZm6vztGGGo9DH1bGaLp68VsYv6XNRMTXLVHXMaJYZLOPgoSQUxEJuuTLleMGjG0gFRxOyuhfVRIjT1S1h7BW1x5GWrFgndROKt4+VIJZsrAIRzBCXhwCSW4gTJUgYKER3iGF0c7T86r8zYrTTnzngP4I+f9B01Tkvc=</latexit>

1/↵2

<latexit sha1_base64="c3sUZeVAmMcZF8y/y3yTaBpRVp0=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simznC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxllkNw=</latexit>r
<latexit sha1_base64="iJXpzKQpYfTIkPxjPCYAxksZgLE=">AAAB+nicbZDLSsNAFIZP6qW13lJduhksgquaiLdlwI3LFuwF2hAm00k7dHJhZqKU2Edx40IRtz6JO19AfAynTRfa+sPAx3/O4Zz5/YQzqSzr0yisrK6tF0sb5c2t7Z1ds7LXknEqCG2SmMei42NJOYtoUzHFaScRFIc+p21/dD2tt++okCyObtU4oW6IBxELGMFKW55ZGXk9zJMhRicoB8+sWjVrJrQM9hyqDmp8f5WK53XP/Oj1Y5KGNFKEYym7tpUoN8NCMcLppNxLJU0wGeEB7WqMcEilm81On6Aj7fRREAv9IoVm7u+JDIdSjkNfd4ZYDeVibWr+V+umKrhyMxYlqaIRyRcFKUcqRtMcUJ8JShQfa8BEMH0rIkMsMFE6rbIOwV788jK0Tmv2Re2sYVcdB3KV4AAO4RhsuAQHbqAOTSBwD4/wDC/Gg/FkvBpveWvBmM/swx8Z7z/15pYZ</latexit>

k↵/↵

<latexit sha1_base64="yJVT/4czpEERArdDWPH+gKp8pNo=">AAACFnicbVDJSgNBEO2JW4zbqEcvjUGJh4SZIOox4MVjAmaBTAg9nZ6kSc9Cd40Qhjn5CV78lHjxoIhX8ebf2FkQTXxQ8Hiviqp6biS4Asv6MjIrq2vrG9nN3Nb2zu6euX/QUGEsKavTUISy5RLFBA9YHTgI1ookI74rWNMdXk/85h2TiofBLYwi1vFJP+AepwS01DWLjicJTew0KaeOYB4UfgSHiGhAUlzENnYk7w/grGvmrZI1BV4m9pzkK6djfl9rjatd89PphTT2WQBUEKXathVBJyESOBUszTmxYhGhQ9JnbU0D4jPVSaZvpfhEKz3shVJXAHiq/p5IiK/UyHd1p09goBa9ifif147Bu+okPIhiYAGdLfJigSHEk4xwj0tGQYw0IVRyfSumA6JjAZ1kTodgL768TBrlkn1ROq/Z+UoFzZBFR+gYFZCNLlEF3aAqqiOKHtATekGvxqPxbLwZ77PWjDGfOUR/YHx8A98hojI=</latexit>

1
2

�
1
↵ � 1

�

.



Recent progress

Theorem (B., Dräxler, Keevash, Sudakov 17):                                 if    is 
exponentially large in          , with equality if and only if 

<latexit sha1_base64="HLy62ygk1zcJgWhNYJKYc+uQR/Q="></latexit>

N↵(r)  2r � 2
<latexit sha1_base64="M2aj8QDvh45WKuO5/0rOUB23uvs="></latexit>

↵ = 1/3.

Question: What about for                                         ?

Theorem (Jiang, Tidor, Yao, Zhang, Zhao 19): Let      be the minimum 
number of vertices in a graph with spectral radius                 . If      
   is doubly exponentially large in          , then

<latexit sha1_base64="zcQR6i0FH5bUhhsuELjS/WojtbQ="></latexit>

k↵

<latexit sha1_base64="9OYQG735b1Cni5z1kHVS7+vXx9Y="></latexit>

N↵(r) =
j

r�1
1�1/k↵

k

<latexit sha1_base64="c3sUZeVAmMcZF8y/y3yTaBpRVp0=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simznC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxllkNw=</latexit>r
<latexit sha1_base64="W4rf6p5wHJLzcnvZa1ucaIP4sY8=">AAAB8XicbZDJSgNBEIZr4pIYt6hHL41B8BRngtsx4MVjAmbBJIaaTk/SpKdn6O4RQshbePGgiFffxpsvID6GneWgiT80fPx/FV1Vfiy4Nq776aRWVtfW05mN7ObW9s5ubm+/pqNEUValkYhUw0fNBJesargRrBErhqEvWN0fXE/y+gNTmkfy1gxj1g6xJ3nAKRpr3XmnLRRxH++LnVzeLbhTkWXw5pAvkcr3VyZ9Xu7kPlrdiCYhk4YK1LrpubFpj1AZTgUbZ1uJZjHSAfZY06LEkOn2aDrxmBxbp0uCSNknDZm6vztGGGo9DH1bGaLp68VsYv6XNRMTXLVHXMaJYZLOPgoSQUxEJuuTLleMGjG0gFRxOyuhfVRIjT1S1h7BW1x5GWrFgndROKt4+VIJZsrAIRzBCXhwCSW4gTJUgYKER3iGF0c7T86r8zYrTTnzngP4I+f9B01Tkvc=</latexit>

1/↵2

<latexit sha1_base64="c3sUZeVAmMcZF8y/y3yTaBpRVp0=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simznC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxllkNw=</latexit>r
<latexit sha1_base64="iJXpzKQpYfTIkPxjPCYAxksZgLE=">AAAB+nicbZDLSsNAFIZP6qW13lJduhksgquaiLdlwI3LFuwF2hAm00k7dHJhZqKU2Edx40IRtz6JO19AfAynTRfa+sPAx3/O4Zz5/YQzqSzr0yisrK6tF0sb5c2t7Z1ds7LXknEqCG2SmMei42NJOYtoUzHFaScRFIc+p21/dD2tt++okCyObtU4oW6IBxELGMFKW55ZGXk9zJMhRicoB8+sWjVrJrQM9hyqDmp8f5WK53XP/Oj1Y5KGNFKEYym7tpUoN8NCMcLppNxLJU0wGeEB7WqMcEilm81On6Aj7fRREAv9IoVm7u+JDIdSjkNfd4ZYDeVibWr+V+umKrhyMxYlqaIRyRcFKUcqRtMcUJ8JShQfa8BEMH0rIkMsMFE6rbIOwV788jK0Tmv2Re2sYVcdB3KV4AAO4RhsuAQHbqAOTSBwD4/wDC/Gg/FkvBpveWvBmM/swx8Z7z/15pYZ</latexit>

k↵/↵

<latexit sha1_base64="+RZR0RrxuMItzIeji+XLBoDFkrY=">AAACFXicbVDLSgMxFM34aq2vUZdugkWooHVm8LUccOPOFuwDOtOSSdM2NPMwyQhl6E+48VfcuFDEreDOHxA/w7RTUFsPXO7hnHtJ7vEiRoU0jA9tbn5hcSmTXc6trK6tb+ibW1URxhyTCg5ZyOseEoTRgFQklYzUI06Q7zFS8/oXI792S7igYXAtBxFxfdQNaIdiJJXU0g/MIwexqIeaFjyEFnQYuYE8bVcFq5n8+MP9lp43isYYcJaYE5K3YfnrM5s5KbX0d6cd4tgngcQMCdEwjUi6CeKSYkaGOScWJEK4j7qkoWiAfCLcZHzVEO4ppQ07IVcVSDhWf28kyBdi4Htq0keyJ6a9kfif14hl59xNaBDFkgQ4fagTMyhDOIoItiknWLKBIghzqv4KcQ9xhKUKMqdCMKdPniVVq2ieFo/LZt62QYos2AG7oABMcAZscAlKoAIwuAMP4Ak8a/fao/aivaajc9pkZxv8gfb2DVinnsM=</latexit>

1/↵2 � 2  r  O(21/↵
2

)

<latexit sha1_base64="yJVT/4czpEERArdDWPH+gKp8pNo=">AAACFnicbVDJSgNBEO2JW4zbqEcvjUGJh4SZIOox4MVjAmaBTAg9nZ6kSc9Cd40Qhjn5CV78lHjxoIhX8ebf2FkQTXxQ8Hiviqp6biS4Asv6MjIrq2vrG9nN3Nb2zu6euX/QUGEsKavTUISy5RLFBA9YHTgI1ookI74rWNMdXk/85h2TiofBLYwi1vFJP+AepwS01DWLjicJTew0KaeOYB4UfgSHiGhAUlzENnYk7w/grGvmrZI1BV4m9pzkK6djfl9rjatd89PphTT2WQBUEKXathVBJyESOBUszTmxYhGhQ9JnbU0D4jPVSaZvpfhEKz3shVJXAHiq/p5IiK/UyHd1p09goBa9ifif147Bu+okPIhiYAGdLfJigSHEk4xwj0tGQYw0IVRyfSumA6JjAZ1kTodgL768TBrlkn1ROq/Z+UoFzZBFR+gYFZCNLlEF3aAqqiOKHtATekGvxqPxbLwZ77PWjDGfOUR/YHx8A98hojI=</latexit>

1
2

�
1
↵ � 1

�

.



Recent progress

Theorem (B., Dräxler, Keevash, Sudakov 17):                                 if    is 
exponentially large in          , with equality if and only if 

<latexit sha1_base64="HLy62ygk1zcJgWhNYJKYc+uQR/Q="></latexit>

N↵(r)  2r � 2
<latexit sha1_base64="M2aj8QDvh45WKuO5/0rOUB23uvs="></latexit>

↵ = 1/3.

Question: What about for                                         ?

Theorem (Jiang, Tidor, Yao, Zhang, Zhao 19): Let      be the minimum 
number of vertices in a graph with spectral radius                 . If      
   is doubly exponentially large in          , then

<latexit sha1_base64="zcQR6i0FH5bUhhsuELjS/WojtbQ="></latexit>

k↵

<latexit sha1_base64="9OYQG735b1Cni5z1kHVS7+vXx9Y="></latexit>

N↵(r) =
j

r�1
1�1/k↵

k

Theorem (Yu 17):                                     for                                          .

<latexit sha1_base64="c3sUZeVAmMcZF8y/y3yTaBpRVp0=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simznC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxllkNw=</latexit>r
<latexit sha1_base64="W4rf6p5wHJLzcnvZa1ucaIP4sY8=">AAAB8XicbZDJSgNBEIZr4pIYt6hHL41B8BRngtsx4MVjAmbBJIaaTk/SpKdn6O4RQshbePGgiFffxpsvID6GneWgiT80fPx/FV1Vfiy4Nq776aRWVtfW05mN7ObW9s5ubm+/pqNEUValkYhUw0fNBJesargRrBErhqEvWN0fXE/y+gNTmkfy1gxj1g6xJ3nAKRpr3XmnLRRxH++LnVzeLbhTkWXw5pAvkcr3VyZ9Xu7kPlrdiCYhk4YK1LrpubFpj1AZTgUbZ1uJZjHSAfZY06LEkOn2aDrxmBxbp0uCSNknDZm6vztGGGo9DH1bGaLp68VsYv6XNRMTXLVHXMaJYZLOPgoSQUxEJuuTLleMGjG0gFRxOyuhfVRIjT1S1h7BW1x5GWrFgndROKt4+VIJZsrAIRzBCXhwCSW4gTJUgYKER3iGF0c7T86r8zYrTTnzngP4I+f9B01Tkvc=</latexit>

1/↵2

<latexit sha1_base64="c3sUZeVAmMcZF8y/y3yTaBpRVp0=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simznC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxllkNw=</latexit>r
<latexit sha1_base64="iJXpzKQpYfTIkPxjPCYAxksZgLE=">AAAB+nicbZDLSsNAFIZP6qW13lJduhksgquaiLdlwI3LFuwF2hAm00k7dHJhZqKU2Edx40IRtz6JO19AfAynTRfa+sPAx3/O4Zz5/YQzqSzr0yisrK6tF0sb5c2t7Z1ds7LXknEqCG2SmMei42NJOYtoUzHFaScRFIc+p21/dD2tt++okCyObtU4oW6IBxELGMFKW55ZGXk9zJMhRicoB8+sWjVrJrQM9hyqDmp8f5WK53XP/Oj1Y5KGNFKEYym7tpUoN8NCMcLppNxLJU0wGeEB7WqMcEilm81On6Aj7fRREAv9IoVm7u+JDIdSjkNfd4ZYDeVibWr+V+umKrhyMxYlqaIRyRcFKUcqRtMcUJ8JShQfa8BEMH0rIkMsMFE6rbIOwV788jK0Tmv2Re2sYVcdB3KV4AAO4RhsuAQHbqAOTSBwD4/wDC/Gg/FkvBpveWvBmM/swx8Z7z/15pYZ</latexit>

k↵/↵

<latexit sha1_base64="+RZR0RrxuMItzIeji+XLBoDFkrY=">AAACFXicbVDLSgMxFM34aq2vUZdugkWooHVm8LUccOPOFuwDOtOSSdM2NPMwyQhl6E+48VfcuFDEreDOHxA/w7RTUFsPXO7hnHtJ7vEiRoU0jA9tbn5hcSmTXc6trK6tb+ibW1URxhyTCg5ZyOseEoTRgFQklYzUI06Q7zFS8/oXI792S7igYXAtBxFxfdQNaIdiJJXU0g/MIwexqIeaFjyEFnQYuYE8bVcFq5n8+MP9lp43isYYcJaYE5K3YfnrM5s5KbX0d6cd4tgngcQMCdEwjUi6CeKSYkaGOScWJEK4j7qkoWiAfCLcZHzVEO4ppQ07IVcVSDhWf28kyBdi4Htq0keyJ6a9kfif14hl59xNaBDFkgQ4fagTMyhDOIoItiknWLKBIghzqv4KcQ9xhKUKMqdCMKdPniVVq2ieFo/LZt62QYos2AG7oABMcAZscAlKoAIwuAMP4Ak8a/fao/aivaajc9pkZxv8gfb2DVinnsM=</latexit>

1/↵2 � 2  r  O(21/↵
2

)

<latexit sha1_base64="sn6Aav+AhVnNfgzpxmx0EkZ2w7M="></latexit>

N↵(r) 
�1/↵2�1

2

� <latexit sha1_base64="4j0hzEbdqfhO/bA9pGEA63qTFY0=">AAACE3icbVDLSgMxFM34aq2vUZdugkUQwTqpWl0OuHHZgn1AZyyZNNOGZh4mGaEM/Qc3/oobF4q4dePOHxA/w/SxqK0HLvdwzr0k93gxZ1JZ1pexsLi0vJLJrubW1jc2t8ztnZqMEkFolUQ8Eg0PS8pZSKuKKU4bsaA48Dite72roV+/p0KyKLxR/Zi6Ae6EzGcEKy21zCN04mAed/FtER7DInQ4vYNi3E6nLVRqmXmrYI0A5wmakLwNKz/f2cx5uWV+Ou2IJAENFeFYyiayYuWmWChGOB3knETSGJMe7tCmpiEOqHTT0U0DeKCVNvQjoStUcKROb6Q4kLIfeHoywKorZ72h+J/XTJR/6aYsjBNFQzJ+yE84VBEcBgTbTFCieF8TTATTf4WkiwUmSseY0yGg2ZPnSa1YQKXCWQXlbRuMkQV7YB8cAgQugA2uQRlUAQEP4Am8gFfj0Xg23oz38eiCMdnZBX9gfPwC88edXQ==</latexit>

1/↵2 � 2  r  3/↵2 � 16

<latexit sha1_base64="yJVT/4czpEERArdDWPH+gKp8pNo=">AAACFnicbVDJSgNBEO2JW4zbqEcvjUGJh4SZIOox4MVjAmaBTAg9nZ6kSc9Cd40Qhjn5CV78lHjxoIhX8ebf2FkQTXxQ8Hiviqp6biS4Asv6MjIrq2vrG9nN3Nb2zu6euX/QUGEsKavTUISy5RLFBA9YHTgI1ookI74rWNMdXk/85h2TiofBLYwi1vFJP+AepwS01DWLjicJTew0KaeOYB4UfgSHiGhAUlzENnYk7w/grGvmrZI1BV4m9pzkK6djfl9rjatd89PphTT2WQBUEKXathVBJyESOBUszTmxYhGhQ9JnbU0D4jPVSaZvpfhEKz3shVJXAHiq/p5IiK/UyHd1p09goBa9ifif147Bu+okPIhiYAGdLfJigSHEk4xwj0tGQYw0IVRyfSumA6JjAZ1kTodgL768TBrlkn1ROq/Z+UoFzZBFR+gYFZCNLlEF3aAqqiOKHtATekGvxqPxbLwZ77PWjDGfOUR/YHx8A98hojI=</latexit>

1
2

�
1
↵ � 1

�

.



Recent progress

Theorem (B., Dräxler, Keevash, Sudakov 17):                                 if    is 
exponentially large in          , with equality if and only if 

<latexit sha1_base64="HLy62ygk1zcJgWhNYJKYc+uQR/Q="></latexit>

N↵(r)  2r � 2
<latexit sha1_base64="M2aj8QDvh45WKuO5/0rOUB23uvs="></latexit>

↵ = 1/3.

Theorem (Glazyrin, Yu 18):                                         for all          .    

Question: What about for                                         ?

Theorem (Jiang, Tidor, Yao, Zhang, Zhao 19): Let      be the minimum 
number of vertices in a graph with spectral radius                 . If      
   is doubly exponentially large in          , then

<latexit sha1_base64="5wKs1ncHJ/XQXzjyB3wEm+uBpcw="></latexit>

↵  1
3

<latexit sha1_base64="zcQR6i0FH5bUhhsuELjS/WojtbQ="></latexit>

k↵

<latexit sha1_base64="9OYQG735b1Cni5z1kHVS7+vXx9Y="></latexit>

N↵(r) =
j

r�1
1�1/k↵

k

Theorem (Yu 17):                                     for                                          .

<latexit sha1_base64="c3sUZeVAmMcZF8y/y3yTaBpRVp0=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simznC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxllkNw=</latexit>r
<latexit sha1_base64="W4rf6p5wHJLzcnvZa1ucaIP4sY8=">AAAB8XicbZDJSgNBEIZr4pIYt6hHL41B8BRngtsx4MVjAmbBJIaaTk/SpKdn6O4RQshbePGgiFffxpsvID6GneWgiT80fPx/FV1Vfiy4Nq776aRWVtfW05mN7ObW9s5ubm+/pqNEUValkYhUw0fNBJesargRrBErhqEvWN0fXE/y+gNTmkfy1gxj1g6xJ3nAKRpr3XmnLRRxH++LnVzeLbhTkWXw5pAvkcr3VyZ9Xu7kPlrdiCYhk4YK1LrpubFpj1AZTgUbZ1uJZjHSAfZY06LEkOn2aDrxmBxbp0uCSNknDZm6vztGGGo9DH1bGaLp68VsYv6XNRMTXLVHXMaJYZLOPgoSQUxEJuuTLleMGjG0gFRxOyuhfVRIjT1S1h7BW1x5GWrFgndROKt4+VIJZsrAIRzBCXhwCSW4gTJUgYKER3iGF0c7T86r8zYrTTnzngP4I+f9B01Tkvc=</latexit>

1/↵2

<latexit sha1_base64="c3sUZeVAmMcZF8y/y3yTaBpRVp0=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simznC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxllkNw=</latexit>r
<latexit sha1_base64="iJXpzKQpYfTIkPxjPCYAxksZgLE=">AAAB+nicbZDLSsNAFIZP6qW13lJduhksgquaiLdlwI3LFuwF2hAm00k7dHJhZqKU2Edx40IRtz6JO19AfAynTRfa+sPAx3/O4Zz5/YQzqSzr0yisrK6tF0sb5c2t7Z1ds7LXknEqCG2SmMei42NJOYtoUzHFaScRFIc+p21/dD2tt++okCyObtU4oW6IBxELGMFKW55ZGXk9zJMhRicoB8+sWjVrJrQM9hyqDmp8f5WK53XP/Oj1Y5KGNFKEYym7tpUoN8NCMcLppNxLJU0wGeEB7WqMcEilm81On6Aj7fRREAv9IoVm7u+JDIdSjkNfd4ZYDeVibWr+V+umKrhyMxYlqaIRyRcFKUcqRtMcUJ8JShQfa8BEMH0rIkMsMFE6rbIOwV788jK0Tmv2Re2sYVcdB3KV4AAO4RhsuAQHbqAOTSBwD4/wDC/Gg/FkvBpveWvBmM/swx8Z7z/15pYZ</latexit>

k↵/↵

<latexit sha1_base64="+RZR0RrxuMItzIeji+XLBoDFkrY=">AAACFXicbVDLSgMxFM34aq2vUZdugkWooHVm8LUccOPOFuwDOtOSSdM2NPMwyQhl6E+48VfcuFDEreDOHxA/w7RTUFsPXO7hnHtJ7vEiRoU0jA9tbn5hcSmTXc6trK6tb+ibW1URxhyTCg5ZyOseEoTRgFQklYzUI06Q7zFS8/oXI792S7igYXAtBxFxfdQNaIdiJJXU0g/MIwexqIeaFjyEFnQYuYE8bVcFq5n8+MP9lp43isYYcJaYE5K3YfnrM5s5KbX0d6cd4tgngcQMCdEwjUi6CeKSYkaGOScWJEK4j7qkoWiAfCLcZHzVEO4ppQ07IVcVSDhWf28kyBdi4Htq0keyJ6a9kfif14hl59xNaBDFkgQ4fagTMyhDOIoItiknWLKBIghzqv4KcQ9xhKUKMqdCMKdPniVVq2ieFo/LZt62QYos2AG7oABMcAZscAlKoAIwuAMP4Ak8a/fao/aivaajc9pkZxv8gfb2DVinnsM=</latexit>

1/↵2 � 2  r  O(21/↵
2

)

<latexit sha1_base64="sn6Aav+AhVnNfgzpxmx0EkZ2w7M="></latexit>

N↵(r) 
�1/↵2�1

2

� <latexit sha1_base64="4j0hzEbdqfhO/bA9pGEA63qTFY0=">AAACE3icbVDLSgMxFM34aq2vUZdugkUQwTqpWl0OuHHZgn1AZyyZNNOGZh4mGaEM/Qc3/oobF4q4dePOHxA/w/SxqK0HLvdwzr0k93gxZ1JZ1pexsLi0vJLJrubW1jc2t8ztnZqMEkFolUQ8Eg0PS8pZSKuKKU4bsaA48Dite72roV+/p0KyKLxR/Zi6Ae6EzGcEKy21zCN04mAed/FtER7DInQ4vYNi3E6nLVRqmXmrYI0A5wmakLwNKz/f2cx5uWV+Ou2IJAENFeFYyiayYuWmWChGOB3knETSGJMe7tCmpiEOqHTT0U0DeKCVNvQjoStUcKROb6Q4kLIfeHoywKorZ72h+J/XTJR/6aYsjBNFQzJ+yE84VBEcBgTbTFCieF8TTATTf4WkiwUmSseY0yGg2ZPnSa1YQKXCWQXlbRuMkQV7YB8cAgQugA2uQRlUAQEP4Am8gFfj0Xg23oz38eiCMdnZBX9gfPwC88edXQ==</latexit>

1/↵2 � 2  r  3/↵2 � 16

<latexit sha1_base64="yJVT/4czpEERArdDWPH+gKp8pNo=">AAACFnicbVDJSgNBEO2JW4zbqEcvjUGJh4SZIOox4MVjAmaBTAg9nZ6kSc9Cd40Qhjn5CV78lHjxoIhX8ebf2FkQTXxQ8Hiviqp6biS4Asv6MjIrq2vrG9nN3Nb2zu6euX/QUGEsKavTUISy5RLFBA9YHTgI1ookI74rWNMdXk/85h2TiofBLYwi1vFJP+AepwS01DWLjicJTew0KaeOYB4UfgSHiGhAUlzENnYk7w/grGvmrZI1BV4m9pzkK6djfl9rjatd89PphTT2WQBUEKXathVBJyESOBUszTmxYhGhQ9JnbU0D4jPVSaZvpfhEKz3shVJXAHiq/p5IiK/UyHd1p09goBa9ifif147Bu+okPIhiYAGdLfJigSHEk4xwj0tGQYw0IVRyfSumA6JjAZ1kTodgL768TBrlkn1ROq/Z+UoFzZBFR+gYFZCNLlEF3aAqqiOKHtATekGvxqPxbLwZ77PWjDGfOUR/YHx8A98hojI=</latexit>

1
2

�
1
↵ � 1

�

.

