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A set of lines passing through the origin is called equiangular, 
if every pair of lines make the same angle.

Earliest work:

Haantjes, Seidel 47-48

Blumenthal 49 

Van Lint, Seidel 66

Lemmens, Seidel 73

…

Connections: 
• Elliptic geometry

• Frame theory

• Theory of polytopes

• Spectral graph theory

• Algebraic number theory

• Quantum information theory



Given a family of equiangular lines, if we choose a unit vector 
along each line, then all pairwise inner products between such 
vectors will be       . Such a collection of vectors is called a 
spherical         -code.

<latexit sha1_base64="0XJeXUhO7Jg2SVmDfiO2TToq3M8=">AAAB8XicbVBNSwMxEM3Wr1q/qh69BIvgqeyKqMeCF48V7Ad2lzKbZtvQJBuSrFCW/gsvHhTx6r/x5r8xbfegrQ8GHu/NMDMvVpwZ6/vfXmltfWNzq7xd2dnd2z+oHh61TZppQlsk5anuxmAoZ5K2LLOcdpWmIGJOO/H4duZ3nqg2LJUPdqJoJGAoWcIIWCc9hkrgELgaQb9a8+v+HHiVBAWpoQLNfvUrHKQkE1RawsGYXuArG+WgLSOcTithZqgCMoYh7TkqQVAT5fOLp/jMKQOcpNqVtHiu/p7IQRgzEbHrFGBHZtmbif95vcwmN1HOpMoslWSxKMk4timevY8HTFNi+cQRIJq5WzEZgQZiXUgVF0Kw/PIqaV/Ug6v65f1lrdEo4iijE3SKzlGArlED3aEmaiGCJHpGr+jNM96L9+59LFpLXjFzjP7A+/wBNyGQoA==</latexit>±↵
<latexit sha1_base64="xvxIWK69Maab+m4tcYHv4n/Dssw=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoiRT0WvHisYD+gCWWy3bRLdzdhdyPU0F/ixYMiXv0p3vw3btsctPXBwOO9GWbmRSln2njet1Pa2Nza3invVvb2Dw6r7tFxRyeZIrRNEp6oXgSaciZp2zDDaS9VFETEaTea3M797iNVmiXywUxTGgoYSRYzAsZKA7ca5EEqcAA8HQMOZgO35tW9BfA68QtSQwVaA/crGCYkE1QawkHrvu+lJsxBGUY4nVWCTNMUyARGtG+pBEF1mC8On+FzqwxxnChb0uCF+nsiB6H1VES2U4AZ61VvLv7n9TMT34Q5k2lmqCTLRXHGsUnwPAU8ZIoSw6eWAFHM3orJGBQQY7Oq2BD81ZfXSeey7l/VG/eNWrNZxFFGp+gMXSAfXaMmukMt1EYEZegZvaI358l5cd6dj2VrySlmTtAfOJ8/PkiS0w==</latexit>

{±↵}

Problem: Determine the maximum number size of a spherical  

         -code in     .  

<latexit sha1_base64="tfbwA+FiaZt59Fblv2N4oiZ8+KA="></latexit>

Rr<latexit sha1_base64="xvxIWK69Maab+m4tcYHv4n/Dssw=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoiRT0WvHisYD+gCWWy3bRLdzdhdyPU0F/ixYMiXv0p3vw3btsctPXBwOO9GWbmRSln2njet1Pa2Nza3invVvb2Dw6r7tFxRyeZIrRNEp6oXgSaciZp2zDDaS9VFETEaTea3M797iNVmiXywUxTGgoYSRYzAsZKA7ca5EEqcAA8HQMOZgO35tW9BfA68QtSQwVaA/crGCYkE1QawkHrvu+lJsxBGUY4nVWCTNMUyARGtG+pBEF1mC8On+FzqwxxnChb0uCF+nsiB6H1VES2U4AZ61VvLv7n9TMT34Q5k2lmqCTLRXHGsUnwPAU8ZIoSw6eWAFHM3orJGBQQY7Oq2BD81ZfXSeey7l/VG/eNWrNZxFFGp+gMXSAfXaMmukMt1EYEZegZvaI358l5cd6dj2VrySlmTtAfOJ8/PkiS0w==</latexit>

{±↵}

Absolute bound(Gerzon 73): The maximum is at most          .
<latexit sha1_base64="y8XGwiDI36bNQNt4MbblhRQjXyY=">AAAB9XicbVC7SgNBFJ2NRmN8RS1tBoMgCGE3iFou2FhGMA9I1jA7mU2GzGOZmVXCsq3fYKGFIlaC/2Lnh9g7eRSaeODC4Zx7ufeeMGZUG9f9cnJLy/mV1cJacX1jc2u7tLPb0DJRmNSxZFK1QqQJo4LUDTWMtGJFEA8ZaYbDi7HfvCVKUymuzSgmAUd9QSOKkbHSTSekQvJUHXtZWs26pbJbcSeAi8SbkbK/8vgt3u/ztW7ps9OTOOFEGMyQ1m3PjU2