<latexit sha1_base64="c0YRzNPCWYHnEZMBjB7+IC9r4mQ=">AAACCXicbVC7TsMwFHXKq5RXgJHFokJql5JUFTBWsDBBkehDakLkuE5r1XGC7SBVUVcWfoWFAYRY+QM2/ga3zQAtR7rS0Tn36t57/JhRqSzr28gtLa+sruXXCxubW9s75u5eS0aJwKSJIxaJjo8kYZSTpqKKkU4sCAp9Rtr+8GLitx+IkDTit2oUEzdEfU4DipHSkmfCK89BLB6gkihDh5F7eF0S8BjOxLtq2TOLVsWaAi4SOyNFkKHhmV9OL8JJSLjCDEnZta1YuSkSimJGxgUnkSRGeIj6pKspRyGRbjr9ZAyPtNKDQSR0cQWn6u+JFIVSjkJfd4ZIDeS8NxH/87qJCs7clPI4UYTj2aIgYVBFcBIL7FFBsGIjTRAWVN8K8QAJhJUOr6BDsOdfXiStasU+qdRuasX6eRZHHhyAQ1ACNjgFdXAJGqAJMHgEz+AVvBlPxovxbnzMWnNGNrMP/sD4/AEpepgX</latexit>

N↵(r)  O(r/↵2)



New results



Theorem(B.):                                                 .

New results
<latexit sha1_base64="H1PaCqFSPnAs2+eWrPerW3XSNTQ="></latexit>

N↵(r)  max
⇣�1/↵2�1

2

�
, 2r � 2

⌘



Theorem(B.):                                                 .

New results

Conjecture(B.):                                                         .
<latexit sha1_base64="jbyn32zHc2Nn5suIXQQUS6Jxqio="></latexit>

N↵(r)  max
⇣�1/↵2�1

2

�
,
j

r�1
1�1/k↵

k⌘

<latexit sha1_base64="H1PaCqFSPnAs2+eWrPerW3XSNTQ="></latexit>

N↵(r)  max
⇣�1/↵2�1

2

�
, 2r � 2

⌘



Theorem(B.):                                                 .

New results

Conjecture(B.):                                                         .
<latexit sha1_base64="jbyn32zHc2Nn5suIXQQUS6Jxqio="></latexit>

N↵(r)  max
⇣�1/↵2�1

2

�
,
j

r�1
1�1/k↵

k⌘
always equality when 
this term is bigger!        

<latexit sha1_base64="H1PaCqFSPnAs2+eWrPerW3XSNTQ="></latexit>

N↵(r)  max
⇣�1/↵2�1

2

�
, 2r � 2

⌘



Theorem(B.):                                                 .

New results

Conjecture(B.):                                                         .
<latexit sha1_base64="jbyn32zHc2Nn5suIXQQUS6Jxqio="></latexit>

N↵(r)  max
⇣�1/↵2�1

2

�
,
j

r�1
1�1/k↵

k⌘
always equality when 
this term is bigger!        

- verified for               by Lemmens and Seidel in 1973 and for 
                by Cao, Koolen, Lin, and Yu in 2022 (building on the 
work of Neumaier)

<latexit sha1_base64="UeRMv9B/eCedO3lQ2v+WagtKvUM=">AAAB83icbVDJSgNBEO2JS2Lcoh69NAbBU5xxvwgBLx4TMAtkhlDT6Uma9PQ03T1CGPIbXjwo4tWf8eYPiJ9hZzlo9EHB470qquqFkjNtXPfDyS0tr6zmC2vF9Y3Nre3Szm5TJ6kitEESnqh2CJpyJmjDMMNpWyoKcchpKxzeTPzWPVWaJeLOjCQNYugLFjECxkq+D1wOAF9j7/i0Wyq7FXcK/Jd4c1Ku4vrXZyF/XuuW3v1eQtKYCkM4aN3xXGmCDJRhhNNx0U81lUCG0KcdSwXEVAfZ9OYxPrRKD0eJsiUMnqo/JzKItR7Foe2MwQz0ojcR//M6qYmugowJmRoqyGxRlHJsEjwJAPeYosTwkSVAFLO3YjIABcTYmIo2BG/x5b+keVLxLipnda9craIZCmgfHaAj5KFLVEW3qIYaiCCJHtATenZS59F5cV5nrTlnPrOHfsF5+wbQP5Mr</latexit>

↵ = 1/3
<latexit sha1_base64="HuPr8UZi/1ejeqc3Bqp08ing/e4=">AAAB83icbVDLSgNBEJyNj8T4inr0MhgET3FXjHoRFrx4TMA8ILuE3skkGTI7O8zMCmHJb3jxoIhXf8abPyB+hpPHQaMFDUVVN91dkeRMG9f9cHIrq2vr+cJGcXNre2e3tLff1EmqCG2QhCeqHYGmnAnaMMxw2paKQhxx2opGN1O/dU+VZom4M2NJwxgGgvUZAWOlIAAuh4CvsXda7ZbKbsWdAf8l3oKUfVz/+izkq7Vu6T3oJSSNqTCEg9Ydz5UmzEAZRjidFINUUwlkBAPasVRATHWYzW6e4GOr9HA/UbaEwTP150QGsdbjOLKdMZihXvam4n9eJzX9qzBjQqaGCjJf1E85NgmeBoB7TFFi+NgSIIrZWzEZggJibExFG4K3/PJf0jyreBeV87pX9n00RwEdoiN0gjx0iXx0i2qogQiS6AE9oWcndR6dF+d13ppzFjMH6Bect2/TR5Mt</latexit>

↵ = 1/5

<latexit sha1_base64="H1PaCqFSPnAs2+eWrPerW3XSNTQ="></latexit>

N↵(r)  max
⇣�1/↵2�1

2

�
, 2r � 2

⌘



Theorem(B.):                                                 .

New results

Conjecture(B.):                                                         .
<latexit sha1_base64="jbyn32zHc2Nn5suIXQQUS6Jxqio="></latexit>

N↵(r)  max
⇣�1/↵2�1

2

�
,
j

r�1
1�1/k↵

k⌘
always equality when 
this term is bigger!        

Theorem (B., Bucic 24): For any positive integer   , if    is 
exponentially large in      , then

<latexit sha1_base64="c3sUZeVAmMcZF8y/y3yTaBpRVp0=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simznC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxllkNw=</latexit>r
<latexit sha1_base64="VuWd1j9ijuHICrpsg2btt9AbQ2I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2sSr+dLzhFZyx7HtwpFC4+7r+v3vfScjv/2epENAlRaMqJUk3XibWXEqkZ5TjMtRKFMaF90sWmQUFCVF46HnRoHxqnYweRNE9oe+z+7khJqNQg9E1lSHRPzWYj87+smejg3EuZiBONgk4+ChJu68gebW13mESq+cAAoZKZWW3aI5JQbW6TM0dwZ1eeh9px0T0tnlTcQqkEE2VhHw7gCFw4gxJcQxmqQAHhAZ7g2bq1Hq0X63VSmrGmPbvwR9bbDw7JkNU=</latexit>

k

<latexit sha1_base64="uSTK0w0Y5j9udMTVH+pE59ijK4c="></latexit>

N 1
2k�1

(r) =

�
r � 1

1� 1/k

⌫
.

<latexit sha1_base64="VcLiPTMiHZfCPwH2D99G/2v9oC4=">AAAB7XicbZDLSgMxFIbPeK31Vi87N8EiuCozRdSdBRe6rGAv0I4lk2ba2EwyJBmhDn0HNy4UcevOp/AJ3Ln0TUwvC239IfDx/+eQc04Qc6aN6345c/MLi0vLmZXs6tr6xmZua7uqZaIIrRDJpaoHWFPOBK0YZjitx4riKOC0FvTOh3ntjirNpLg2/Zj6Ee4IFjKCjbWqvZu06A5aubxbcEdCs+BNIH/2cf998b6bllu5z2ZbkiSiwhCOtW54bmz8FCvDCKeDbDPRNMakhzu0YVHgiGo/HU07QAfWaaNQKvuEQSP3d0eKI637UWArI2y6ejobmv9ljcSEp37KRJwYKsj4ozDhyEg0XB21maLE8L4FTBSzsyLSxQoTYw+UtUfwpleehWqx4B0Xjq68fKkEY2VgD/bhEDw4gRJcQhkqQOAWHuAJnh3pPDovzuu4dM6Z9OzAHzlvP2fykr8=</latexit>

k20

- verified for               by Lemmens and Seidel in 1973 and for 
                by Cao, Koolen, Lin, and Yu in 2022 (building on the 
work of Neumaier)

<latexit sha1_base64="UeRMv9B/eCedO3lQ2v+WagtKvUM=">AAAB83icbVDJSgNBEO2JS2Lcoh69NAbBU5xxvwgBLx4TMAtkhlDT6Uma9PQ03T1CGPIbXjwo4tWf8eYPiJ9hZzlo9EHB470qquqFkjNtXPfDyS0tr6zmC2vF9Y3Nre3Szm5TJ6kitEESnqh2CJpyJmjDMMNpWyoKcchpKxzeTPzWPVWaJeLOjCQNYugLFjECxkq+D1wOAF9j7/i0Wyq7FXcK/Jd4c1Ku4vrXZyF/XuuW3v1eQtKYCkM4aN3xXGmCDJRhhNNx0U81lUCG0KcdSwXEVAfZ9OYxPrRKD0eJsiUMnqo/JzKItR7Foe2MwQz0ojcR//M6qYmugowJmRoqyGxRlHJsEjwJAPeYosTwkSVAFLO3YjIABcTYmIo2BG/x5b+keVLxLipnda9craIZCmgfHaAj5KFLVEW3qIYaiCCJHtATenZS59F5cV5nrTlnPrOHfsF5+wbQP5Mr</latexit>

↵ = 1/3
<latexit sha1_base64="HuPr8UZi/1ejeqc3Bqp08ing/e4=">AAAB83icbVDLSgNBEJyNj8T4inr0MhgET3FXjHoRFrx4TMA8ILuE3skkGTI7O8zMCmHJb3jxoIhXf8abPyB+hpPHQaMFDUVVN91dkeRMG9f9cHIrq2vr+cJGcXNre2e3tLff1EmqCG2QhCeqHYGmnAnaMMxw2paKQhxx2opGN1O/dU+VZom4M2NJwxgGgvUZAWOlIAAuh4CvsXda7ZbKbsWdAf8l3oKUfVz/+izkq7Vu6T3oJSSNqTCEg9Ydz5UmzEAZRjidFINUUwlkBAPasVRATHWYzW6e4GOr9HA/UbaEwTP150QGsdbjOLKdMZihXvam4n9eJzX9qzBjQqaGCjJf1E85NgmeBoB7TFFi+NgSIIrZWzEZggJibExFG4K3/PJf0jyreBeV87pX9n00RwEdoiN0gjx0iXx0i2qogQiS6AE9oWcndR6dF+d13ppzFjMH6Bect2/TR5Mt</latexit>

↵ = 1/5

<latexit sha1_base64="H1PaCqFSPnAs2+eWrPerW3XSNTQ="></latexit>

N↵(r)  max
⇣�1/↵2�1

2

�
, 2r � 2

⌘



New results for regular graphs



Corollary(B.): Let      be a   -regular graph with second and last 
eigenvalue           . If the spectral gap satisfies                   , then

New results for regular graphs
<latexit sha1_base64="MmcnO+qZ4XLDd+XeS67hkuG1i3U="></latexit>

G
<latexit sha1_base64="DGE+BilWaWH1TQwafeu9WLGoVxU="></latexit>

k
<latexit sha1_base64="ay9vAgueoAPg8JDMyNVTBEWaueY="></latexit>

�2,�n
<latexit sha1_base64="CXsh2UhPeyrxPDxOLyDggCjtbBo="></latexit>

k � �2 ⌧ n
<latexit sha1_base64="KMJOk0pLJRffcdHfhAwsfTdF5NM="></latexit>

�2 � (1� o(1))k1/3 and
<latexit sha1_base64="MlZvb9jQfcaq4jB41Xn5ZPoXTYY="></latexit>

�2 � (1� o(1))
p
��n.



Corollary(B.): Let      be a   -regular graph with second and last 
eigenvalue           . If the spectral gap satisfies                   , then

New results for regular graphs
<latexit sha1_base64="MmcnO+qZ4XLDd+XeS67hkuG1i3U="></latexit>

G
<latexit sha1_base64="DGE+BilWaWH1TQwafeu9WLGoVxU="></latexit>

k
<latexit sha1_base64="ay9vAgueoAPg8JDMyNVTBEWaueY="></latexit>

�2,�n
<latexit sha1_base64="CXsh2UhPeyrxPDxOLyDggCjtbBo="></latexit>

k � �2 ⌧ n
<latexit sha1_base64="KMJOk0pLJRffcdHfhAwsfTdF5NM="></latexit>

�2 � (1� o(1))k1/3 and
<latexit sha1_base64="MlZvb9jQfcaq4jB41Xn5ZPoXTYY="></latexit>

�2 � (1� o(1))
p
��n.

Theorem(B.): If     is a   -regular graph with                   , then 

with equality in both whenever                                     , i.e. 
when     corresponds to a set of real equiangular lines meeting 
the absolute bound in dimension                             .

<latexit sha1_base64="L51ctVlI1PW4y1/asA08l6wx7qA="></latexit>

k � �2 < n
2

<latexit sha1_base64="jEBJOg22pgMoXKSEa8B+TBQVj4M="></latexit>

2
⇣
k � (k��2)

2

n

⌘
 �2(�2+1)(2�2+1)

1� 2(k��2)
n

� �2(3�2 + 1),

<latexit sha1_base64="u26ignaU0TSO4imrLVEtF8yi/yc="></latexit>

��n  �2(�2+1)

1� 2(k��2)
n

� �2,
<latexit sha1_base64="QbAwzEfjwIas6aIOeqHLovZiVsI="></latexit>

n+ 1 =
�n�mult(�2)+1

2

�
<latexit sha1_base64="MmcnO+qZ4XLDd+XeS67hkuG1i3U="></latexit>

G
<latexit sha1_base64="IeTSmvspflqsjjs2ERy7gKCQyGk="></latexit>

r = n�mult(�2)

<latexit sha1_base64="MmcnO+qZ4XLDd+XeS67hkuG1i3U="></latexit>

G
<latexit sha1_base64="DGE+BilWaWH1TQwafeu9WLGoVxU="></latexit>

k



Corollary(B.): Let      be a   -regular graph with second 
eigenvalue      . If the spectral gap satisfies                   , then

<latexit sha1_base64="MmcnO+qZ4XLDd+XeS67hkuG1i3U="></latexit>

G
<latexit sha1_base64="DGE+BilWaWH1TQwafeu9WLGoVxU="></latexit>

k
<latexit sha1_base64="CXsh2UhPeyrxPDxOLyDggCjtbBo="></latexit>

k � �2 ⌧ n
<latexit sha1_base64="KMJOk0pLJRffcdHfhAwsfTdF5NM="></latexit>

�2 � (1� o(1))k1/3 .

<latexit sha1_base64="LT5qkXR5g1iIrcoKGziiqtP4ExU=">AAAB8HicbVC7SgNBFL3rM8ZXNKXNYBAsJOwGUcsFG8sI5iHJEmZnJ8mQmdllZlYISxp/wcZCEVs/x0LwD/wGKyePQhMPXDiccy73ESacaeO6n87S8srq2npuI7+5tb2zW9jbr+s4VYTWSMxj1QyxppxJWjPMcNpMFMUi5LQRDi7HfuOOKs1ieWOGCQ0E7knWZQQbK922uY1GuFPpFEpu2Z0ALRJvRkp+8eP7/mt0Uu0U3ttRTFJBpSEca93y3MQEGVaGEU5H+XaqaYLJAPdoy1KJBdVBNll4hI6sEqFurGxJgybq744MC62HIrRJgU1fz3tj8T+vlZruRZAxmaSGSjId1E05MjEaX48ipigxfGgJJorZXRHpY4WJsT/K2yd48ycvknql7J2VT6+9ku/DFDk4gEM4Bg/OwYcrqEINCAh4gCd4dpTz6Lw4r9PokjPrKcIfOG8/FBqUXA==</latexit>

�2



Corollary(B.): Let      be a   -regular graph with second 
eigenvalue      . If the spectral gap satisfies                   , then

<latexit sha1_base64="MmcnO+qZ4XLDd+XeS67hkuG1i3U="></latexit>

G
<latexit sha1_base64="DGE+BilWaWH1TQwafeu9WLGoVxU="></latexit>

k
<latexit sha1_base64="CXsh2UhPeyrxPDxOLyDggCjtbBo="></latexit>

k � �2 ⌧ n
<latexit sha1_base64="KMJOk0pLJRffcdHfhAwsfTdF5NM="></latexit>

�2 � (1� o(1))k1/3 .

Proof sketch: Starting with the adjacency matrix     , let  
                 and define                                            .

<latexit sha1_base64="LT5qkXR5g1iIrcoKGziiqtP4ExU=">AAAB8HicbVC7SgNBFL3rM8ZXNKXNYBAsJOwGUcsFG8sI5iHJEmZnJ8mQmdllZlYISxp/wcZCEVs/x0LwD/wGKyePQhMPXDiccy73ESacaeO6n87S8srq2npuI7+5tb2zW9jbr+s4VYTWSMxj1QyxppxJWjPMcNpMFMUi5LQRDi7HfuOOKs1ieWOGCQ0E7knWZQQbK922uY1GuFPpFEpu2Z0ALRJvRkp+8eP7/mt0Uu0U3ttRTFJBpSEca93y3MQEGVaGEU5H+XaqaYLJAPdoy1KJBdVBNll4hI6sEqFurGxJgybq744MC62HIrRJgU1fz3tj8T+vlZruRZAxmaSGSjId1E05MjEaX48ipigxfGgJJorZXRHpY4WJsT/K2yd48ycvknql7J2VT6+9ku/DFDk4gEM4Bg/OwYcrqEINCAh4gCd4dpTz6Lw4r9PokjPrKcIfOG8/FBqUXA==</latexit>

�2

<latexit sha1_base64="zrrppln8tVTzOyWIMtnKxhCoatc=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNiAc9JmAWSIbQ06lJWnt6hu4eIQ55Ai8eFPHqA/gUPoE3j76JneWgiT80fPx/FV1VfsyZ0o7zZWXm5hcWl7LLuZXVtfWN/OZWTUWJpFilEY9kwycKORNY1UxzbMQSSehzrPu3F8O8fodSsUhc636MXki6ggWMEm2synk7X3CKzkj2LLgTKJx93H9fvu+k5Xb+s9WJaBKi0JQTpZquE2svJVIzynGQayUKY0JvSRebBgUJUXnpaNCBvW+cjh1E0jyh7ZH7uyMloVL90DeVIdE9NZ0Nzf+yZqKDUy9lIk40Cjr+KEi4rSN7uLXdYRKp5n0DhEpmZrVpj0hCtblNzhzBnV55FmqHRfe4eFRxC6USjJWFXdiDA3DhBEpwBWWoAgWEB3iCZ+vGerRerNdxacaa9GzDH1lvP88SkKs=</latexit>

A
<latexit sha1_base64="nklSvYKLzyGHM32H6LrsBiR6kzY=">AAACCnicbVC7SgNBFJ2NrxhfUUub0SAISthdRG2EgI1lBDcJZMNyd3Y2GTL7YGZWCGtqG3/FxkIRWytLO//GyaPQxAMDh3Pu4c49fsqZVKb5bRQWFpeWV4qrpbX1jc2t8vZOQyaZINQhCU9EywdJOYupo5jitJUKCpHPadPvX4385h0VkiXxrRqktBNBN2YhI6C05JX3XeBpD/AldkMBJLeGue1ynQ/As/ExtoZeuWJWzTHwPLGmpFI7+TQdG+7rXvnLDRKSRTRWhIOUbctMVScHoRjhdFhyM0lTIH3o0ramMURUdvLxKUN8qJUAh4nQL1Z4rP5O5BBJOYh8PRmB6slZbyT+57UzFV50chanmaIxmSwKM45Vgke94IAJShQfaAJEMP1XTHqgK1G6vZIuwZo9eZ407Kp1Vj29sSq1GpqgiPbQATpCFjpHNXSN6shBBD2gJ/SCXo1H49l4M94nowVjmtlFf2B8/ACRjJvX</latexit>

↵ = 1
2�2+1

<latexit sha1_base64="Sc1WiJgnZ0Wdg2zSMHp7izWVTq4=">AAACEXicbZDJSgNBEIZ73BLjNurRS2EQIpIwE9wuwogXFYQEzAJJCD2dTtKkZ6G7RwhDXsGLr+LFgyJevXnzBcTHsLMcNPGHho+/qqiu3w05k8qyPo25+YXFpURyObWyura+YW5ulWUQCUJLJOCBqLpYUs58WlJMcVoNBcWey2nF7V0M65U7KiQL/FvVD2nDwx2ftRnBSltNM3MDZ5Cxs1DHPOzifbiCgwnDNWQhP+Hzppm2ctZIMAv2BNIOFL+/komjQtP8qLcCEnnUV4RjKWu2FapGjIVihNNBqh5JGmLSwx1a0+hjj8pGPLpoAHvaaUE7EPr5Ckbu74kYe1L2PVd3elh15XRtaP5Xq0WqfdqImR9GivpkvKgdcVABDOOBFhOUKN7XgIlg+q9AulhgonSIKR2CPX3yLJTzOfs4d1i0046DxkqiHbSLMshGJ8hBl6iASoige/SIntGL8WA8Ga/G27h1zpjMbKM/Mt5/AHzhm/8=</latexit>

M = (1� ↵)I + ↵J � 2↵A



Corollary(B.): Let      be a   -regular graph with second 
eigenvalue      . If the spectral gap satisfies                   , then

<latexit sha1_base64="MmcnO+qZ4XLDd+XeS67hkuG1i3U="></latexit>

G
<latexit sha1_base64="DGE+BilWaWH1TQwafeu9WLGoVxU="></latexit>

k
<latexit sha1_base64="CXsh2UhPeyrxPDxOLyDggCjtbBo="></latexit>

k � �2 ⌧ n
<latexit sha1_base64="KMJOk0pLJRffcdHfhAwsfTdF5NM="></latexit>

�2 � (1� o(1))k1/3 .

Proof sketch: Starting with the adjacency matrix     , let  
                 and define                                            .

<latexit sha1_base64="LT5qkXR5g1iIrcoKGziiqtP4ExU=">AAAB8HicbVC7SgNBFL3rM8ZXNKXNYBAsJOwGUcsFG8sI5iHJEmZnJ8mQmdllZlYISxp/wcZCEVs/x0LwD/wGKyePQhMPXDiccy73ESacaeO6n87S8srq2npuI7+5tb2zW9jbr+s4VYTWSMxj1QyxppxJWjPMcNpMFMUi5LQRDi7HfuOOKs1ieWOGCQ0E7knWZQQbK922uY1GuFPpFEpu2Z0ALRJvRkp+8eP7/mt0Uu0U3ttRTFJBpSEca93y3MQEGVaGEU5H+XaqaYLJAPdoy1KJBdVBNll4hI6sEqFurGxJgybq744MC62HIrRJgU1fz3tj8T+vlZruRZAxmaSGSjId1E05MjEaX48ipigxfGgJJorZXRHpY4WJsT/K2yd48ycvknql7J2VT6+9ku/DFDk4gEM4Bg/OwYcrqEINCAh4gCd4dpTz6Lw4r9PokjPrKcIfOG8/FBqUXA==</latexit>

�2

<latexit sha1_base64="zrrppln8tVTzOyWIMtnKxhCoatc=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNiAc9JmAWSIbQ06lJWnt6hu4eIQ55Ai8eFPHqA/gUPoE3j76JneWgiT80fPx/FV1VfsyZ0o7zZWXm5hcWl7LLuZXVtfWN/OZWTUWJpFilEY9kwycKORNY1UxzbMQSSehzrPu3F8O8fodSsUhc636MXki6ggWMEm2synk7X3CKzkj2LLgTKJx93H9fvu+k5Xb+s9WJaBKi0JQTpZquE2svJVIzynGQayUKY0JvSRebBgUJUXnpaNCBvW+cjh1E0jyh7ZH7uyMloVL90DeVIdE9NZ0Nzf+yZqKDUy9lIk40Cjr+KEi4rSN7uLXdYRKp5n0DhEpmZrVpj0hCtblNzhzBnV55FmqHRfe4eFRxC6USjJWFXdiDA3DhBEpwBWWoAgWEB3iCZ+vGerRerNdxacaa9GzDH1lvP88SkKs=</latexit>

A
<latexit sha1_base64="nklSvYKLzyGHM32H6LrsBiR6kzY=">AAACCnicbVC7SgNBFJ2NrxhfUUub0SAISthdRG2EgI1lBDcJZMNyd3Y2GTL7YGZWCGtqG3/FxkIRWytLO//GyaPQxAMDh3Pu4c49fsqZVKb5bRQWFpeWV4qrpbX1jc2t8vZOQyaZINQhCU9EywdJOYupo5jitJUKCpHPadPvX4385h0VkiXxrRqktBNBN2YhI6C05JX3XeBpD/AldkMBJLeGue1ynQ/As/ExtoZeuWJWzTHwPLGmpFI7+TQdG+7rXvnLDRKSRTRWhIOUbctMVScHoRjhdFhyM0lTIH3o0ramMURUdvLxKUN8qJUAh4nQL1Z4rP5O5BBJOYh8PRmB6slZbyT+57UzFV50chanmaIxmSwKM45Vgke94IAJShQfaAJEMP1XTHqgK1G6vZIuwZo9eZ407Kp1Vj29sSq1GpqgiPbQATpCFjpHNXSN6shBBD2gJ/SCXo1H49l4M94nowVjmtlFf2B8/ACRjJvX</latexit>

↵ = 1
2�2+1

<latexit sha1_base64="Sc1WiJgnZ0Wdg2zSMHp7izWVTq4=">AAACEXicbZDJSgNBEIZ73BLjNurRS2EQIpIwE9wuwogXFYQEzAJJCD2dTtKkZ6G7RwhDXsGLr+LFgyJevXnzBcTHsLMcNPGHho+/qqiu3w05k8qyPo25+YXFpURyObWyura+YW5ulWUQCUJLJOCBqLpYUs58WlJMcVoNBcWey2nF7V0M65U7KiQL/FvVD2nDwx2ftRnBSltNM3MDZ5Cxs1DHPOzifbiCgwnDNWQhP+Hzppm2ctZIMAv2BNIOFL+/komjQtP8qLcCEnnUV4RjKWu2FapGjIVihNNBqh5JGmLSwx1a0+hjj8pGPLpoAHvaaUE7EPr5Ckbu74kYe1L2PVd3elh15XRtaP5Xq0WqfdqImR9GivpkvKgdcVABDOOBFhOUKN7XgIlg+q9AulhgonSIKR2CPX3yLJTzOfs4d1i0046DxkqiHbSLMshGJ8hBl6iASoige/SIntGL8WA8Ga/G27h1zpjMbKM/Mt5/AHzhm/8=</latexit>

M = (1� ↵)I + ↵J � 2↵A

Straightforward to check that      is positive semidefinite, so it 
is the Gram matrix of some unit vectors                 .

<latexit sha1_base64="ri4fWNOlsLvY5EKiO9ajIPohY8I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAe9CAmYBZIh9HRqktaenqG7R4hDnsCLB0W8+gA+hU/gzaNvYmc5aOIPDR//X0VXlR9zprTjfFmZufmFxaXscm5ldW19I7+5VVNRIilWacQj2fCJQs4EVjXTHBuxRBL6HOv+7fkwr9+hVCwS17ofoxeSrmABo0Qbq3LVzhecojOSPQvuBApnH/ffF+87abmd/2x1IpqEKDTlRKmm68TaS4nUjHIc5FqJwpjQW9LFpkFBQlReOhp0YO8bp2MHkTRPaHvk/u5ISahUP/RNZUh0T01nQ/O/rJno4NRLmYgTjYKOPwoSbuvIHm5td5hEqnnfAKGSmVlt2iOSUG1ukzNHcKdXnoXaYdE9Lh5V3EKpBGNlYRf24ABcOIESXEIZqkAB4QGe4Nm6sR6tF+t1XJqxJj3b8EfW2w/hQpC3</latexit>

M
<latexit sha1_base64="GEd8wMH3GbMun1FmNjfNd0gjH+s=">AAAB+XicbVDLSsNAFJ34rPUVdSUuHCyCi1ISEXUZcOOygn1AG8JkMmmHTmbCzCRQQtf+hBsXirj1T7rzO/wBp4+Fth64cDjnXu69J0wZVdpxvqyV1bX1jc3SVnl7Z3dv3z44bCqRSUwaWDAh2yFShFFOGppqRtqpJCgJGWmFg7uJ38qJVFTwRz1MiZ+gHqcxxUgbKbDtPHCrsMsioVUV5oGRKk7NmQIuE3dOKt7xUyDGp9/1wB53I4GzhHCNGVKq4zqp9gskNcWMjMrdTJEU4QHqkY6hHCVE+cX08hE8N0oEYyFNcQ2n6u+JAiVKDZPQdCZI99WiNxH/8zqZjm/9gvI004Tj2aI4Y1ALOIkBRlQSrNnQEIQlNbdC3EcSYW3CKpsQ3MWXl0nzsuZe164e3IrngRlK4AScgQvgghvggXtQBw2AQQ6ewSt4swrrxXq3PmatK9Z85gj8gfX5A/CTlkQ=</latexit>v1, . . . , vn



Corollary(B.): Let      be a   -regular graph with second 
eigenvalue      . If the spectral gap satisfies                   , then

<latexit sha1_base64="MmcnO+qZ4XLDd+XeS67hkuG1i3U="></latexit>

G
<latexit sha1_base64="DGE+BilWaWH1TQwafeu9WLGoVxU="></latexit>

k
<latexit sha1_base64="CXsh2UhPeyrxPDxOLyDggCjtbBo="></latexit>

k � �2 ⌧ n
<latexit sha1_base64="KMJOk0pLJRffcdHfhAwsfTdF5NM="></latexit>

�2 � (1� o(1))k1/3 .

Proof sketch: Starting with the adjacency matrix     , let  
                 and define                                            .

<latexit sha1_base64="LT5qkXR5g1iIrcoKGziiqtP4ExU=">AAAB8HicbVC7SgNBFL3rM8ZXNKXNYBAsJOwGUcsFG8sI5iHJEmZnJ8mQmdllZlYISxp/wcZCEVs/x0LwD/wGKyePQhMPXDiccy73ESacaeO6n87S8srq2npuI7+5tb2zW9jbr+s4VYTWSMxj1QyxppxJWjPMcNpMFMUi5LQRDi7HfuOOKs1ieWOGCQ0E7knWZQQbK922uY1GuFPpFEpu2Z0ALRJvRkp+8eP7/mt0Uu0U3ttRTFJBpSEca93y3MQEGVaGEU5H+XaqaYLJAPdoy1KJBdVBNll4hI6sEqFurGxJgybq744MC62HIrRJgU1fz3tj8T+vlZruRZAxmaSGSjId1E05MjEaX48ipigxfGgJJorZXRHpY4WJsT/K2yd48ycvknql7J2VT6+9ku/DFDk4gEM4Bg/OwYcrqEINCAh4gCd4dpTz6Lw4r9PokjPrKcIfOG8/FBqUXA==</latexit>

�2

<latexit sha1_base64="zrrppln8tVTzOyWIMtnKxhCoatc=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNiAc9JmAWSIbQ06lJWnt6hu4eIQ55Ai8eFPHqA/gUPoE3j76JneWgiT80fPx/FV1VfsyZ0o7zZWXm5hcWl7LLuZXVtfWN/OZWTUWJpFilEY9kwycKORNY1UxzbMQSSehzrPu3F8O8fodSsUhc636MXki6ggWMEm2synk7X3CKzkj2LLgTKJx93H9fvu+k5Xb+s9WJaBKi0JQTpZquE2svJVIzynGQayUKY0JvSRebBgUJUXnpaNCBvW+cjh1E0jyh7ZH7uyMloVL90DeVIdE9NZ0Nzf+yZqKDUy9lIk40Cjr+KEi4rSN7uLXdYRKp5n0DhEpmZrVpj0hCtblNzhzBnV55FmqHRfe4eFRxC6USjJWFXdiDA3DhBEpwBWWoAgWEB3iCZ+vGerRerNdxacaa9GzDH1lvP88SkKs=</latexit>

A
<latexit sha1_base64="nklSvYKLzyGHM32H6LrsBiR6kzY=">AAACCnicbVC7SgNBFJ2NrxhfUUub0SAISthdRG2EgI1lBDcJZMNyd3Y2GTL7YGZWCGtqG3/FxkIRWytLO//GyaPQxAMDh3Pu4c49fsqZVKb5bRQWFpeWV4qrpbX1jc2t8vZOQyaZINQhCU9EywdJOYupo5jitJUKCpHPadPvX4385h0VkiXxrRqktBNBN2YhI6C05JX3XeBpD/AldkMBJLeGue1ynQ/As/ExtoZeuWJWzTHwPLGmpFI7+TQdG+7rXvnLDRKSRTRWhIOUbctMVScHoRjhdFhyM0lTIH3o0ramMURUdvLxKUN8qJUAh4nQL1Z4rP5O5BBJOYh8PRmB6slZbyT+57UzFV50chanmaIxmSwKM45Vgke94IAJShQfaAJEMP1XTHqgK1G6vZIuwZo9eZ407Kp1Vj29sSq1GpqgiPbQATpCFjpHNXSN6shBBD2gJ/SCXo1H49l4M94nowVjmtlFf2B8/ACRjJvX</latexit>

↵ = 1
2�2+1

<latexit sha1_base64="Sc1WiJgnZ0Wdg2zSMHp7izWVTq4=">AAACEXicbZDJSgNBEIZ73BLjNurRS2EQIpIwE9wuwogXFYQEzAJJCD2dTtKkZ6G7RwhDXsGLr+LFgyJevXnzBcTHsLMcNPGHho+/qqiu3w05k8qyPo25+YXFpURyObWyura+YW5ulWUQCUJLJOCBqLpYUs58WlJMcVoNBcWey2nF7V0M65U7KiQL/FvVD2nDwx2ftRnBSltNM3MDZ5Cxs1DHPOzifbiCgwnDNWQhP+Hzppm2ctZIMAv2BNIOFL+/komjQtP8qLcCEnnUV4RjKWu2FapGjIVihNNBqh5JGmLSwx1a0+hjj8pGPLpoAHvaaUE7EPr5Ckbu74kYe1L2PVd3elh15XRtaP5Xq0WqfdqImR9GivpkvKgdcVABDOOBFhOUKN7XgIlg+q9AulhgonSIKR2CPX3yLJTzOfs4d1i0046DxkqiHbSLMshGJ8hBl6iASoige/SIntGL8WA8Ga/G27h1zpjMbKM/Mt5/AHzhm/8=</latexit>

M = (1� ↵)I + ↵J � 2↵A

Straightforward to check that      is positive semidefinite, so it 
is the Gram matrix of some unit vectors                 .

<latexit sha1_base64="ri4fWNOlsLvY5EKiO9ajIPohY8I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAe9CAmYBZIh9HRqktaenqG7R4hDnsCLB0W8+gA+hU/gzaNvYmc5aOIPDR//X0VXlR9zprTjfFmZufmFxaXscm5ldW19I7+5VVNRIilWacQj2fCJQs4EVjXTHBuxRBL6HOv+7fkwr9+hVCwS17ofoxeSrmABo0Qbq3LVzhecojOSPQvuBApnH/ffF+87abmd/2x1IpqEKDTlRKmm68TaS4nUjHIc5FqJwpjQW9LFpkFBQlReOhp0YO8bp2MHkTRPaHvk/u5ISahUP/RNZUh0T01nQ/O/rJno4NRLmYgTjYKOPwoSbuvIHm5td5hEqnnfAKGSmVlt2iOSUG1ukzNHcKdXnoXaYdE9Lh5V3EKpBGNlYRf24ABcOIESXEIZqkAB4QGe4Nm6sR6tF+t1XJqxJj3b8EfW2w/hQpC3</latexit>

M
<latexit sha1_base64="GEd8wMH3GbMun1FmNjfNd0gjH+s=">AAAB+XicbVDLSsNAFJ34rPUVdSUuHCyCi1ISEXUZcOOygn1AG8JkMmmHTmbCzCRQQtf+hBsXirj1T7rzO/wBp4+Fth64cDjnXu69J0wZVdpxvqyV1bX1jc3SVnl7Z3dv3z44bCqRSUwaWDAh2yFShFFOGppqRtqpJCgJGWmFg7uJ38qJVFTwRz1MiZ+gHqcxxUgbKbDtPHCrsMsioVUV5oGRKk7NmQIuE3dOKt7xUyDGp9/1wB53I4GzhHCNGVKq4zqp9gskNcWMjMrdTJEU4QHqkY6hHCVE+cX08hE8N0oEYyFNcQ2n6u+JAiVKDZPQdCZI99WiNxH/8zqZjm/9gvI004Tj2aI4Y1ALOIkBRlQSrNnQEIQlNbdC3EcSYW3CKpsQ3MWXl0nzsuZe164e3IrngRlK4AScgQvgghvggXtQBw2AQQ6ewSt4swrrxXq3PmatK9Z85gj8gfX5A/CTlkQ=</latexit>v1, . . . , vn

Orthogonally project                                                  onto the 
span of                        (with respect to the Frobenius inner 
product).

<latexit sha1_base64="UMBY+5FbwacYNadxWmkkju4LTtM="></latexit>

v1v
|
1 , . . . , vnv

|
n

<latexit sha1_base64="So0JoE6pIhDqpS8D9S/GV0KVO/k="></latexit>⇣Pn
j=1 vj

⌘
v|1 + v1

⇣Pn
j=1 vj

⌘|



Corollary(B.): Let      be a   -regular graph with second 
eigenvalue      . If the spectral gap satisfies                   , then

<latexit sha1_base64="MmcnO+qZ4XLDd+XeS67hkuG1i3U="></latexit>

G
<latexit sha1_base64="DGE+BilWaWH1TQwafeu9WLGoVxU="></latexit>

k
<latexit sha1_base64="CXsh2UhPeyrxPDxOLyDggCjtbBo="></latexit>

k � �2 ⌧ n
<latexit sha1_base64="KMJOk0pLJRffcdHfhAwsfTdF5NM="></latexit>

�2 � (1� o(1))k1/3 .

Proof sketch: Starting with the adjacency matrix     , let  
                 and define                                            .

<latexit sha1_base64="LT5qkXR5g1iIrcoKGziiqtP4ExU=">AAAB8HicbVC7SgNBFL3rM8ZXNKXNYBAsJOwGUcsFG8sI5iHJEmZnJ8mQmdllZlYISxp/wcZCEVs/x0LwD/wGKyePQhMPXDiccy73ESacaeO6n87S8srq2npuI7+5tb2zW9jbr+s4VYTWSMxj1QyxppxJWjPMcNpMFMUi5LQRDi7HfuOOKs1ieWOGCQ0E7knWZQQbK922uY1GuFPpFEpu2Z0ALRJvRkp+8eP7/mt0Uu0U3ttRTFJBpSEca93y3MQEGVaGEU5H+XaqaYLJAPdoy1KJBdVBNll4hI6sEqFurGxJgybq744MC62HIrRJgU1fz3tj8T+vlZruRZAxmaSGSjId1E05MjEaX48ipigxfGgJJorZXRHpY4WJsT/K2yd48ycvknql7J2VT6+9ku/DFDk4gEM4Bg/OwYcrqEINCAh4gCd4dpTz6Lw4r9PokjPrKcIfOG8/FBqUXA==</latexit>

�2

<latexit sha1_base64="zrrppln8tVTzOyWIMtnKxhCoatc=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNiAc9JmAWSIbQ06lJWnt6hu4eIQ55Ai8eFPHqA/gUPoE3j76JneWgiT80fPx/FV1VfsyZ0o7zZWXm5hcWl7LLuZXVtfWN/OZWTUWJpFilEY9kwycKORNY1UxzbMQSSehzrPu3F8O8fodSsUhc636MXki6ggWMEm2synk7X3CKzkj2LLgTKJx93H9fvu+k5Xb+s9WJaBKi0JQTpZquE2svJVIzynGQayUKY0JvSRebBgUJUXnpaNCBvW+cjh1E0jyh7ZH7uyMloVL90DeVIdE9NZ0Nzf+yZqKDUy9lIk40Cjr+KEi4rSN7uLXdYRKp5n0DhEpmZrVpj0hCtblNzhzBnV55FmqHRfe4eFRxC6USjJWFXdiDA3DhBEpwBWWoAgWEB3iCZ+vGerRerNdxacaa9GzDH1lvP88SkKs=</latexit>

A
<latexit sha1_base64="nklSvYKLzyGHM32H6LrsBiR6kzY=">AAACCnicbVC7SgNBFJ2NrxhfUUub0SAISthdRG2EgI1lBDcJZMNyd3Y2GTL7YGZWCGtqG3/FxkIRWytLO//GyaPQxAMDh3Pu4c49fsqZVKb5bRQWFpeWV4qrpbX1jc2t8vZOQyaZINQhCU9EywdJOYupo5jitJUKCpHPadPvX4385h0VkiXxrRqktBNBN2YhI6C05JX3XeBpD/AldkMBJLeGue1ynQ/As/ExtoZeuWJWzTHwPLGmpFI7+TQdG+7rXvnLDRKSRTRWhIOUbctMVScHoRjhdFhyM0lTIH3o0ramMURUdvLxKUN8qJUAh4nQL1Z4rP5O5BBJOYh8PRmB6slZbyT+57UzFV50chanmaIxmSwKM45Vgke94IAJShQfaAJEMP1XTHqgK1G6vZIuwZo9eZ407Kp1Vj29sSq1GpqgiPbQATpCFjpHNXSN6shBBD2gJ/SCXo1H49l4M94nowVjmtlFf2B8/ACRjJvX</latexit>

↵ = 1
2�2+1

<latexit sha1_base64="Sc1WiJgnZ0Wdg2zSMHp7izWVTq4=">AAACEXicbZDJSgNBEIZ73BLjNurRS2EQIpIwE9wuwogXFYQEzAJJCD2dTtKkZ6G7RwhDXsGLr+LFgyJevXnzBcTHsLMcNPGHho+/qqiu3w05k8qyPo25+YXFpURyObWyura+YW5ulWUQCUJLJOCBqLpYUs58WlJMcVoNBcWey2nF7V0M65U7KiQL/FvVD2nDwx2ftRnBSltNM3MDZ5Cxs1DHPOzifbiCgwnDNWQhP+Hzppm2ctZIMAv2BNIOFL+/komjQtP8qLcCEnnUV4RjKWu2FapGjIVihNNBqh5JGmLSwx1a0+hjj8pGPLpoAHvaaUE7EPr5Ckbu74kYe1L2PVd3elh15XRtaP5Xq0WqfdqImR9GivpkvKgdcVABDOOBFhOUKN7XgIlg+q9AulhgonSIKR2CPX3yLJTzOfs4d1i0046DxkqiHbSLMshGJ8hBl6iASoige/SIntGL8WA8Ga/G27h1zpjMbKM/Mt5/AHzhm/8=</latexit>

M = (1� ↵)I + ↵J � 2↵A

Straightforward to check that      is positive semidefinite, so it 
is the Gram matrix of some unit vectors                 .

<latexit sha1_base64="ri4fWNOlsLvY5EKiO9ajIPohY8I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAe9CAmYBZIh9HRqktaenqG7R4hDnsCLB0W8+gA+hU/gzaNvYmc5aOIPDR//X0VXlR9zprTjfFmZufmFxaXscm5ldW19I7+5VVNRIilWacQj2fCJQs4EVjXTHBuxRBL6HOv+7fkwr9+hVCwS17ofoxeSrmABo0Qbq3LVzhecojOSPQvuBApnH/ffF+87abmd/2x1IpqEKDTlRKmm68TaS4nUjHIc5FqJwpjQW9LFpkFBQlReOhp0YO8bp2MHkTRPaHvk/u5ISahUP/RNZUh0T01nQ/O/rJno4NRLmYgTjYKOPwoSbuvIHm5td5hEqnnfAKGSmVlt2iOSUG1ukzNHcKdXnoXaYdE9Lh5V3EKpBGNlYRf24ABcOIESXEIZqkAB4QGe4Nm6sR6tF+t1XJqxJj3b8EfW2w/hQpC3</latexit>

M
<latexit sha1_base64="GEd8wMH3GbMun1FmNjfNd0gjH+s=">AAAB+XicbVDLSsNAFJ34rPUVdSUuHCyCi1ISEXUZcOOygn1AG8JkMmmHTmbCzCRQQtf+hBsXirj1T7rzO/wBp4+Fth64cDjnXu69J0wZVdpxvqyV1bX1jc3SVnl7Z3dv3z44bCqRSUwaWDAh2yFShFFOGppqRtqpJCgJGWmFg7uJ38qJVFTwRz1MiZ+gHqcxxUgbKbDtPHCrsMsioVUV5oGRKk7NmQIuE3dOKt7xUyDGp9/1wB53I4GzhHCNGVKq4zqp9gskNcWMjMrdTJEU4QHqkY6hHCVE+cX08hE8N0oEYyFNcQ2n6u+JAiVKDZPQdCZI99WiNxH/8zqZjm/9gvI004Tj2aI4Y1ALOIkBRlQSrNnQEIQlNbdC3EcSYW3CKpsQ3MWXl0nzsuZe164e3IrngRlK4AScgQvgghvggXtQBw2AQQ6ewSt4swrrxXq3PmatK9Z85gj8gfX5A/CTlkQ=</latexit>v1, . . . , vn

Orthogonally project                                                  onto the 
span of                        (with respect to the Frobenius inner 
product).

The (Frobenius) norm of     can only decrease!
<latexit sha1_base64="L76z0Drcyp5h/W/9sFJMgCchvAQ=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8YgeAozIurNgAc9JmAWSIbQ06lJ2vQsdPcIccgTePGgiFcfwKfwCbx59E3sLAdN/KHh4/+r6KryYsGVtu0vK7OwuLS8kl3Nra1vbG7lt3dqKkokwyqLRCQbHlUoeIhVzbXARiyRBp7Aute/HOX1O5SKR+GNHsToBrQbcp8zqo1VabTzBbtoj0XmwZlC4eLj/vvqfS8tt/OfrU7EkgBDzQRVqunYsXZTKjVnAoe5VqIwpqxPu9g0GNIAlZuOBx2SQ+N0iB9J80JNxu7vjpQGSg0Cz1QGVPfUbDYy/8uaifbP3ZSHcaIxZJOP/EQQHZHR1qTDJTItBgYok9zMSliPSsq0uU3OHMGZXXkeasdF57R4UnEKpRJMlIV9OIAjcOAMSnANZagCA4QHeIJn69Z6tF6s10lpxpr27MIfWW8/8e6Qwg==</latexit>

X

<latexit sha1_base64="UMBY+5FbwacYNadxWmkkju4LTtM="></latexit>

v1v
|
1 , . . . , vnv

|
n

⇤

<latexit sha1_base64="So0JoE6pIhDqpS8D9S/GV0KVO/k="></latexit>⇣Pn
j=1 vj

⌘
v|1 + v1

⇣Pn
j=1 vj

⌘|



Theorem(B.): Assuming            , we have                             
                                                                           .

<latexit sha1_base64="rQc8QOF76hAXVSNjN7qiJvNnLaw=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5JIUZcFNy4r2Ac0odxMJ83QySTMTJQair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7T5ByprTjfFulldW19Y3yZmVre2d3z94/aKskk4S2SMIT2Q1AUc4EbWmmOe2mkkIccNoJRtdTv3NPpWKJuNPjlPoxDAULGQFtpL595AFPI8CeZMNIg5TJA3b6dtWpOTPgZeIWpIoKNPv2lzdISBZToQkHpXquk2o/B6kZ4XRS8TJFUyAjGNKeoQJiqvx8dv0EnxplgMNEmhIaz9TfEznESo3jwHTGoCO16E3F/7xepsMrP2cizTQVZL4ozDjWCZ5GgQdMUqL52BAgkplbMYlAAtEmsIoJwV18eZm0z2vuRa1+W682GkUcZXSMTtAZctElaqAb1EQtRNAjekav6M16sl6sd+tj3lqyiplD9AfW5w8DUpTx</latexit>

↵ ! 0
<latexit sha1_base64="3BRExjIXhpzOrGvQmdnSEftmdfY="></latexit>

N↵(r)  max
⇣�1/↵2�1

2

�
, (2 + o(1))r

⌘



Theorem(B.): Assuming            , we have                             
                                                                           .

<latexit sha1_base64="rQc8QOF76hAXVSNjN7qiJvNnLaw=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5JIUZcFNy4r2Ac0odxMJ83QySTMTJQair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7T5ByprTjfFulldW19Y3yZmVre2d3z94/aKskk4S2SMIT2Q1AUc4EbWmmOe2mkkIccNoJRtdTv3NPpWKJuNPjlPoxDAULGQFtpL595AFPI8CeZMNIg5TJA3b6dtWpOTPgZeIWpIoKNPv2lzdISBZToQkHpXquk2o/B6kZ4XRS8TJFUyAjGNKeoQJiqvx8dv0EnxplgMNEmhIaz9TfEznESo3jwHTGoCO16E3F/7xepsMrP2cizTQVZL4ozDjWCZ5GgQdMUqL52BAgkplbMYlAAtEmsIoJwV18eZm0z2vuRa1+W682GkUcZXSMTtAZctElaqAb1EQtRNAjekav6M16sl6sd+tj3lqyiplD9AfW5w8DUpTx</latexit>

↵ ! 0
<latexit sha1_base64="3BRExjIXhpzOrGvQmdnSEftmdfY="></latexit>

N↵(r)  max
⇣�1/↵2�1

2

�
, (2 + o(1))r

⌘

Proof sketch: Start with the Gram matrix      of the unit vectors   
                spanning    lines. Consider its largest eigenvalue     .

<latexit sha1_base64="ri4fWNOlsLvY5EKiO9ajIPohY8I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAe9CAmYBZIh9HRqktaenqG7R4hDnsCLB0W8+gA+hU/gzaNvYmc5aOIPDR//X0VXlR9zprTjfFmZufmFxaXscm5ldW19I7+5VVNRIilWacQj2fCJQs4EVjXTHBuxRBL6HOv+7fkwr9+hVCwS17ofoxeSrmABo0Qbq3LVzhecojOSPQvuBApnH/ffF+87abmd/2x1IpqEKDTlRKmm68TaS4nUjHIc5FqJwpjQW9LFpkFBQlReOhp0YO8bp2MHkTRPaHvk/u5ISahUP/RNZUh0T01nQ/O/rJno4NRLmYgTjYKOPwoSbuvIHm5td5hEqnnfAKGSmVlt2iOSUG1ukzNHcKdXnoXaYdE9Lh5V3EKpBGNlYRf24ABcOIESXEIZqkAB4QGe4Nm6sR6tF+t1XJqxJj3b8EfW2w/hQpC3</latexit>

M
<latexit sha1_base64="GEd8wMH3GbMun1FmNjfNd0gjH+s=">AAAB+XicbVDLSsNAFJ34rPUVdSUuHCyCi1ISEXUZcOOygn1AG8JkMmmHTmbCzCRQQtf+hBsXirj1T7rzO/wBp4+Fth64cDjnXu69J0wZVdpxvqyV1bX1jc3SVnl7Z3dv3z44bCqRSUwaWDAh2yFShFFOGppqRtqpJCgJGWmFg7uJ38qJVFTwRz1MiZ+gHqcxxUgbKbDtPHCrsMsioVUV5oGRKk7NmQIuE3dOKt7xUyDGp9/1wB53I4GzhHCNGVKq4zqp9gskNcWMjMrdTJEU4QHqkY6hHCVE+cX08hE8N0oEYyFNcQ2n6u+JAiVKDZPQdCZI99WiNxH/8zqZjm/9gvI004Tj2aI4Y1ALOIkBRlQSrNnQEIQlNbdC3EcSYW3CKpsQ3MWXl0nzsuZe164e3IrngRlK4AScgQvgghvggXtQBw2AQQ6ewSt4swrrxXq3PmatK9Z85gj8gfX5A/CTlkQ=</latexit>v1, . . . , vn

<latexit sha1_base64="lA0iOaOcb/NckjQztbJkJnkAAcU=">AAAB8HicbVC7SgNBFL0bXzG+oiltBoNgIWFXRC0XbCwjmIckS5idnSRDZmaXmVkhLGn8BRsLRWz9HAvBP/AbrJw8Ck08cOFwzrncR5hwpo3rfjq5peWV1bX8emFjc2t7p7i7V9dxqgitkZjHqhliTTmTtGaY4bSZKIpFyGkjHFyO/cYdVZrF8sYMExoI3JOsywg2VrptcxuNcMfrFMtuxZ0ALRJvRsp+6eP7/mt0XO0U39tRTFJBpSEca93y3MQEGVaGEU5HhXaqaYLJAPdoy1KJBdVBNll4hA6tEqFurGxJgybq744MC62HIrRJgU1fz3tj8T+vlZruRZAxmaSGSjId1E05MjEaX48ipigxfGgJJorZXRHpY4WJsT8q2Cd48ycvkvpJxTurnF57Zd+HKfKwDwdwBB6cgw9XUIUaEBDwAE/w7Cjn0XlxXqfRnDPrKcEfOG8/EpaUWw==</latexit>

�1
<latexit sha1_base64="SGFf/4A1NZk+ng5omUS5BaHpIf4=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simjnC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxNVkNg=</latexit>n



Theorem(B.): Assuming            , we have                             
                                                                           .

<latexit sha1_base64="rQc8QOF76hAXVSNjN7qiJvNnLaw=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5JIUZcFNy4r2Ac0odxMJ83QySTMTJQair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7T5ByprTjfFulldW19Y3yZmVre2d3z94/aKskk4S2SMIT2Q1AUc4EbWmmOe2mkkIccNoJRtdTv3NPpWKJuNPjlPoxDAULGQFtpL595AFPI8CeZMNIg5TJA3b6dtWpOTPgZeIWpIoKNPv2lzdISBZToQkHpXquk2o/B6kZ4XRS8TJFUyAjGNKeoQJiqvx8dv0EnxplgMNEmhIaz9TfEznESo3jwHTGoCO16E3F/7xepsMrP2cizTQVZL4ozDjWCZ5GgQdMUqL52BAgkplbMYlAAtEmsIoJwV18eZm0z2vuRa1+W682GkUcZXSMTtAZctElaqAb1EQtRNAjekav6M16sl6sd+tj3lqyiplD9AfW5w8DUpTx</latexit>

↵ ! 0
<latexit sha1_base64="3BRExjIXhpzOrGvQmdnSEftmdfY="></latexit>

N↵(r)  max
⇣�1/↵2�1

2

�
, (2 + o(1))r

⌘

Proof sketch: Start with the Gram matrix      of the unit vectors   
                spanning    lines. Consider its largest eigenvalue     .

<latexit sha1_base64="ri4fWNOlsLvY5EKiO9ajIPohY8I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAe9CAmYBZIh9HRqktaenqG7R4hDnsCLB0W8+gA+hU/gzaNvYmc5aOIPDR//X0VXlR9zprTjfFmZufmFxaXscm5ldW19I7+5VVNRIilWacQj2fCJQs4EVjXTHBuxRBL6HOv+7fkwr9+hVCwS17ofoxeSrmABo0Qbq3LVzhecojOSPQvuBApnH/ffF+87abmd/2x1IpqEKDTlRKmm68TaS4nUjHIc5FqJwpjQW9LFpkFBQlReOhp0YO8bp2MHkTRPaHvk/u5ISahUP/RNZUh0T01nQ/O/rJno4NRLmYgTjYKOPwoSbuvIHm5td5hEqnnfAKGSmVlt2iOSUG1ukzNHcKdXnoXaYdE9Lh5V3EKpBGNlYRf24ABcOIESXEIZqkAB4QGe4Nm6sR6tF+t1XJqxJj3b8EfW2w/hQpC3</latexit>

M
<latexit sha1_base64="GEd8wMH3GbMun1FmNjfNd0gjH+s=">AAAB+XicbVDLSsNAFJ34rPUVdSUuHCyCi1ISEXUZcOOygn1AG8JkMmmHTmbCzCRQQtf+hBsXirj1T7rzO/wBp4+Fth64cDjnXu69J0wZVdpxvqyV1bX1jc3SVnl7Z3dv3z44bCqRSUwaWDAh2yFShFFOGppqRtqpJCgJGWmFg7uJ38qJVFTwRz1MiZ+gHqcxxUgbKbDtPHCrsMsioVUV5oGRKk7NmQIuE3dOKt7xUyDGp9/1wB53I4GzhHCNGVKq4zqp9gskNcWMjMrdTJEU4QHqkY6hHCVE+cX08hE8N0oEYyFNcQ2n6u+JAiVKDZPQdCZI99WiNxH/8zqZjm/9gvI004Tj2aI4Y1ALOIkBRlQSrNnQEIQlNbdC3EcSYW3CKpsQ3MWXl0nzsuZe164e3IrngRlK4AScgQvgghvggXtQBw2AQQ6ewSt4swrrxXq3PmatK9Z85gj8gfX5A/CTlkQ=</latexit>v1, . . . , vn

If                          , then the first bound                      follows 
immediately from                                                                        .

<latexit sha1_base64="lA0iOaOcb/NckjQztbJkJnkAAcU=">AAAB8HicbVC7SgNBFL0bXzG+oiltBoNgIWFXRC0XbCwjmIckS5idnSRDZmaXmVkhLGn8BRsLRWz9HAvBP/AbrJw8Ck08cOFwzrncR5hwpo3rfjq5peWV1bX8emFjc2t7p7i7V9dxqgitkZjHqhliTTmTtGaY4bSZKIpFyGkjHFyO/cYdVZrF8sYMExoI3JOsywg2VrptcxuNcMfrFMtuxZ0ALRJvRsp+6eP7/mt0XO0U39tRTFJBpSEca93y3MQEGVaGEU5HhXaqaYLJAPdoy1KJBdVBNll4hA6tEqFurGxJgybq744MC62HIrRJgU1fz3tj8T+vlZruRZAxmaSGSjId1E05MjEaX48ipigxfGgJJorZXRHpY4WJsT8q2Cd48ycvkvpJxTurnF57Zd+HKfKwDwdwBB6cgw9XUIUaEBDwAE/w7Cjn0XlxXqfRnDPrKcEfOG8/EpaUWw==</latexit>

�1

<latexit sha1_base64="avnZ5Ln27Az5FI960+xAAPK8qbk="></latexit>

�1  1
2

�
1
↵2 � 1

�

<latexit sha1_base64="SGFf/4A1NZk+ng5omUS5BaHpIf4=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simjnC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxNVkNg=</latexit>n
<latexit sha1_base64="UKiR1xA13bSeXSarepEJ+0Q4urg=">AAACCHicbVDLSsNAFJ3UR2t9RV26cLAIbqxJ8bUMuHHZgn1AE8tkOmmHTiZxZiKUkKUbf8WNC0Xc+gnu/AHxM5w+Ftp64MLhnHu59x4/ZlQqy/o0cguLS8v5wkpxdW19Y9Pc2m7IKBGY1HHEItHykSSMclJXVDHSigVBoc9I0x9cjvzmHRGSRvxaDWPihajHaUAxUlrqmHscuozcQtenPApT+9hFLO6jmwo8srO0knXMklW2xoDzxJ6SkgNr31+F/Gm1Y3643QgnIeEKMyRl27Zi5aVIKIoZyYpuIkmM8AD1SFtTjkIivXT8SAYPtNKFQSR0cQXH6u+JFIVSDkNfd4ZI9eWsNxL/89qJCi68lPI4UYTjyaIgYVBFcJQK7FJBsGJDTRAWVN8KcR8JhJXOrqhDsGdfnieNStk+K5/U7JLjgAkKYBfsg0Ngg3PggCtQBXWAwT14BM/gxXgwnoxX423SmjOmMzvgD4z3H48bm1c=</latexit>

n 
�1/↵2�1

2

�
<latexit sha1_base64="7QpZy6maQcAaw10GXui8MgR8aV8="></latexit>

n(1 + ↵2(n� 1)) = tr(M2)  �1tr(M) = �1n



Theorem(B.): Assuming            , we have                             
                                                                           .

<latexit sha1_base64="rQc8QOF76hAXVSNjN7qiJvNnLaw=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5JIUZcFNy4r2Ac0odxMJ83QySTMTJQair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7T5ByprTjfFulldW19Y3yZmVre2d3z94/aKskk4S2SMIT2Q1AUc4EbWmmOe2mkkIccNoJRtdTv3NPpWKJuNPjlPoxDAULGQFtpL595AFPI8CeZMNIg5TJA3b6dtWpOTPgZeIWpIoKNPv2lzdISBZToQkHpXquk2o/B6kZ4XRS8TJFUyAjGNKeoQJiqvx8dv0EnxplgMNEmhIaz9TfEznESo3jwHTGoCO16E3F/7xepsMrP2cizTQVZL4ozDjWCZ5GgQdMUqL52BAgkplbMYlAAtEmsIoJwV18eZm0z2vuRa1+W682GkUcZXSMTtAZctElaqAb1EQtRNAjekav6M16sl6sd+tj3lqyiplD9AfW5w8DUpTx</latexit>

↵ ! 0
<latexit sha1_base64="3BRExjIXhpzOrGvQmdnSEftmdfY="></latexit>

N↵(r)  max
⇣�1/↵2�1

2

�
, (2 + o(1))r

⌘

Proof sketch: Start with the Gram matrix      of the unit vectors   
                spanning    lines. Consider its largest eigenvalue     .

<latexit sha1_base64="ri4fWNOlsLvY5EKiO9ajIPohY8I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAe9CAmYBZIh9HRqktaenqG7R4hDnsCLB0W8+gA+hU/gzaNvYmc5aOIPDR//X0VXlR9zprTjfFmZufmFxaXscm5ldW19I7+5VVNRIilWacQj2fCJQs4EVjXTHBuxRBL6HOv+7fkwr9+hVCwS17ofoxeSrmABo0Qbq3LVzhecojOSPQvuBApnH/ffF+87abmd/2x1IpqEKDTlRKmm68TaS4nUjHIc5FqJwpjQW9LFpkFBQlReOhp0YO8bp2MHkTRPaHvk/u5ISahUP/RNZUh0T01nQ/O/rJno4NRLmYgTjYKOPwoSbuvIHm5td5hEqnnfAKGSmVlt2iOSUG1ukzNHcKdXnoXaYdE9Lh5V3EKpBGNlYRf24ABcOIESXEIZqkAB4QGe4Nm6sR6tF+t1XJqxJj3b8EfW2w/hQpC3</latexit>

M

Otherwise, we can assume that                           and                     .

<latexit sha1_base64="GEd8wMH3GbMun1FmNjfNd0gjH+s=">AAAB+XicbVDLSsNAFJ34rPUVdSUuHCyCi1ISEXUZcOOygn1AG8JkMmmHTmbCzCRQQtf+hBsXirj1T7rzO/wBp4+Fth64cDjnXu69J0wZVdpxvqyV1bX1jc3SVnl7Z3dv3z44bCqRSUwaWDAh2yFShFFOGppqRtqpJCgJGWmFg7uJ38qJVFTwRz1MiZ+gHqcxxUgbKbDtPHCrsMsioVUV5oGRKk7NmQIuE3dOKt7xUyDGp9/1wB53I4GzhHCNGVKq4zqp9gskNcWMjMrdTJEU4QHqkY6hHCVE+cX08hE8N0oEYyFNcQ2n6u+JAiVKDZPQdCZI99WiNxH/8zqZjm/9gvI004Tj2aI4Y1ALOIkBRlQSrNnQEIQlNbdC3EcSYW3CKpsQ3MWXl0nzsuZe164e3IrngRlK4AScgQvgghvggXtQBw2AQQ6ewSt4swrrxXq3PmatK9Z85gj8gfX5A/CTlkQ=</latexit>v1, . . . , vn

If                          , then the first bound                      follows 
immediately from                                                                        .

<latexit sha1_base64="lA0iOaOcb/NckjQztbJkJnkAAcU=">AAAB8HicbVC7SgNBFL0bXzG+oiltBoNgIWFXRC0XbCwjmIckS5idnSRDZmaXmVkhLGn8BRsLRWz9HAvBP/AbrJw8Ck08cOFwzrncR5hwpo3rfjq5peWV1bX8emFjc2t7p7i7V9dxqgitkZjHqhliTTmTtGaY4bSZKIpFyGkjHFyO/cYdVZrF8sYMExoI3JOsywg2VrptcxuNcMfrFMtuxZ0ALRJvRsp+6eP7/mt0XO0U39tRTFJBpSEca93y3MQEGVaGEU5HhXaqaYLJAPdoy1KJBdVBNll4hA6tEqFurGxJgybq744MC62HIrRJgU1fz3tj8T+vlZruRZAxmaSGSjId1E05MjEaX48ipigxfGgJJorZXRHpY4WJsT8q2Cd48ycvkvpJxTurnF57Zd+HKfKwDwdwBB6cgw9XUIUaEBDwAE/w7Cjn0XlxXqfRnDPrKcEfOG8/EpaUWw==</latexit>

�1

<latexit sha1_base64="avnZ5Ln27Az5FI960+xAAPK8qbk="></latexit>

�1  1
2

�
1
↵2 � 1

�

<latexit sha1_base64="SGFf/4A1NZk+ng5omUS5BaHpIf4=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simjnC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxNVkNg=</latexit>n
<latexit sha1_base64="UKiR1xA13bSeXSarepEJ+0Q4urg=">AAACCHicbVDLSsNAFJ3UR2t9RV26cLAIbqxJ8bUMuHHZgn1AE8tkOmmHTiZxZiKUkKUbf8WNC0Xc+gnu/AHxM5w+Ftp64MLhnHu59x4/ZlQqy/o0cguLS8v5wkpxdW19Y9Pc2m7IKBGY1HHEItHykSSMclJXVDHSigVBoc9I0x9cjvzmHRGSRvxaDWPihajHaUAxUlrqmHscuozcQtenPApT+9hFLO6jmwo8srO0knXMklW2xoDzxJ6SkgNr31+F/Gm1Y3643QgnIeEKMyRl27Zi5aVIKIoZyYpuIkmM8AD1SFtTjkIivXT8SAYPtNKFQSR0cQXH6u+JFIVSDkNfd4ZI9eWsNxL/89qJCi68lPI4UYTjyaIgYVBFcJQK7FJBsGJDTRAWVN8KcR8JhJXOrqhDsGdfnieNStk+K5/U7JLjgAkKYBfsg0Ngg3PggCtQBXWAwT14BM/gxXgwnoxX423SmjOmMzvgD4z3H48bm1c=</latexit>

n 
�1/↵2�1

2

�
<latexit sha1_base64="7QpZy6maQcAaw10GXui8MgR8aV8="></latexit>

n(1 + ↵2(n� 1)) = tr(M2)  �1tr(M) = �1n

<latexit sha1_base64="vX6Voe0DOdYmXGsG4HWRJQqZMrM="></latexit>

�1 > 1
2

�
1
↵2 � 1

� <latexit sha1_base64="eLYyGtV5N1snE5PnIGG7IhceiCg=">AAACCHicbVDLSsNAFJ3UR2t9RV26cLAIbqxJ8bUMuHHZgn1AE8tkOmmHTiZxZiKUkKUbf8WNC0Xc+gnu/AHxM5w+Ftp64MLhnHu59x4/ZlQqy/o0cguLS8v5wkpxdW19Y9Pc2m7IKBGY1HHEItHykSSMclJXVDHSigVBoc9I0x9cjvzmHRGSRvxaDWPihajHaUAxUlrqmHscuj1yC12f8ihM7WMXsbiPbirwyM7SStYxS1bZGgPOE3tKSg6sfX8V8qfVjvnhdiOchIQrzJCUbduKlZcioShmJCu6iSQxwgPUI21NOQqJ9NLxIxk80EoXBpHQxRUcq78nUhRKOQx93Rki1Zez3kj8z2snKrjwUsrjRBGOJ4uChEEVwVEqsEsFwYoNNUFYUH0rxH0kEFY6u6IOwZ59eZ40KmX7rHxSs0uOAyYogF2wDw6BDc6BA65AFdQBBvfgETyDF+PBeDJejbdJa86YzuyAPzDefwCHAJtS</latexit>

n �
�1/↵2�1

2

�



“Switching argument”: negate some of the vectors so that the 
eigenvector    corresponding to     has all nonnegative entries.

Theorem(B.): Assuming            , we have                             
                                                                           .

<latexit sha1_base64="rQc8QOF76hAXVSNjN7qiJvNnLaw=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5JIUZcFNy4r2Ac0odxMJ83QySTMTJQair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7T5ByprTjfFulldW19Y3yZmVre2d3z94/aKskk4S2SMIT2Q1AUc4EbWmmOe2mkkIccNoJRtdTv3NPpWKJuNPjlPoxDAULGQFtpL595AFPI8CeZMNIg5TJA3b6dtWpOTPgZeIWpIoKNPv2lzdISBZToQkHpXquk2o/B6kZ4XRS8TJFUyAjGNKeoQJiqvx8dv0EnxplgMNEmhIaz9TfEznESo3jwHTGoCO16E3F/7xepsMrP2cizTQVZL4ozDjWCZ5GgQdMUqL52BAgkplbMYlAAtEmsIoJwV18eZm0z2vuRa1+W682GkUcZXSMTtAZctElaqAb1EQtRNAjekav6M16sl6sd+tj3lqyiplD9AfW5w8DUpTx</latexit>

↵ ! 0
<latexit sha1_base64="3BRExjIXhpzOrGvQmdnSEftmdfY="></latexit>

N↵(r)  max
⇣�1/↵2�1

2

�
, (2 + o(1))r

⌘

Proof sketch: Start with the Gram matrix      of the unit vectors   
                spanning    lines. Consider its largest eigenvalue     .

<latexit sha1_base64="ri4fWNOlsLvY5EKiO9ajIPohY8I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAe9CAmYBZIh9HRqktaenqG7R4hDnsCLB0W8+gA+hU/gzaNvYmc5aOIPDR//X0VXlR9zprTjfFmZufmFxaXscm5ldW19I7+5VVNRIilWacQj2fCJQs4EVjXTHBuxRBL6HOv+7fkwr9+hVCwS17ofoxeSrmABo0Qbq3LVzhecojOSPQvuBApnH/ffF+87abmd/2x1IpqEKDTlRKmm68TaS4nUjHIc5FqJwpjQW9LFpkFBQlReOhp0YO8bp2MHkTRPaHvk/u5ISahUP/RNZUh0T01nQ/O/rJno4NRLmYgTjYKOPwoSbuvIHm5td5hEqnnfAKGSmVlt2iOSUG1ukzNHcKdXnoXaYdE9Lh5V3EKpBGNlYRf24ABcOIESXEIZqkAB4QGe4Nm6sR6tF+t1XJqxJj3b8EfW2w/hQpC3</latexit>

M

Otherwise, we can assume that                           and                     .

<latexit sha1_base64="GEd8wMH3GbMun1FmNjfNd0gjH+s=">AAAB+XicbVDLSsNAFJ34rPUVdSUuHCyCi1ISEXUZcOOygn1AG8JkMmmHTmbCzCRQQtf+hBsXirj1T7rzO/wBp4+Fth64cDjnXu69J0wZVdpxvqyV1bX1jc3SVnl7Z3dv3z44bCqRSUwaWDAh2yFShFFOGppqRtqpJCgJGWmFg7uJ38qJVFTwRz1MiZ+gHqcxxUgbKbDtPHCrsMsioVUV5oGRKk7NmQIuE3dOKt7xUyDGp9/1wB53I4GzhHCNGVKq4zqp9gskNcWMjMrdTJEU4QHqkY6hHCVE+cX08hE8N0oEYyFNcQ2n6u+JAiVKDZPQdCZI99WiNxH/8zqZjm/9gvI004Tj2aI4Y1ALOIkBRlQSrNnQEIQlNbdC3EcSYW3CKpsQ3MWXl0nzsuZe164e3IrngRlK4AScgQvgghvggXtQBw2AQQ6ewSt4swrrxXq3PmatK9Z85gj8gfX5A/CTlkQ=</latexit>v1, . . . , vn

If                          , then the first bound                      follows 
immediately from                                                                        .

<latexit sha1_base64="lA0iOaOcb/NckjQztbJkJnkAAcU=">AAAB8HicbVC7SgNBFL0bXzG+oiltBoNgIWFXRC0XbCwjmIckS5idnSRDZmaXmVkhLGn8BRsLRWz9HAvBP/AbrJw8Ck08cOFwzrncR5hwpo3rfjq5peWV1bX8emFjc2t7p7i7V9dxqgitkZjHqhliTTmTtGaY4bSZKIpFyGkjHFyO/cYdVZrF8sYMExoI3JOsywg2VrptcxuNcMfrFMtuxZ0ALRJvRsp+6eP7/mt0XO0U39tRTFJBpSEca93y3MQEGVaGEU5HhXaqaYLJAPdoy1KJBdVBNll4hA6tEqFurGxJgybq744MC62HIrRJgU1fz3tj8T+vlZruRZAxmaSGSjId1E05MjEaX48ipigxfGgJJorZXRHpY4WJsT8q2Cd48ycvkvpJxTurnF57Zd+HKfKwDwdwBB6cgw9XUIUaEBDwAE/w7Cjn0XlxXqfRnDPrKcEfOG8/EpaUWw==</latexit>

�1

<latexit sha1_base64="avnZ5Ln27Az5FI960+xAAPK8qbk="></latexit>

�1  1
2

�
1
↵2 � 1

�

<latexit sha1_base64="SGFf/4A1NZk+ng5omUS5BaHpIf4=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simjnC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxNVkNg=</latexit>n
<latexit sha1_base64="UKiR1xA13bSeXSarepEJ+0Q4urg=">AAACCHicbVDLSsNAFJ3UR2t9RV26cLAIbqxJ8bUMuHHZgn1AE8tkOmmHTiZxZiKUkKUbf8WNC0Xc+gnu/AHxM5w+Ftp64MLhnHu59x4/ZlQqy/o0cguLS8v5wkpxdW19Y9Pc2m7IKBGY1HHEItHykSSMclJXVDHSigVBoc9I0x9cjvzmHRGSRvxaDWPihajHaUAxUlrqmHscuozcQtenPApT+9hFLO6jmwo8srO0knXMklW2xoDzxJ6SkgNr31+F/Gm1Y3643QgnIeEKMyRl27Zi5aVIKIoZyYpuIkmM8AD1SFtTjkIivXT8SAYPtNKFQSR0cQXH6u+JFIVSDkNfd4ZI9eWsNxL/89qJCi68lPI4UYTjyaIgYVBFcJQK7FJBsGJDTRAWVN8KcR8JhJXOrqhDsGdfnieNStk+K5/U7JLjgAkKYBfsg0Ngg3PggCtQBXWAwT14BM/gxXgwnoxX423SmjOmMzvgD4z3H48bm1c=</latexit>

n 
�1/↵2�1

2

�
<latexit sha1_base64="7QpZy6maQcAaw10GXui8MgR8aV8="></latexit>

n(1 + ↵2(n� 1)) = tr(M2)  �1tr(M) = �1n

<latexit sha1_base64="vX6Voe0DOdYmXGsG4HWRJQqZMrM="></latexit>

�1 > 1
2

�
1
↵2 � 1

�

<latexit sha1_base64="lA0iOaOcb/NckjQztbJkJnkAAcU=">AAAB8HicbVC7SgNBFL0bXzG+oiltBoNgIWFXRC0XbCwjmIckS5idnSRDZmaXmVkhLGn8BRsLRWz9HAvBP/AbrJw8Ck08cOFwzrncR5hwpo3rfjq5peWV1bX8emFjc2t7p7i7V9dxqgitkZjHqhliTTmTtGaY4bSZKIpFyGkjHFyO/cYdVZrF8sYMExoI3JOsywg2VrptcxuNcMfrFMtuxZ0ALRJvRsp+6eP7/mt0XO0U39tRTFJBpSEca93y3MQEGVaGEU5HhXaqaYLJAPdoy1KJBdVBNll4hA6tEqFurGxJgybq744MC62HIrRJgU1fz3tj8T+vlZruRZAxmaSGSjId1E05MjEaX48ipigxfGgJJorZXRHpY4WJsT8q2Cd48ycvkvpJxTurnF57Zd+HKfKwDwdwBB6cgw9XUIUaEBDwAE/w7Cjn0XlxXqfRnDPrKcEfOG8/EpaUWw==</latexit>

�1
<latexit sha1_base64="Hce7rj4ZvAC5SzPJ98GlbF/9eIc=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09YhzyBF48KOLVB/ApfAJvHn0TO8tBoz80fPx/FV1VfsyZ0o7zaWXm5hcWl7LLuZXVtfWN/OZWTUWJpFilEY9kwycKORNY1UxzbMQSSehzrPv981Fev0GpWCSu9CBGLyRdwQJGiTZW5badLzhFZyz7L7hTKJy9331dvO2k5Xb+o9WJaBKi0JQTpZquE2svJVIzynGYayUKY0L7pItNg4KEqLx0POjQ3jdOxw4iaZ7Q9tj92ZGSUKlB6JvKkOiems1G5n9ZM9HBqZcyEScaBZ18FCTc1pE92truMIlU84EBQiUzs9q0RySh2twmZ47gzq78F2qHRfe4eFRxC6USTJSFXdiDA3DhBEpwCWWoAgWEe3iEJ+vaerCerZdJacaa9mzDL1mv3yJ9kOI=</latexit>x

<latexit sha1_base64="eLYyGtV5N1snE5PnIGG7IhceiCg=">AAACCHicbVDLSsNAFJ3UR2t9RV26cLAIbqxJ8bUMuHHZgn1AE8tkOmmHTiZxZiKUkKUbf8WNC0Xc+gnu/AHxM5w+Ftp64MLhnHu59x4/ZlQqy/o0cguLS8v5wkpxdW19Y9Pc2m7IKBGY1HHEItHykSSMclJXVDHSigVBoc9I0x9cjvzmHRGSRvxaDWPihajHaUAxUlrqmHscuj1yC12f8ihM7WMXsbiPbirwyM7SStYxS1bZGgPOE3tKSg6sfX8V8qfVjvnhdiOchIQrzJCUbduKlZcioShmJCu6iSQxwgPUI21NOQqJ9NLxIxk80EoXBpHQxRUcq78nUhRKOQx93Rki1Zez3kj8z2snKrjwUsrjRBGOJ4uChEEVwVEqsEsFwYoNNUFYUH0rxH0kEFY6u6IOwZ59eZ40KmX7rHxSs0uOAyYogF2wDw6BDc6BA65AFdQBBvfgETyDF+PBeDJejbdJa86YzuyAPzDefwCHAJtS</latexit>

n �
�1/↵2�1

2

�



“Switching argument”: negate some of the vectors so that the 
eigenvector    corresponding to     has all nonnegative entries.

Theorem(B.): Assuming            , we have                             
                                                                           .

<latexit sha1_base64="rQc8QOF76hAXVSNjN7qiJvNnLaw=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5JIUZcFNy4r2Ac0odxMJ83QySTMTJQair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7T5ByprTjfFulldW19Y3yZmVre2d3z94/aKskk4S2SMIT2Q1AUc4EbWmmOe2mkkIccNoJRtdTv3NPpWKJuNPjlPoxDAULGQFtpL595AFPI8CeZMNIg5TJA3b6dtWpOTPgZeIWpIoKNPv2lzdISBZToQkHpXquk2o/B6kZ4XRS8TJFUyAjGNKeoQJiqvx8dv0EnxplgMNEmhIaz9TfEznESo3jwHTGoCO16E3F/7xepsMrP2cizTQVZL4ozDjWCZ5GgQdMUqL52BAgkplbMYlAAtEmsIoJwV18eZm0z2vuRa1+W682GkUcZXSMTtAZctElaqAb1EQtRNAjekav6M16sl6sd+tj3lqyiplD9AfW5w8DUpTx</latexit>

↵ ! 0
<latexit sha1_base64="3BRExjIXhpzOrGvQmdnSEftmdfY="></latexit>

N↵(r)  max
⇣�1/↵2�1

2

�
, (2 + o(1))r

⌘

Proof sketch: Start with the Gram matrix      of the unit vectors   
                spanning    lines. Consider its largest eigenvalue     .

<latexit sha1_base64="ri4fWNOlsLvY5EKiO9ajIPohY8I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAe9CAmYBZIh9HRqktaenqG7R4hDnsCLB0W8+gA+hU/gzaNvYmc5aOIPDR//X0VXlR9zprTjfFmZufmFxaXscm5ldW19I7+5VVNRIilWacQj2fCJQs4EVjXTHBuxRBL6HOv+7fkwr9+hVCwS17ofoxeSrmABo0Qbq3LVzhecojOSPQvuBApnH/ffF+87abmd/2x1IpqEKDTlRKmm68TaS4nUjHIc5FqJwpjQW9LFpkFBQlReOhp0YO8bp2MHkTRPaHvk/u5ISahUP/RNZUh0T01nQ/O/rJno4NRLmYgTjYKOPwoSbuvIHm5td5hEqnnfAKGSmVlt2iOSUG1ukzNHcKdXnoXaYdE9Lh5V3EKpBGNlYRf24ABcOIESXEIZqkAB4QGe4Nm6sR6tF+t1XJqxJj3b8EfW2w/hQpC3</latexit>

M

Otherwise, we can assume that                           and                     .

<latexit sha1_base64="GEd8wMH3GbMun1FmNjfNd0gjH+s=">AAAB+XicbVDLSsNAFJ34rPUVdSUuHCyCi1ISEXUZcOOygn1AG8JkMmmHTmbCzCRQQtf+hBsXirj1T7rzO/wBp4+Fth64cDjnXu69J0wZVdpxvqyV1bX1jc3SVnl7Z3dv3z44bCqRSUwaWDAh2yFShFFOGppqRtqpJCgJGWmFg7uJ38qJVFTwRz1MiZ+gHqcxxUgbKbDtPHCrsMsioVUV5oGRKk7NmQIuE3dOKt7xUyDGp9/1wB53I4GzhHCNGVKq4zqp9gskNcWMjMrdTJEU4QHqkY6hHCVE+cX08hE8N0oEYyFNcQ2n6u+JAiVKDZPQdCZI99WiNxH/8zqZjm/9gvI004Tj2aI4Y1ALOIkBRlQSrNnQEIQlNbdC3EcSYW3CKpsQ3MWXl0nzsuZe164e3IrngRlK4AScgQvgghvggXtQBw2AQQ6ewSt4swrrxXq3PmatK9Z85gj8gfX5A/CTlkQ=</latexit>v1, . . . , vn

If                          , then the first bound                      follows 
immediately from                                                                        .

<latexit sha1_base64="lA0iOaOcb/NckjQztbJkJnkAAcU=">AAAB8HicbVC7SgNBFL0bXzG+oiltBoNgIWFXRC0XbCwjmIckS5idnSRDZmaXmVkhLGn8BRsLRWz9HAvBP/AbrJw8Ck08cOFwzrncR5hwpo3rfjq5peWV1bX8emFjc2t7p7i7V9dxqgitkZjHqhliTTmTtGaY4bSZKIpFyGkjHFyO/cYdVZrF8sYMExoI3JOsywg2VrptcxuNcMfrFMtuxZ0ALRJvRsp+6eP7/mt0XO0U39tRTFJBpSEca93y3MQEGVaGEU5HhXaqaYLJAPdoy1KJBdVBNll4hA6tEqFurGxJgybq744MC62HIrRJgU1fz3tj8T+vlZruRZAxmaSGSjId1E05MjEaX48ipigxfGgJJorZXRHpY4WJsT8q2Cd48ycvkvpJxTurnF57Zd+HKfKwDwdwBB6cgw9XUIUaEBDwAE/w7Cjn0XlxXqfRnDPrKcEfOG8/EpaUWw==</latexit>

�1

<latexit sha1_base64="avnZ5Ln27Az5FI960+xAAPK8qbk="></latexit>

�1  1
2

�
1
↵2 � 1

�

<latexit sha1_base64="SGFf/4A1NZk+ng5omUS5BaHpIf4=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simjnC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxNVkNg=</latexit>n
<latexit sha1_base64="UKiR1xA13bSeXSarepEJ+0Q4urg=">AAACCHicbVDLSsNAFJ3UR2t9RV26cLAIbqxJ8bUMuHHZgn1AE8tkOmmHTiZxZiKUkKUbf8WNC0Xc+gnu/AHxM5w+Ftp64MLhnHu59x4/ZlQqy/o0cguLS8v5wkpxdW19Y9Pc2m7IKBGY1HHEItHykSSMclJXVDHSigVBoc9I0x9cjvzmHRGSRvxaDWPihajHaUAxUlrqmHscuozcQtenPApT+9hFLO6jmwo8srO0knXMklW2xoDzxJ6SkgNr31+F/Gm1Y3643QgnIeEKMyRl27Zi5aVIKIoZyYpuIkmM8AD1SFtTjkIivXT8SAYPtNKFQSR0cQXH6u+JFIVSDkNfd4ZI9eWsNxL/89qJCi68lPI4UYTjyaIgYVBFcJQK7FJBsGJDTRAWVN8KcR8JhJXOrqhDsGdfnieNStk+K5/U7JLjgAkKYBfsg0Ngg3PggCtQBXWAwT14BM/gxXgwnoxX423SmjOmMzvgD4z3H48bm1c=</latexit>

n 
�1/↵2�1

2

�
<latexit sha1_base64="7QpZy6maQcAaw10GXui8MgR8aV8="></latexit>

n(1 + ↵2(n� 1)) = tr(M2)  �1tr(M) = �1n

<latexit sha1_base64="vX6Voe0DOdYmXGsG4HWRJQqZMrM="></latexit>

�1 > 1
2

�
1
↵2 � 1

�

<latexit sha1_base64="lA0iOaOcb/NckjQztbJkJnkAAcU=">AAAB8HicbVC7SgNBFL0bXzG+oiltBoNgIWFXRC0XbCwjmIckS5idnSRDZmaXmVkhLGn8BRsLRWz9HAvBP/AbrJw8Ck08cOFwzrncR5hwpo3rfjq5peWV1bX8emFjc2t7p7i7V9dxqgitkZjHqhliTTmTtGaY4bSZKIpFyGkjHFyO/cYdVZrF8sYMExoI3JOsywg2VrptcxuNcMfrFMtuxZ0ALRJvRsp+6eP7/mt0XO0U39tRTFJBpSEca93y3MQEGVaGEU5HhXaqaYLJAPdoy1KJBdVBNll4hA6tEqFurGxJgybq744MC62HIrRJgU1fz3tj8T+vlZruRZAxmaSGSjId1E05MjEaX48ipigxfGgJJorZXRHpY4WJsT8q2Cd48ycvkvpJxTurnF57Zd+HKfKwDwdwBB6cgw9XUIUaEBDwAE/w7Cjn0XlxXqfRnDPrKcEfOG8/EpaUWw==</latexit>

�1

Consider the graph with vertices                 such that        forms 
an edge if and only if                      .

<latexit sha1_base64="Hce7rj4ZvAC5SzPJ98GlbF/9eIc=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09YhzyBF48KOLVB/ApfAJvHn0TO8tBoz80fPx/FV1VfsyZ0o7zaWXm5hcWl7LLuZXVtfWN/OZWTUWJpFilEY9kwycKORNY1UxzbMQSSehzrPv981Fev0GpWCSu9CBGLyRdwQJGiTZW5badLzhFZyz7L7hTKJy9331dvO2k5Xb+o9WJaBKi0JQTpZquE2svJVIzynGYayUKY0L7pItNg4KEqLx0POjQ3jdOxw4iaZ7Q9tj92ZGSUKlB6JvKkOiems1G5n9ZM9HBqZcyEScaBZ18FCTc1pE92truMIlU84EBQiUzs9q0RySh2twmZ47gzq78F2qHRfe4eFRxC6USTJSFXdiDA3DhBEpwCWWoAgWEe3iEJ+vaerCerZdJacaa9mzDL1mv3yJ9kOI=</latexit>x

<latexit sha1_base64="GEd8wMH3GbMun1FmNjfNd0gjH+s=">AAAB+XicbVDLSsNAFJ34rPUVdSUuHCyCi1ISEXUZcOOygn1AG8JkMmmHTmbCzCRQQtf+hBsXirj1T7rzO/wBp4+Fth64cDjnXu69J0wZVdpxvqyV1bX1jc3SVnl7Z3dv3z44bCqRSUwaWDAh2yFShFFOGppqRtqpJCgJGWmFg7uJ38qJVFTwRz1MiZ+gHqcxxUgbKbDtPHCrsMsioVUV5oGRKk7NmQIuE3dOKt7xUyDGp9/1wB53I4GzhHCNGVKq4zqp9gskNcWMjMrdTJEU4QHqkY6hHCVE+cX08hE8N0oEYyFNcQ2n6u+JAiVKDZPQdCZI99WiNxH/8zqZjm/9gvI004Tj2aI4Y1ALOIkBRlQSrNnQEIQlNbdC3EcSYW3CKpsQ3MWXl0nzsuZe164e3IrngRlK4AScgQvgghvggXtQBw2AQQ6ewSt4swrrxXq3PmatK9Z85gj8gfX5A/CTlkQ=</latexit>v1, . . . , vn
<latexit sha1_base64="KcC6ys9RD9RQddReWCMNLy6x7lg=">AAAB7nicbZDLSsNAFIZP6q3WW9WlIEOL4KokIuoy4MZlBXuBNoTJZNKOnWTCzKRQQlc+gRsXiog7n8edj+LO6WWhrT8MfPz/Ocw5J0g5U9q2v6zCyura+kZxs7S1vbO7V94/aCqRSUIbRHAh2wFWlLOENjTTnLZTSXEccNoKBteTvDWkUjGR3OlRSr0Y9xIWMYK1sVpDn6Ghf++Xq3bNngotgzOHqlt5f/g+DkXdL392Q0GymCaacKxUx7FT7eVYakY4HZe6maIpJgPcox2DCY6p8vLpuGN0YpwQRUKal2g0dX935DhWahQHpjLGuq8Ws4n5X9bJdHTl5SxJM00TMvsoyjjSAk12RyGTlGg+MoCJZGZWRPpYYqLNhUrmCM7iysvQPKs5F7XzW6fqujBTEY6gAqfgwCW4cAN1aACBATzCM7xYqfVkvVpvs9KCNe85hD+yPn4ArRSS0Q==</latexit>vivj

<latexit sha1_base64="rUFJgofHXEtWY0zC9XBvWJCjsDk=">AAACFXicbVA9SwNBEN3z2/gVtRRkMQgWGu5E1EYI2FgqGBVyIcxt5pLVvb1jd04Iwcp/YGPtv7CxUMRWsPOn2LlJLPx6MMPjvRl250WZkpZ8/90bGh4ZHRufmCxMTc/MzhXnF05smhuBVZGq1JxFYFFJjVWSpPAsMwhJpPA0utjv+aeXaKxM9TF1Mqwn0NIylgLISY3ieqgwplCBbinklw257tp5aGSrTaEZqHt8IwSVtaFRLPllvw/+lwRfpFRZubv+WG6mh43iW9hMRZ6gJqHA2lrgZ1TvgiEpFF4VwtxiBuICWlhzVEOCtt7tX3XFV53S5HFqXGniffX7RhcSaztJ5CYToLb97fXE/7xaTvFuvSt1lhNqMXgozhWnlPci4k1pUJDqOALCSPdXLtpgQJALsuBCCH6f/JecbJaD7fLWUVCqVNgAE2yJrbA1FrAdVmEH7JBVmWA37J49sifv1nvwnr2XweiQ97WzyH7Ae/0EUfOh8Q==</latexit>

hvi, vji = �↵

<latexit sha1_base64="eLYyGtV5N1snE5PnIGG7IhceiCg=">AAACCHicbVDLSsNAFJ3UR2t9RV26cLAIbqxJ8bUMuHHZgn1AE8tkOmmHTiZxZiKUkKUbf8WNC0Xc+gnu/AHxM5w+Ftp64MLhnHu59x4/ZlQqy/o0cguLS8v5wkpxdW19Y9Pc2m7IKBGY1HHEItHykSSMclJXVDHSigVBoc9I0x9cjvzmHRGSRvxaDWPihajHaUAxUlrqmHscuj1yC12f8ihM7WMXsbiPbirwyM7SStYxS1bZGgPOE3tKSg6sfX8V8qfVjvnhdiOchIQrzJCUbduKlZcioShmJCu6iSQxwgPUI21NOQqJ9NLxIxk80EoXBpHQxRUcq78nUhRKOQx93Rki1Zez3kj8z2snKrjwUsrjRBGOJ4uChEEVwVEqsEsFwYoNNUFYUH0rxH0kEFY6u6IOwZ59eZ40KmX7rHxSs0uOAyYogF2wDw6BDc6BA65AFdQBBvfgETyDF+PBeDJejbdJa86YzuyAPzDefwCHAJtS</latexit>

n �
�1/↵2�1

2

�



Theorem(B.): Assuming            , we have                             
                                                                           .

<latexit sha1_base64="rQc8QOF76hAXVSNjN7qiJvNnLaw=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5JIUZcFNy4r2Ac0odxMJ83QySTMTJQair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7T5ByprTjfFulldW19Y3yZmVre2d3z94/aKskk4S2SMIT2Q1AUc4EbWmmOe2mkkIccNoJRtdTv3NPpWKJuNPjlPoxDAULGQFtpL595AFPI8CeZMNIg5TJA3b6dtWpOTPgZeIWpIoKNPv2lzdISBZToQkHpXquk2o/B6kZ4XRS8TJFUyAjGNKeoQJiqvx8dv0EnxplgMNEmhIaz9TfEznESo3jwHTGoCO16E3F/7xepsMrP2cizTQVZL4ozDjWCZ5GgQdMUqL52BAgkplbMYlAAtEmsIoJwV18eZm0z2vuRa1+W682GkUcZXSMTtAZctElaqAb1EQtRNAjekav6M16sl6sd+tj3lqyiplD9AfW5w8DUpTx</latexit>

↵ ! 0
<latexit sha1_base64="3BRExjIXhpzOrGvQmdnSEftmdfY="></latexit>

N↵(r)  max
⇣�1/↵2�1

2

�
, (2 + o(1))r

⌘



Theorem(B.): Assuming            , we have                             
                                                                           .

<latexit sha1_base64="rQc8QOF76hAXVSNjN7qiJvNnLaw=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5JIUZcFNy4r2Ac0odxMJ83QySTMTJQair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7T5ByprTjfFulldW19Y3yZmVre2d3z94/aKskk4S2SMIT2Q1AUc4EbWmmOe2mkkIccNoJRtdTv3NPpWKJuNPjlPoxDAULGQFtpL595AFPI8CeZMNIg5TJA3b6dtWpOTPgZeIWpIoKNPv2lzdISBZToQkHpXquk2o/B6kZ4XRS8TJFUyAjGNKeoQJiqvx8dv0EnxplgMNEmhIaz9TfEznESo3jwHTGoCO16E3F/7xepsMrP2cizTQVZL4ozDjWCZ5GgQdMUqL52BAgkplbMYlAAtEmsIoJwV18eZm0z2vuRa1+W682GkUcZXSMTtAZctElaqAb1EQtRNAjekav6M16sl6sd+tj3lqyiplD9AfW5w8DUpTx</latexit>

↵ ! 0
<latexit sha1_base64="3BRExjIXhpzOrGvQmdnSEftmdfY="></latexit>

N↵(r)  max
⇣�1/↵2�1

2

�
, (2 + o(1))r

⌘

Fix   and project                                                              onto the 
span of                         (with respect to the Frobenius inner 
product).

<latexit sha1_base64="XAZkxksQ65xCqyEe9+JVja3N8BQ=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2sCmvnC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AwvBkNM=</latexit>

i
<latexit sha1_base64="7el0QRtaMn6Vx0h52EsTmKTXqKo="></latexit>⇣Pn

j=1 x(j)vj
⌘
v|i + vi

⇣Pn
j=1 x(j)vj

⌘|
<latexit sha1_base64="UMBY+5FbwacYNadxWmkkju4LTtM="></latexit>

v1v
|
1 , . . . , vnv

|
n



Theorem(B.): Assuming            , we have                             
                                                                           .

<latexit sha1_base64="rQc8QOF76hAXVSNjN7qiJvNnLaw=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5JIUZcFNy4r2Ac0odxMJ83QySTMTJQair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7T5ByprTjfFulldW19Y3yZmVre2d3z94/aKskk4S2SMIT2Q1AUc4EbWmmOe2mkkIccNoJRtdTv3NPpWKJuNPjlPoxDAULGQFtpL595AFPI8CeZMNIg5TJA3b6dtWpOTPgZeIWpIoKNPv2lzdISBZToQkHpXquk2o/B6kZ4XRS8TJFUyAjGNKeoQJiqvx8dv0EnxplgMNEmhIaz9TfEznESo3jwHTGoCO16E3F/7xepsMrP2cizTQVZL4ozDjWCZ5GgQdMUqL52BAgkplbMYlAAtEmsIoJwV18eZm0z2vuRa1+W682GkUcZXSMTtAZctElaqAb1EQtRNAjekav6M16sl6sd+tj3lqyiplD9AfW5w8DUpTx</latexit>

↵ ! 0
<latexit sha1_base64="3BRExjIXhpzOrGvQmdnSEftmdfY="></latexit>

N↵(r)  max
⇣�1/↵2�1

2

�
, (2 + o(1))r

⌘

Fix   and project                                                              onto the 
span of                         (with respect to the Frobenius inner 
product).

<latexit sha1_base64="XAZkxksQ65xCqyEe9+JVja3N8BQ=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2sCmvnC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AwvBkNM=</latexit>

i
<latexit sha1_base64="7el0QRtaMn6Vx0h52EsTmKTXqKo="></latexit>⇣Pn

j=1 x(j)vj
⌘
v|i + vi

⇣Pn
j=1 x(j)vj

⌘|

Since the (Frobenius) norm can only decrease, a calculation 
yields that the degree of     satisfies                            .

<latexit sha1_base64="xehRxEHwYSOzeZb1HmmgPBrbekE=">AAACDXicbVC7TgJBFJ3FF+ILtbSZiBpocFeNWm5iYyck8khYJLPDLEyYfThzl4QQKjsbf8XGBI2xtbfzbxwehYInuTcn59ybmXvcSHAFpvltJBYWl5ZXkquptfWNza309k5ZhbGkrERDEcqqSxQTPGAl4CBYNZKM+K5gFbdzNfIrXSYVD4Nb6EWs7pNWwD1OCWipkT5oZrsNnsOOYPf4RncPstaxQ0TUJnenjuStNuQa6YyZN8fA88Sakox9NOQPxeqw0Eh/Oc2Qxj4LgAqiVM0yI6j3iQROBRuknFixiNAOabGapgHxmar3x9cM8KFWmtgLpa4A8Fj9vdEnvlI939WTPoG2mvVG4n9eLQbvst7nQRQDC+jkIS8WGEI8igY3uWQURE8TQiXXf8W0TSShoANM6RCs2ZPnSfkkb53nz4pWxrbRBEm0h/ZRFlnoAtnoGhVQCVH0iJ7RK3oznowX4934mIwmjOnOLvoD4/MHvwydxw==</latexit>

d(vi)  O
�
1/↵3

�
<latexit sha1_base64="s25MTop0OChGx7t57L0r9Wan6bs=">AAAB6nicbZC7SgNBFIbPeI3xFk1pMxgECwm7Imq5YGMZ0VwgWcLsZDYZMju7zMwGwpLG3sZCEVufyELwDXwGKyeXQhN/GPj4/3OYc06QCK6N43yipeWV1bX13EZ+c2t7Z7ewt1/Tcaooq9JYxKoREM0El6xquBGskShGokCwetC/Guf1AVOax/LODBPmR6QrecgpMda6HbR5u1Byys5EeBHcGZS84sf3/dfopNIuvLc6MU0jJg0VROum6yTGz4gynAo2yrdSzRJC+6TLmhYliZj2s8moI3xknQ4OY2WfNHji/u7ISKT1MApsZURMT89nY/O/rJma8NLPuExSwySdfhSmApsYj/fGHa4YNWJogVDF7ayY9ogi1Njr5O0R3PmVF6F2WnbPy2c3bsnzYKocHMAhHIMLF+DBNVSgChS68ABP8IwEekQv6HVauoRmPUX4I/T2AwlLkhA=</latexit>vi

<latexit sha1_base64="UMBY+5FbwacYNadxWmkkju4LTtM="></latexit>

v1v
|
1 , . . . , vnv

|
n



Theorem(B.): Assuming            , we have                             
                                                                           .

<latexit sha1_base64="rQc8QOF76hAXVSNjN7qiJvNnLaw=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5JIUZcFNy4r2Ac0odxMJ83QySTMTJQair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7T5ByprTjfFulldW19Y3yZmVre2d3z94/aKskk4S2SMIT2Q1AUc4EbWmmOe2mkkIccNoJRtdTv3NPpWKJuNPjlPoxDAULGQFtpL595AFPI8CeZMNIg5TJA3b6dtWpOTPgZeIWpIoKNPv2lzdISBZToQkHpXquk2o/B6kZ4XRS8TJFUyAjGNKeoQJiqvx8dv0EnxplgMNEmhIaz9TfEznESo3jwHTGoCO16E3F/7xepsMrP2cizTQVZL4ozDjWCZ5GgQdMUqL52BAgkplbMYlAAtEmsIoJwV18eZm0z2vuRa1+W682GkUcZXSMTtAZctElaqAb1EQtRNAjekav6M16sl6sd+tj3lqyiplD9AfW5w8DUpTx</latexit>

↵ ! 0
<latexit sha1_base64="3BRExjIXhpzOrGvQmdnSEftmdfY="></latexit>

N↵(r)  max
⇣�1/↵2�1

2

�
, (2 + o(1))r

⌘

Fix   and project                                                              onto the 
span of                         (with respect to the Frobenius inner 
product).

<latexit sha1_base64="XAZkxksQ65xCqyEe9+JVja3N8BQ=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2sCmvnC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AwvBkNM=</latexit>

i
<latexit sha1_base64="7el0QRtaMn6Vx0h52EsTmKTXqKo="></latexit>⇣Pn

j=1 x(j)vj
⌘
v|i + vi

⇣Pn
j=1 x(j)vj

⌘|

Since the (Frobenius) norm can only decrease, a calculation 
yields that the degree of     satisfies                            .

<latexit sha1_base64="xehRxEHwYSOzeZb1HmmgPBrbekE=">AAACDXicbVC7TgJBFJ3FF+ILtbSZiBpocFeNWm5iYyck8khYJLPDLEyYfThzl4QQKjsbf8XGBI2xtbfzbxwehYInuTcn59ybmXvcSHAFpvltJBYWl5ZXkquptfWNza309k5ZhbGkrERDEcqqSxQTPGAl4CBYNZKM+K5gFbdzNfIrXSYVD4Nb6EWs7pNWwD1OCWipkT5oZrsNnsOOYPf4RncPstaxQ0TUJnenjuStNuQa6YyZN8fA88Sakox9NOQPxeqw0Eh/Oc2Qxj4LgAqiVM0yI6j3iQROBRuknFixiNAOabGapgHxmar3x9cM8KFWmtgLpa4A8Fj9vdEnvlI939WTPoG2mvVG4n9eLQbvst7nQRQDC+jkIS8WGEI8igY3uWQURE8TQiXXf8W0TSShoANM6RCs2ZPnSfkkb53nz4pWxrbRBEm0h/ZRFlnoAtnoGhVQCVH0iJ7RK3oznowX4934mIwmjOnOLvoD4/MHvwydxw==</latexit>

d(vi)  O
�
1/↵3

�
<latexit sha1_base64="s25MTop0OChGx7t57L0r9Wan6bs=">AAAB6nicbZC7SgNBFIbPeI3xFk1pMxgECwm7Imq5YGMZ0VwgWcLsZDYZMju7zMwGwpLG3sZCEVufyELwDXwGKyeXQhN/GPj4/3OYc06QCK6N43yipeWV1bX13EZ+c2t7Z7ewt1/Tcaooq9JYxKoREM0El6xquBGskShGokCwetC/Guf1AVOax/LODBPmR6QrecgpMda6HbR5u1Byys5EeBHcGZS84sf3/dfopNIuvLc6MU0jJg0VROum6yTGz4gynAo2yrdSzRJC+6TLmhYliZj2s8moI3xknQ4OY2WfNHji/u7ISKT1MApsZURMT89nY/O/rJma8NLPuExSwySdfhSmApsYj/fGHa4YNWJogVDF7ayY9ogi1Njr5O0R3PmVF6F2WnbPy2c3bsnzYKocHMAhHIMLF+DBNVSgChS68ABP8IwEekQv6HVauoRmPUX4I/T2AwlLkhA=</latexit>vi

Using a variant of the usual Alon-Boppana theorem, we can 
bootstrap this bound to                    .

<latexit sha1_base64="BhylaVTedPhKlgwcsramGM62Vs4=">AAACBXicbVC7SgNBFJ2Nrxhfq4KNFoNBiU3YDUEtLBZsLCOYB2TXZXYymwyZfTAzGwjLNjb+io2FIrbWYmfnT/gDNk4ehUYPXDiccy/33uPFjAppGB9abm5+YXEpv1xYWV1b39A3txoiSjgmdRyxiLc8JAijIalLKhlpxZygwGOk6fXPR35zQLigUXglhzFxAtQNqU8xkkpy9b1OaeDSI3gGbZ8jnJpZWrURi3voupK5etEoG2PAv8SckqJ1iF8/3752aq7+bncinAQklJghIdqmEUsnRVxSzEhWsBNBYoT7qEvaioYoIMJJx19k8EApHehHXFUo4Vj9OZGiQIhh4KnOAMmemPVG4n9eO5H+qZPSME4kCfFkkZ8wKCM4igR2KCdYsqEiCHOqboW4h1QaUgVXUCGYsy//JY1K2TwuVy/NomWBCfJgF+yDEjDBCbDABaiBOsDgBtyBB/Co3Wr32pP2PGnNadOZbfAL2ss3lj6b0Q==</latexit>

d(vi) <
1

4↵2

<latexit sha1_base64="UMBY+5FbwacYNadxWmkkju4LTtM="></latexit>

v1v
|
1 , . . . , vnv

|
n



Theorem(B.): Assuming            , we have                             
                                                                           .

<latexit sha1_base64="rQc8QOF76hAXVSNjN7qiJvNnLaw=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5JIUZcFNy4r2Ac0odxMJ83QySTMTJQair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7T5ByprTjfFulldW19Y3yZmVre2d3z94/aKskk4S2SMIT2Q1AUc4EbWmmOe2mkkIccNoJRtdTv3NPpWKJuNPjlPoxDAULGQFtpL595AFPI8CeZMNIg5TJA3b6dtWpOTPgZeIWpIoKNPv2lzdISBZToQkHpXquk2o/B6kZ4XRS8TJFUyAjGNKeoQJiqvx8dv0EnxplgMNEmhIaz9TfEznESo3jwHTGoCO16E3F/7xepsMrP2cizTQVZL4ozDjWCZ5GgQdMUqL52BAgkplbMYlAAtEmsIoJwV18eZm0z2vuRa1+W682GkUcZXSMTtAZctElaqAb1EQtRNAjekav6M16sl6sd+tj3lqyiplD9AfW5w8DUpTx</latexit>

↵ ! 0
<latexit sha1_base64="3BRExjIXhpzOrGvQmdnSEftmdfY="></latexit>

N↵(r)  max
⇣�1/↵2�1

2

�
, (2 + o(1))r

⌘

Fix   and project                                                              onto the 
span of                         (with respect to the Frobenius inner 
product).

<latexit sha1_base64="XAZkxksQ65xCqyEe9+JVja3N8BQ=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2sCmvnC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AwvBkNM=</latexit>

i
<latexit sha1_base64="7el0QRtaMn6Vx0h52EsTmKTXqKo="></latexit>⇣Pn

j=1 x(j)vj
⌘
v|i + vi

⇣Pn
j=1 x(j)vj

⌘|

Since the (Frobenius) norm can only decrease, a calculation 
yields that the degree of     satisfies                            .

<latexit sha1_base64="xehRxEHwYSOzeZb1HmmgPBrbekE=">AAACDXicbVC7TgJBFJ3FF+ILtbSZiBpocFeNWm5iYyck8khYJLPDLEyYfThzl4QQKjsbf8XGBI2xtbfzbxwehYInuTcn59ybmXvcSHAFpvltJBYWl5ZXkquptfWNza309k5ZhbGkrERDEcqqSxQTPGAl4CBYNZKM+K5gFbdzNfIrXSYVD4Nb6EWs7pNWwD1OCWipkT5oZrsNnsOOYPf4RncPstaxQ0TUJnenjuStNuQa6YyZN8fA88Sakox9NOQPxeqw0Eh/Oc2Qxj4LgAqiVM0yI6j3iQROBRuknFixiNAOabGapgHxmar3x9cM8KFWmtgLpa4A8Fj9vdEnvlI939WTPoG2mvVG4n9eLQbvst7nQRQDC+jkIS8WGEI8igY3uWQURE8TQiXXf8W0TSShoANM6RCs2ZPnSfkkb53nz4pWxrbRBEm0h/ZRFlnoAtnoGhVQCVH0iJ7RK3oznowX4934mIwmjOnOLvoD4/MHvwydxw==</latexit>

d(vi)  O
�
1/↵3

�
<latexit sha1_base64="s25MTop0OChGx7t57L0r9Wan6bs=">AAAB6nicbZC7SgNBFIbPeI3xFk1pMxgECwm7Imq5YGMZ0VwgWcLsZDYZMju7zMwGwpLG3sZCEVufyELwDXwGKyeXQhN/GPj4/3OYc06QCK6N43yipeWV1bX13EZ+c2t7Z7ewt1/Tcaooq9JYxKoREM0El6xquBGskShGokCwetC/Guf1AVOax/LODBPmR6QrecgpMda6HbR5u1Byys5EeBHcGZS84sf3/dfopNIuvLc6MU0jJg0VROum6yTGz4gynAo2yrdSzRJC+6TLmhYliZj2s8moI3xknQ4OY2WfNHji/u7ISKT1MApsZURMT89nY/O/rJma8NLPuExSwySdfhSmApsYj/fGHa4YNWJogVDF7ayY9ogi1Njr5O0R3PmVF6F2WnbPy2c3bsnzYKocHMAhHIMLF+DBNVSgChS68ABP8IwEekQv6HVauoRmPUX4I/T2AwlLkhA=</latexit>vi

Using a variant of the usual Alon-Boppana theorem, we can 
bootstrap this bound to                    .

The second bound                           then follows by applying 
the inequality                                      with                       .

<latexit sha1_base64="HPRMzNlcGmCdm9LG0V9d+8s6O2w=">AAAB/HicbVDLSgMxFM3UR2t9jXbpJliEFqHMFF/LghuXLdgHtEPJpJk2NJOMSUYYhvorblwo4tYPcecPiJ9h+lho64ELh3Pu5d57/IhRpR3n08qsrW9sZnNb+e2d3b19++CwpUQsMWliwYTs+EgRRjlpaqoZ6USSoNBnpO2Pr6d++55IRQW/1UlEvBANOQ0oRtpIfbvAYY+RO1iqwlMoSm65DGXfLjoVZwa4StwFKdZg4/srlz2v9+2P3kDgOCRcY4aU6rpOpL0USU0xI5N8L1YkQniMhqRrKEchUV46O34CT4wygIGQpriGM/X3RIpCpZLQN50h0iO17E3F/7xurIMrL6U8ijXheL4oiBnUAk6TgAMqCdYsMQRhSc2tEI+QRFibvPImBHf55VXSqlbci8pZwy3WamCOHDgCx6AEXHAJauAG1EETYJCAR/AMXqwH68l6td7mrRlrMVMAf2C9/wBZdZTt</latexit>

n  (2 + o(1))r
<latexit sha1_base64="WtMXpCV2Wc3DDmHCsJz+TEpoUYI=">AAACGHicbVDJTgJBFOxxA3FDPXrpSEzggjPE7UjihSMksiSApKd5aIeexe43RjLhM7z4K148aIxXbv6A8TNslgOKlXRSqaqX16/cUAqNtv1pLS2vrK4lkuupjc2t7Z307l5NB5HiUOWBDFTDZRqk8KGKAiU0QgXMcyXU3f7l2K/fg9Ii8K9wEELbYze+6AnO0Eid9HEL4QFjVMNsKXddoC0Jd3Sqqf5Yo3OB60Kuk87YeXsCukicGckUaeX7K5k4LXfSo1Y34JEHPnLJtG46dojtmCkUXMIw1Yo0hIz32Q00DfWZB7odTw4b0iOjdGkvUOb5SCfq/ETMPK0HnmuSHsNb/dcbi/95zQh7F+1Y+GGE4PPpol4kKQZ03BLtCgUc5cAQxpUwf6X8linG0XSZMiU4f09eJLVC3jnLn1ScTLFIpkiSA3JIssQh56RISqRMqoSTR/JMXsmb9WS9WO/WxzS6ZM1m9skvWKMfLheiJQ==</latexit>

tr(H)2  rk(H)tr(H2) ⇤

<latexit sha1_base64="BhylaVTedPhKlgwcsramGM62Vs4=">AAACBXicbVC7SgNBFJ2Nrxhfq4KNFoNBiU3YDUEtLBZsLCOYB2TXZXYymwyZfTAzGwjLNjb+io2FIrbWYmfnT/gDNk4ehUYPXDiccy/33uPFjAppGB9abm5+YXEpv1xYWV1b39A3txoiSjgmdRyxiLc8JAijIalLKhlpxZygwGOk6fXPR35zQLigUXglhzFxAtQNqU8xkkpy9b1OaeDSI3gGbZ8jnJpZWrURi3voupK5etEoG2PAv8SckqJ1iF8/3752aq7+bncinAQklJghIdqmEUsnRVxSzEhWsBNBYoT7qEvaioYoIMJJx19k8EApHehHXFUo4Vj9OZGiQIhh4KnOAMmemPVG4n9eO5H+qZPSME4kCfFkkZ8wKCM4igR2KCdYsqEiCHOqboW4h1QaUgVXUCGYsy//JY1K2TwuVy/NomWBCfJgF+yDEjDBCbDABaiBOsDgBtyBB/Co3Wr32pP2PGnNadOZbfAL2ss3lj6b0Q==</latexit>

d(vi) <
1

4↵2

<latexit sha1_base64="281bdt9qN7OzEtISDuNGIgYknQY=">AAAB+XicbVA9SwNBEJ1TE2P8OrW0WQyCjeFORG2EA5sgCBHMByRH2NtskiV7e8fuXiAcaf0VaSwUETv/iZ0/xN7NR6GJDwYe780wMy+IOVPacb6sldW1THY9t5Hf3Nre2bX39qsqSiShFRLxSNYDrChnglY005zWY0lxGHBaC/o3E782oFKxSDzoYUz9EHcF6zCCtZFatl1C1+gOnaIm5nEPo9uWXXCKzhRombhzUvCy42/x/pgpt+zPZjsiSUiFJhwr1XCdWPsplpoRTkf5ZqJojEkfd2nDUIFDqvx0evkIHRuljTqRNCU0mqq/J1IcKjUMA9MZYt1Ti95E/M9rJLpz5adMxImmgswWdRKOdIQmMaA2k5RoPjQEE8nMrYj0sMREm7DyJgR38eVlUj0ruhfF83u34HkwQw4O4QhOwIVL8KAEZagAgQGM4RlerNR6sl6tt1nrijWfOYA/sD5+ACLKlRY=</latexit>

H = M � ↵J

<latexit sha1_base64="UMBY+5FbwacYNadxWmkkju4LTtM="></latexit>

v1v
|
1 , . . . , vnv

|
n



Theorem[Relative Bound] (Lemmens, Seidel 73):                                
for all              .

<latexit sha1_base64="8JJQH50N/gSqhF5NyHBVXLbCZvo="></latexit>

N↵(r)  r
1� ↵2

1� r↵2
<latexit sha1_base64="kaMiRt7PFjH4DRn7QeNAPwlzuHA="></latexit>

↵ < 1p
r



Theorem[Relative Bound] (Lemmens, Seidel 73):                                
for all              .

<latexit sha1_base64="8JJQH50N/gSqhF5NyHBVXLbCZvo="></latexit>

N↵(r)  r
1� ↵2

1� r↵2
<latexit sha1_base64="kaMiRt7PFjH4DRn7QeNAPwlzuHA="></latexit>

↵ < 1p
r

Proof idea: Using the Frobenius inner product, orthogonally 
project the          identity matrix    onto the span of                         
                      . Its length decreases from     to                .

<latexit sha1_base64="b4SFBLlusGJfxRylgwwjWp0Utkw="></latexit>

I<latexit sha1_base64="eamPutvepdjal3Je4Zhry2hEdjs="></latexit>r ⇥ r
<latexit sha1_base64="UMBY+5FbwacYNadxWmkkju4LTtM="></latexit>

v1v
|
1 , . . . , vnv

|
n

<latexit sha1_base64="h0ZY66x8Y2hVIZTIVGWPSz5fZV0="></latexit>r
<latexit sha1_base64="81GRiLrV2aKLa0yrlEGJLr/xU5g="></latexit> n
↵2n+1�↵2



Theorem[Relative Bound] (Lemmens, Seidel 73):                                
for all              .

<latexit sha1_base64="8JJQH50N/gSqhF5NyHBVXLbCZvo="></latexit>

N↵(r)  r
1� ↵2

1� r↵2
<latexit sha1_base64="kaMiRt7PFjH4DRn7QeNAPwlzuHA="></latexit>

↵ < 1p
r

Proof idea: Using the Frobenius inner product, orthogonally 
project the          identity matrix    onto the span of                         
                      . Its length decreases from     to                .

<latexit sha1_base64="b4SFBLlusGJfxRylgwwjWp0Utkw="></latexit>

I<latexit sha1_base64="eamPutvepdjal3Je4Zhry2hEdjs="></latexit>r ⇥ r
<latexit sha1_base64="UMBY+5FbwacYNadxWmkkju4LTtM="></latexit>

v1v
|
1 , . . . , vnv

|
n

Proof: Let                           be the linear map given by              
<latexit sha1_base64="f0O7qDgRP9ejez07rCyuQ03dUEU="></latexit>

W : Rn ! Rr⇥r <latexit sha1_base64="0V1+ggFWwTs7hd82/H3ucCHQrVI="></latexit>

W ei = viv
|
i

<latexit sha1_base64="h0ZY66x8Y2hVIZTIVGWPSz5fZV0="></latexit>r
<latexit sha1_base64="81GRiLrV2aKLa0yrlEGJLr/xU5g="></latexit> n
↵2n+1�↵2



Theorem[Relative Bound] (Lemmens, Seidel 73):                                
for all              .

<latexit sha1_base64="8JJQH50N/gSqhF5NyHBVXLbCZvo="></latexit>

N↵(r)  r
1� ↵2

1� r↵2
<latexit sha1_base64="kaMiRt7PFjH4DRn7QeNAPwlzuHA="></latexit>

↵ < 1p
r

Proof idea: Using the Frobenius inner product, orthogonally 
project the          identity matrix    onto the span of                         
                      . Its length decreases from     to                .

<latexit sha1_base64="b4SFBLlusGJfxRylgwwjWp0Utkw="></latexit>

I<latexit sha1_base64="eamPutvepdjal3Je4Zhry2hEdjs="></latexit>r ⇥ r
<latexit sha1_base64="UMBY+5FbwacYNadxWmkkju4LTtM="></latexit>

v1v
|
1 , . . . , vnv

|
n

Proof: Let                           be the linear map given by              
<latexit sha1_base64="f0O7qDgRP9ejez07rCyuQ03dUEU="></latexit>

W : Rn ! Rr⇥r <latexit sha1_base64="0V1+ggFWwTs7hd82/H3ucCHQrVI="></latexit>

W ei = viv
|
i

<latexit sha1_base64="h0ZY66x8Y2hVIZTIVGWPSz5fZV0="></latexit>r
<latexit sha1_base64="81GRiLrV2aKLa0yrlEGJLr/xU5g="></latexit> n
↵2n+1�↵2

(Can identify     with the             matrix whose   th column is an       
    length vectorized version of        )

<latexit sha1_base64="VoBJT7ncazpvx6SNL/NeHFuJaNc="></latexit>

W
<latexit sha1_base64="GfgomteJTRakBLt/Dv53c8kZZq0="></latexit>

r2 ⇥ n
<latexit sha1_base64="z7szrGSvRxGmmspcHdkR3hnU/x4="></latexit>

i
<latexit sha1_base64="Aknw7nVw6HQNGspwAsw2AYfi78Y="></latexit>

r2
<latexit sha1_base64="R+4ICPDjWGoivNYN7DKcSsGFMO8="></latexit>

viv
|
i



Theorem[Relative Bound] (Lemmens, Seidel 73):                                
for all              .

<latexit sha1_base64="8JJQH50N/gSqhF5NyHBVXLbCZvo="></latexit>

N↵(r)  r
1� ↵2

1� r↵2
<latexit sha1_base64="kaMiRt7PFjH4DRn7QeNAPwlzuHA="></latexit>

↵ < 1p
r

Proof idea: Using the Frobenius inner product, orthogonally 
project the          identity matrix    onto the span of                         
                      . Its length decreases from     to                .

<latexit sha1_base64="b4SFBLlusGJfxRylgwwjWp0Utkw="></latexit>

I<latexit sha1_base64="eamPutvepdjal3Je4Zhry2hEdjs="></latexit>r ⇥ r
<latexit sha1_base64="UMBY+5FbwacYNadxWmkkju4LTtM="></latexit>

v1v
|
1 , . . . , vnv

|
n

Proof: Let                           be the linear map given by              
<latexit sha1_base64="f0O7qDgRP9ejez07rCyuQ03dUEU="></latexit>

W : Rn ! Rr⇥r <latexit sha1_base64="0V1+ggFWwTs7hd82/H3ucCHQrVI="></latexit>

W ei = viv
|
i

Definition: Let                              denote the adjoint map with 
respect to the Frobenius inner product ( 
for all matrices                  and vectors             ).

<latexit sha1_base64="uRsiDJ+5R5N6oDbcijKNWtAAR0g="></latexit>

W # : Rr⇥r ! Rn

<latexit sha1_base64="pofT9d36lSjs6IMYliCwbQgF1aw="></latexit>

hM,W viF =
⌦
W #M, v

↵
<latexit sha1_base64="0Gf1e7En9u66vs1Ksj8cwHKP2kg="></latexit>

M 2 Rr⇥r <latexit sha1_base64="0jtBsHGoOYM3adNeE5zzBUGJM7s="></latexit>

v 2 Rn

<latexit sha1_base64="h0ZY66x8Y2hVIZTIVGWPSz5fZV0="></latexit>r
<latexit sha1_base64="81GRiLrV2aKLa0yrlEGJLr/xU5g="></latexit> n
↵2n+1�↵2

(Can identify     with the             matrix whose   th column is an       
    length vectorized version of        )

<latexit sha1_base64="VoBJT7ncazpvx6SNL/NeHFuJaNc="></latexit>

W
<latexit sha1_base64="GfgomteJTRakBLt/Dv53c8kZZq0="></latexit>

r2 ⇥ n
<latexit sha1_base64="z7szrGSvRxGmmspcHdkR3hnU/x4="></latexit>

i
<latexit sha1_base64="Aknw7nVw6HQNGspwAsw2AYfi78Y="></latexit>

r2
<latexit sha1_base64="R+4ICPDjWGoivNYN7DKcSsGFMO8="></latexit>

viv
|
i



(Can identify        with the transpose of the matrix 
corresponding to     .)

Theorem[Relative Bound] (Lemmens, Seidel 73):                                
for all              .

<latexit sha1_base64="8JJQH50N/gSqhF5NyHBVXLbCZvo="></latexit>

N↵(r)  r
1� ↵2

1� r↵2
<latexit sha1_base64="kaMiRt7PFjH4DRn7QeNAPwlzuHA="></latexit>

↵ < 1p
r

Proof idea: Using the Frobenius inner product, orthogonally 
project the          identity matrix    onto the span of                         
                      . Its length decreases from     to                .

<latexit sha1_base64="b4SFBLlusGJfxRylgwwjWp0Utkw="></latexit>

I<latexit sha1_base64="eamPutvepdjal3Je4Zhry2hEdjs="></latexit>r ⇥ r
<latexit sha1_base64="UMBY+5FbwacYNadxWmkkju4LTtM="></latexit>

v1v
|
1 , . . . , vnv

|
n

Proof: Let                           be the linear map given by              
<latexit sha1_base64="f0O7qDgRP9ejez07rCyuQ03dUEU="></latexit>

W : Rn ! Rr⇥r <latexit sha1_base64="0V1+ggFWwTs7hd82/H3ucCHQrVI="></latexit>

W ei = viv
|
i

Definition: Let                              denote the adjoint map with 
respect to the Frobenius inner product ( 
for all matrices                  and vectors             ).

<latexit sha1_base64="uRsiDJ+5R5N6oDbcijKNWtAAR0g="></latexit>

W # : Rr⇥r ! Rn

<latexit sha1_base64="pofT9d36lSjs6IMYliCwbQgF1aw="></latexit>

hM,W viF =
⌦
W #M, v

↵
<latexit sha1_base64="0Gf1e7En9u66vs1Ksj8cwHKP2kg="></latexit>

M 2 Rr⇥r <latexit sha1_base64="0jtBsHGoOYM3adNeE5zzBUGJM7s="></latexit>

v 2 Rn

<latexit sha1_base64="kPMXJLRBotRmLUYa60mAGzNgbyA="></latexit>

W #

<latexit sha1_base64="h0ZY66x8Y2hVIZTIVGWPSz5fZV0="></latexit>r
<latexit sha1_base64="81GRiLrV2aKLa0yrlEGJLr/xU5g="></latexit> n
↵2n+1�↵2

(Can identify     with the             matrix whose   th column is an       
    length vectorized version of        )

<latexit sha1_base64="VoBJT7ncazpvx6SNL/NeHFuJaNc="></latexit>

W
<latexit sha1_base64="GfgomteJTRakBLt/Dv53c8kZZq0="></latexit>

r2 ⇥ n
<latexit sha1_base64="z7szrGSvRxGmmspcHdkR3hnU/x4="></latexit>

i
<latexit sha1_base64="Aknw7nVw6HQNGspwAsw2AYfi78Y="></latexit>

r2
<latexit sha1_base64="R+4ICPDjWGoivNYN7DKcSsGFMO8="></latexit>

viv
|
i

<latexit sha1_base64="VoBJT7ncazpvx6SNL/NeHFuJaNc="></latexit>

W



Theorem[Relative Bound] (Lemmens, Seidel 73):                                
for all              .

<latexit sha1_base64="8JJQH50N/gSqhF5NyHBVXLbCZvo="></latexit>

N↵(r)  r
1� ↵2

1� r↵2
<latexit sha1_base64="kaMiRt7PFjH4DRn7QeNAPwlzuHA="></latexit>

↵ < 1p
r



Theorem[Relative Bound] (Lemmens, Seidel 73):                                
for all              .

<latexit sha1_base64="8JJQH50N/gSqhF5NyHBVXLbCZvo="></latexit>

N↵(r)  r
1� ↵2

1� r↵2
<latexit sha1_base64="kaMiRt7PFjH4DRn7QeNAPwlzuHA="></latexit>

↵ < 1p
r

Proof(continued): Observe that                                      denotes 
the orthogonal projection onto the span of                        .

<latexit sha1_base64="sHW4M5lCCGsVu5b2WgXhMZrk4xE="></latexit>

P = W (W #W )�1W #
<latexit sha1_base64="UMBY+5FbwacYNadxWmkkju4LTtM="></latexit>

v1v
|
1 , . . . , vnv

|
n



Theorem[Relative Bound] (Lemmens, Seidel 73):                                
for all              .

<latexit sha1_base64="8JJQH50N/gSqhF5NyHBVXLbCZvo="></latexit>

N↵(r)  r
1� ↵2

1� r↵2
<latexit sha1_base64="kaMiRt7PFjH4DRn7QeNAPwlzuHA="></latexit>

↵ < 1p
r

Proof(continued): Observe that                                      denotes 
the orthogonal projection onto the span of                        .

<latexit sha1_base64="sHW4M5lCCGsVu5b2WgXhMZrk4xE="></latexit>

P = W (W #W )�1W #
<latexit sha1_base64="UMBY+5FbwacYNadxWmkkju4LTtM="></latexit>

v1v
|
1 , . . . , vnv

|
n

(Easy to verify that                            and                  )
<latexit sha1_base64="42ak0TCM9nmOedSi5tqm59vyQ1A="></latexit>

P2 = P = P#
<latexit sha1_base64="m1MRYcqaTUMH6NMpAeUs13lWS3Y="></latexit>

PW = W



Theorem[Relative Bound] (Lemmens, Seidel 73):                                
for all              .

<latexit sha1_base64="8JJQH50N/gSqhF5NyHBVXLbCZvo="></latexit>

N↵(r)  r
1� ↵2

1� r↵2
<latexit sha1_base64="kaMiRt7PFjH4DRn7QeNAPwlzuHA="></latexit>

↵ < 1p
r

Proof(continued): Observe that                                      denotes 
the orthogonal projection onto the span of                        .

<latexit sha1_base64="sHW4M5lCCGsVu5b2WgXhMZrk4xE="></latexit>

P = W (W #W )�1W #
<latexit sha1_base64="UMBY+5FbwacYNadxWmkkju4LTtM="></latexit>

v1v
|
1 , . . . , vnv

|
n

(Easy to verify that                            and                  )
<latexit sha1_base64="42ak0TCM9nmOedSi5tqm59vyQ1A="></latexit>

P2 = P = P#
<latexit sha1_base64="m1MRYcqaTUMH6NMpAeUs13lWS3Y="></latexit>

PW = W

Now compute                                   and 
<latexit sha1_base64="PXZUQ7zOsEwXc8v3y+HDuLOcUTQ="></latexit>

hI, IiF = tr(I|I) = r



Theorem[Relative Bound] (Lemmens, Seidel 73):                                
for all              .

<latexit sha1_base64="8JJQH50N/gSqhF5NyHBVXLbCZvo="></latexit>

N↵(r)  r
1� ↵2

1� r↵2
<latexit sha1_base64="kaMiRt7PFjH4DRn7QeNAPwlzuHA="></latexit>

↵ < 1p
r

Proof(continued): Observe that                                      denotes 
the orthogonal projection onto the span of                        .

<latexit sha1_base64="sHW4M5lCCGsVu5b2WgXhMZrk4xE="></latexit>

P = W (W #W )�1W #
<latexit sha1_base64="UMBY+5FbwacYNadxWmkkju4LTtM="></latexit>

v1v
|
1 , . . . , vnv

|
n

(Easy to verify that                            and                  )
<latexit sha1_base64="42ak0TCM9nmOedSi5tqm59vyQ1A="></latexit>

P2 = P = P#
<latexit sha1_base64="m1MRYcqaTUMH6NMpAeUs13lWS3Y="></latexit>

PW = W

Now compute                                   and 
<latexit sha1_base64="PXZUQ7zOsEwXc8v3y+HDuLOcUTQ="></latexit>

hI, IiF = tr(I|I) = r
<latexit sha1_base64="FlMNyAJ8J/mZvfyP8t/e89CWYzk="></latexit>

hPI,PIiF = I#P#PI = I#PI = I#W (W #W )�1W #I.



Theorem[Relative Bound] (Lemmens, Seidel 73):                                
for all              .

<latexit sha1_base64="8JJQH50N/gSqhF5NyHBVXLbCZvo="></latexit>

N↵(r)  r
1� ↵2

1� r↵2
<latexit sha1_base64="kaMiRt7PFjH4DRn7QeNAPwlzuHA="></latexit>

↵ < 1p
r

Proof(continued): Observe that                                      denotes 
the orthogonal projection onto the span of                        .

<latexit sha1_base64="sHW4M5lCCGsVu5b2WgXhMZrk4xE="></latexit>

P = W (W #W )�1W #
<latexit sha1_base64="UMBY+5FbwacYNadxWmkkju4LTtM="></latexit>

v1v
|
1 , . . . , vnv

|
n

(Easy to verify that                            and                  )
<latexit sha1_base64="42ak0TCM9nmOedSi5tqm59vyQ1A="></latexit>

P2 = P = P#
<latexit sha1_base64="m1MRYcqaTUMH6NMpAeUs13lWS3Y="></latexit>

PW = W

Now compute                                   and 
<latexit sha1_base64="PXZUQ7zOsEwXc8v3y+HDuLOcUTQ="></latexit>

hI, IiF = tr(I|I) = r
<latexit sha1_base64="FlMNyAJ8J/mZvfyP8t/e89CWYzk="></latexit>

hPI,PIiF = I#P#PI = I#PI = I#W (W #W )�1W #I.

By definition,                                                            so                .
<latexit sha1_base64="rzkyNI7Pgt5tpZ4amyZchbNyanY="></latexit>

(W #I)i = hviv|i , IiF = tr(viv
|
i I) = 1

<latexit sha1_base64="OacDhATaLbKRWBvmLzhlVuuXXos="></latexit>

W #I =



Theorem[Relative Bound] (Lemmens, Seidel 73):                                
for all              .

<latexit sha1_base64="8JJQH50N/gSqhF5NyHBVXLbCZvo="></latexit>

N↵(r)  r
1� ↵2

1� r↵2
<latexit sha1_base64="kaMiRt7PFjH4DRn7QeNAPwlzuHA="></latexit>

↵ < 1p
r

Proof(continued): Observe that                                      denotes 
the orthogonal projection onto the span of                        .

<latexit sha1_base64="sHW4M5lCCGsVu5b2WgXhMZrk4xE="></latexit>

P = W (W #W )�1W #
<latexit sha1_base64="UMBY+5FbwacYNadxWmkkju4LTtM="></latexit>

v1v
|
1 , . . . , vnv

|
n

(Easy to verify that                            and                  )
<latexit sha1_base64="42ak0TCM9nmOedSi5tqm59vyQ1A="></latexit>

P2 = P = P#
<latexit sha1_base64="m1MRYcqaTUMH6NMpAeUs13lWS3Y="></latexit>

PW = W

Now compute                                   and 
<latexit sha1_base64="PXZUQ7zOsEwXc8v3y+HDuLOcUTQ="></latexit>

hI, IiF = tr(I|I) = r
<latexit sha1_base64="FlMNyAJ8J/mZvfyP8t/e89CWYzk="></latexit>

hPI,PIiF = I#P#PI = I#PI = I#W (W #W )�1W #I.

By definition,                                                            so                .
<latexit sha1_base64="rzkyNI7Pgt5tpZ4amyZchbNyanY="></latexit>

(W #I)i = hviv|i , IiF = tr(viv
|
i I) = 1

<latexit sha1_base64="OacDhATaLbKRWBvmLzhlVuuXXos="></latexit>

W #I =

Moreover                                                              so that 
                                          and  

<latexit sha1_base64="Lw2XhgaiCowCnhnBTjtTTCwM0X0="></latexit>

(W #W )i,j =
⌦
viv

|
i , vjv

|
j

↵
F
= hvi, vji2

<latexit sha1_base64="S7T2Os1DJk48sfH0PzM4jC2aQuE="></latexit>

W #W = (1� ↵2)I + ↵2J
<latexit sha1_base64="AqqF+kDAncPzCCjccCkl0Yljx1A="></latexit>

(W #W )�1 = 1
1�↵2

⇣
I � 1

n+1/↵2+1J
⌘



Theorem[Relative Bound] (Lemmens, Seidel 73):                                
for all              .

<latexit sha1_base64="8JJQH50N/gSqhF5NyHBVXLbCZvo="></latexit>

N↵(r)  r
1� ↵2

1� r↵2
<latexit sha1_base64="kaMiRt7PFjH4DRn7QeNAPwlzuHA="></latexit>

↵ < 1p
r

⇤

Proof(continued): Observe that                                      denotes 
the orthogonal projection onto the span of                        .

<latexit sha1_base64="sHW4M5lCCGsVu5b2WgXhMZrk4xE="></latexit>

P = W (W #W )�1W #
<latexit sha1_base64="UMBY+5FbwacYNadxWmkkju4LTtM="></latexit>

v1v
|
1 , . . . , vnv

|
n

(Easy to verify that                            and                  )
<latexit sha1_base64="42ak0TCM9nmOedSi5tqm59vyQ1A="></latexit>

P2 = P = P#
<latexit sha1_base64="m1MRYcqaTUMH6NMpAeUs13lWS3Y="></latexit>

PW = W

Now compute                                   and 
<latexit sha1_base64="PXZUQ7zOsEwXc8v3y+HDuLOcUTQ="></latexit>

hI, IiF = tr(I|I) = r
<latexit sha1_base64="FlMNyAJ8J/mZvfyP8t/e89CWYzk="></latexit>

hPI,PIiF = I#P#PI = I#PI = I#W (W #W )�1W #I.

By definition,                                                            so                .
<latexit sha1_base64="rzkyNI7Pgt5tpZ4amyZchbNyanY="></latexit>

(W #I)i = hviv|i , IiF = tr(viv
|
i I) = 1

<latexit sha1_base64="OacDhATaLbKRWBvmLzhlVuuXXos="></latexit>

W #I =

Moreover                                                              so that 
                                          and  

<latexit sha1_base64="Lw2XhgaiCowCnhnBTjtTTCwM0X0="></latexit>

(W #W )i,j =
⌦
viv

|
i , vjv

|
j

↵
F
= hvi, vji2

<latexit sha1_base64="S7T2Os1DJk48sfH0PzM4jC2aQuE="></latexit>

W #W = (1� ↵2)I + ↵2J
<latexit sha1_base64="AqqF+kDAncPzCCjccCkl0Yljx1A="></latexit>

(W #W )�1 = 1
1�↵2

⇣
I � 1

n+1/↵2+1J
⌘

<latexit sha1_base64="H1BYTyT0Aq+QH5kvpgO53Elk50Y="></latexit>

hPI,PIiF = 1
1�↵2

|
⇣
I � 1

n+1/↵2�1J
⌘

= n
↵2n+1�↵2 .Thus



New results in the complex setting



Given a pair of complex lines                , the quantity              is 
the same for all unit vectors                      and so  
is called the Hermitian angle between     and    .

New results in the complex setting
<latexit sha1_base64="2+jL0kmVyhdTy8lhNqMikoO9ou8="></latexit>

U, V ⇢ Cr

<latexit sha1_base64="cpl887hs4yWu7xCa9XjsQs/0k0k="></latexit>

u 2 U, v 2 V

<latexit sha1_base64="sTWBTnMWbYDRRjhDABIxAJOfXzc="></latexit>

| hu, vi |

<latexit sha1_base64="vbZ0VfxTMbxPElhhE1TdI/lXatg="></latexit>

U
<latexit sha1_base64="8Lr7wYy+8o4yi4Ii1BfGsq6Dgl0="></latexit>

V

<latexit sha1_base64="Pe39bk6kJ1hVh25ZbxApvQgbb2U="></latexit>

arccos | hu, vi |



Given a pair of complex lines                , the quantity              is 
the same for all unit vectors                      and so  
is called the Hermitian angle between     and    .

New results in the complex setting
<latexit sha1_base64="2+jL0kmVyhdTy8lhNqMikoO9ou8="></latexit>

U, V ⇢ Cr

<latexit sha1_base64="cpl887hs4yWu7xCa9XjsQs/0k0k="></latexit>

u 2 U, v 2 V

<latexit sha1_base64="sTWBTnMWbYDRRjhDABIxAJOfXzc="></latexit>

| hu, vi |

<latexit sha1_base64="vbZ0VfxTMbxPElhhE1TdI/lXatg="></latexit>

U
<latexit sha1_base64="8Lr7wYy+8o4yi4Ii1BfGsq6Dgl0="></latexit>

V

<latexit sha1_base64="Pe39bk6kJ1hVh25ZbxApvQgbb2U="></latexit>

arccos | hu, vi |

We define            to be the maximum number of complex 
equiangular lines in      with common Hermitian angle                .

<latexit sha1_base64="HQRxjhP06Otz9sC/TOMBM2QGE8E="></latexit>

NC
↵ (r)

<latexit sha1_base64="ljGRezzWRDKaNntJgLL+qh0F6SU="></latexit>

Cr
<latexit sha1_base64="hvLdLCbYvL+fPqZoFH/IgY8ew0Q="></latexit>

arccos(↵)



Given a pair of complex lines                , the quantity              is 
the same for all unit vectors                      and so  
is called the Hermitian angle between     and    .

New results in the complex setting
<latexit sha1_base64="2+jL0kmVyhdTy8lhNqMikoO9ou8="></latexit>

U, V ⇢ Cr

<latexit sha1_base64="cpl887hs4yWu7xCa9XjsQs/0k0k="></latexit>

u 2 U, v 2 V

<latexit sha1_base64="sTWBTnMWbYDRRjhDABIxAJOfXzc="></latexit>

| hu, vi |

<latexit sha1_base64="vbZ0VfxTMbxPElhhE1TdI/lXatg="></latexit>

U
<latexit sha1_base64="8Lr7wYy+8o4yi4Ii1BfGsq6Dgl0="></latexit>

V

<latexit sha1_base64="Pe39bk6kJ1hVh25ZbxApvQgbb2U="></latexit>

arccos | hu, vi |

We define            to be the maximum number of complex 
equiangular lines in      with common Hermitian angle                .

<latexit sha1_base64="HQRxjhP06Otz9sC/TOMBM2QGE8E="></latexit>

NC
↵ (r)

<latexit sha1_base64="ljGRezzWRDKaNntJgLL+qh0F6SU="></latexit>

Cr
<latexit sha1_base64="hvLdLCbYvL+fPqZoFH/IgY8ew0Q="></latexit>

arccos(↵)

Theorem[Absolute bound] (Delsarte, Goethals, Seidel 75):                 . 
<latexit sha1_base64="u/j+IbVRy4YU5MU7qrJGYrf3ihQ="></latexit>

NC
↵ (r)  r2



Given a pair of complex lines                , the quantity              is 
the same for all unit vectors                      and so  
is called the Hermitian angle between     and    .

New results in the complex setting
<latexit sha1_base64="2+jL0kmVyhdTy8lhNqMikoO9ou8="></latexit>

U, V ⇢ Cr

<latexit sha1_base64="cpl887hs4yWu7xCa9XjsQs/0k0k="></latexit>

u 2 U, v 2 V

<latexit sha1_base64="sTWBTnMWbYDRRjhDABIxAJOfXzc="></latexit>

| hu, vi |

<latexit sha1_base64="vbZ0VfxTMbxPElhhE1TdI/lXatg="></latexit>

U
<latexit sha1_base64="8Lr7wYy+8o4yi4Ii1BfGsq6Dgl0="></latexit>

V

<latexit sha1_base64="Pe39bk6kJ1hVh25ZbxApvQgbb2U="></latexit>

arccos | hu, vi |

We define            to be the maximum number of complex 
equiangular lines in      with common Hermitian angle                .

<latexit sha1_base64="HQRxjhP06Otz9sC/TOMBM2QGE8E="></latexit>

NC
↵ (r)

<latexit sha1_base64="ljGRezzWRDKaNntJgLL+qh0F6SU="></latexit>

Cr
<latexit sha1_base64="hvLdLCbYvL+fPqZoFH/IgY8ew0Q="></latexit>

arccos(↵)

Theorem[Absolute bound] (Delsarte, Goethals, Seidel 75):                 . 
<latexit sha1_base64="u/j+IbVRy4YU5MU7qrJGYrf3ihQ="></latexit>

NC
↵ (r)  r2

Conjecture (Zauner 99): For each          ,                             and a 
construction can be obtained as the orbit of a vector under 
the action of a Weyl-Heisenberg group.

<latexit sha1_base64="l0bHw4Qg1pGSb2eo/6NseGoXeNA="></latexit>

r 2 N
<latexit sha1_base64="wmvDq+PBtnTnVrXnwnh3i2xaI44="></latexit>

max↵ NC
↵ (r) = r2



Given a pair of complex lines                , the quantity              is 
the same for all unit vectors                      and so  
is called the Hermitian angle between     and    .

New results in the complex setting
<latexit sha1_base64="2+jL0kmVyhdTy8lhNqMikoO9ou8="></latexit>

U, V ⇢ Cr

<latexit sha1_base64="cpl887hs4yWu7xCa9XjsQs/0k0k="></latexit>

u 2 U, v 2 V

<latexit sha1_base64="sTWBTnMWbYDRRjhDABIxAJOfXzc="></latexit>

| hu, vi |

<latexit sha1_base64="vbZ0VfxTMbxPElhhE1TdI/lXatg="></latexit>

U
<latexit sha1_base64="8Lr7wYy+8o4yi4Ii1BfGsq6Dgl0="></latexit>

V

<latexit sha1_base64="Pe39bk6kJ1hVh25ZbxApvQgbb2U="></latexit>

arccos | hu, vi |

We define            to be the maximum number of complex 
equiangular lines in      with common Hermitian angle                .

<latexit sha1_base64="HQRxjhP06Otz9sC/TOMBM2QGE8E="></latexit>

NC
↵ (r)

<latexit sha1_base64="ljGRezzWRDKaNntJgLL+qh0F6SU="></latexit>

Cr
<latexit sha1_base64="hvLdLCbYvL+fPqZoFH/IgY8ew0Q="></latexit>

arccos(↵)

Theorem[Absolute bound] (Delsarte, Goethals, Seidel 75):                 . 
<latexit sha1_base64="u/j+IbVRy4YU5MU7qrJGYrf3ihQ="></latexit>

NC
↵ (r)  r2

Collections of     complex equiangular lines in      are known as 
SIC-POVMs/SICs in quantum information theory. 

<latexit sha1_base64="HUSW30pPeTnt1kM4eKwbVBpHqjQ="></latexit>

r2
<latexit sha1_base64="ljGRezzWRDKaNntJgLL+qh0F6SU="></latexit>

Cr

Conjecture (Zauner 99): For each          ,                             and a 
construction can be obtained as the orbit of a vector under 
the action of a Weyl-Heisenberg group.

<latexit sha1_base64="l0bHw4Qg1pGSb2eo/6NseGoXeNA="></latexit>

r 2 N
<latexit sha1_base64="wmvDq+PBtnTnVrXnwnh3i2xaI44="></latexit>

max↵ NC
↵ (r) = r2



New results in the complex setting



New results in the complex setting

Theorem[Relative Bound] (Delsarte, Goethals, Seidel 75):                                  
                            for all                       .

<latexit sha1_base64="B912TXnWdGYbSmO141+P5JRF6ZU="></latexit>

NC
↵ (r)  r 1�↵2

1�r↵2

<latexit sha1_base64="cD+tekpOIrHpYRO5f6EQ9tX6ju0=">AAAB/nicbVDLSgMxFM3UR2t9jYorN8EiuLFOiq/lgBuXLdgHdMaSSTNtMJMZk4xQhoK/4saFIm79Dnf+gPgZpo+Fth64cDjnXu69J0g4U9pxPq3cwuLScr6wUlxdW9/YtLe2GypOJaF1EvNYtgKsKGeC1jXTnLYSSXEUcNoMbi9HfvOeSsVica0HCfUj3BMsZARrI3XsXQk9Tu8gOvYwT/r4pgKPIOrYJafsjAHnCZqSkgtr31+F/Gm1Y3943ZikERWacKxUGzmJ9jMsNSOcDoteqmiCyS3u0bahAkdU+dn4/CE8MEoXhrE0JTQcq78nMhwpNYgC0xlh3Vez3kj8z2unOrzwMyaSVFNBJovClEMdw1EWsMskJZoPDMFEMnMrJH0sMdEmsaIJAc2+PE8alTI6K5/UUMl1wQQFsAf2wSFA4By44ApUQR0QkIFH8AxerAfryXq13iatOWs6swP+wHr/AQOgloQ=</latexit>

r  1/↵2 � 1



New results in the complex setting

Theorem(B.): If                  , then                                , with 
equality if and only if there exists a SIC in                dimensions.

Theorem[Relative Bound] (Delsarte, Goethals, Seidel 75):                                  
                            for all                       .

<latexit sha1_base64="B912TXnWdGYbSmO141+P5JRF6ZU="></latexit>

NC
↵ (r)  r 1�↵2

1�r↵2

<latexit sha1_base64="M6lmPDulEQL0AS/GDwZoDUtpE78=">AAACB3icbVC7SgNBFJ2Nrxhfq4KNIINBiYVhR0UtF2wsI5gHZGOYncwmQ2YfzswKYdnOxl+xsVDE1lLs7PwJf8DGyaPQxAMXDufcy733uBFnUlnWp5GZmp6ZncvO5xYWl5ZXzNW1igxjQWiZhDwUNRdLyllAy4opTmuRoNh3Oa263bO+X72hQrIwuFS9iDZ83A6YxwhWWmqaWwI6nF5DxxOYJGg/LKC9NHEwjzr46jBtmnmraA0AJwkakby9S96+3r83Sk3zw2mFJPZpoAjHUtaRFalGgoVihNM058SSRph0cZvWNQ2wT2UjGfyRwh2ttKAXCl2BggP190SCfSl7vqs7faw6ctzri/959Vh5p42EBVGsaECGi7yYQxXCfiiwxQQlivc0wUQwfSskHawTUTq6nA4Bjb88SSoHRXRcPLpAedsGQ2TBJtgGBYDACbDBOSiBMiDgFtyDR/Bk3BkPxrPxMmzNGKOZdfAHxusPL02csQ==</latexit>

r  1�o(1)
↵3

<latexit sha1_base64="3HUsY04uT74kq67gyXh/Msx4tGU="></latexit>

NC
↵ (r) 

�
1
↵2 � 1

�2
<latexit sha1_base64="BFkD6s74sBNU7Xb93YRi6BGM/sc=">AAAB9XicbVDJSgNBEO2JS2Lcoh69NAbBi3EmuB0HvHhMwCyQTEJNpydp0tMzdPcoYch/ePGgiFf/xZs/IH6GneWgiQ8KHu9VUVXPjzlT2rY/rczK6tp6NreR39za3tkt7O3XVZRIQmsk4pFs+qAoZ4LWNNOcNmNJIfQ5bfjDm4nfuKdSsUjc6VFMvRD6ggWMgDZSxzlrA48H0CnjU+x0C0W7ZE+Bl4kzJ0UXV7+/ctmLSrfw0e5FJAmp0ISDUi3HjrWXgtSMcDrOtxNFYyBD6NOWoQJCqrx0evUYHxulh4NImhIaT9XfEymESo1C33SGoAdq0ZuI/3mtRAfXXspEnGgqyGxRkHCsIzyJAPeYpETzkSFAJDO3YjIACUSboPImBGfx5WVSL5ecy9J51Sm6Lpohhw7RETpBDrpCLrpFFVRDBEn0iJ7Ri/VgPVmv1tusNWPNZw7QH1jvP97gk70=</latexit>

1/↵2 � 1
<latexit sha1_base64="csx4f4cGdkHZVIQxgaq7Tsa1TKA="></latexit>

N
C
↵ (r)  1+↵

↵ r +O
�

1
↵3

�

<latexit sha1_base64="cD+tekpOIrHpYRO5f6EQ9tX6ju0=">AAAB/nicbVDLSgMxFM3UR2t9jYorN8EiuLFOiq/lgBuXLdgHdMaSSTNtMJMZk4xQhoK/4saFIm79Dnf+gPgZpo+Fth64cDjnXu69J0g4U9pxPq3cwuLScr6wUlxdW9/YtLe2GypOJaF1EvNYtgKsKGeC1jXTnLYSSXEUcNoMbi9HfvOeSsVica0HCfUj3BMsZARrI3XsXQk9Tu8gOvYwT/r4pgKPIOrYJafsjAHnCZqSkgtr31+F/Gm1Y3943ZikERWacKxUGzmJ9jMsNSOcDoteqmiCyS3u0bahAkdU+dn4/CE8MEoXhrE0JTQcq78nMhwpNYgC0xlh3Vez3kj8z2unOrzwMyaSVFNBJovClEMdw1EWsMskJZoPDMFEMnMrJH0sMdEmsaIJAc2+PE8alTI6K5/UUMl1wQQFsAf2wSFA4By44ApUQR0QkIFH8AxerAfryXq13iatOWs6swP+wHr/AQOgloQ=</latexit>

r  1/↵2 � 1

Otherwise                                        .



Future directions for research

• Unit vectors corresponding to equiangular lines are 
equivalently spherical              -codes. Extend methods to 
more general spherical    -codes. 

• Determine            up to a multiplicative constant. 

• Generalize to other graph matrices (ex: Laplacian). 

• Generalize to equiangular subspaces. 

• Generalize to signed graphs and unitarily-signed graphs.

<latexit sha1_base64="FDUGznVHjcD9f1/3oIs2BwDcq5Y="></latexit>

{↵,�↵}
<latexit sha1_base64="+4+soWZPVcldvmhglygKcPoad18="></latexit>

L

<latexit sha1_base64="HQRxjhP06Otz9sC/TOMBM2QGE8E="></latexit>

NC
↵ (r)




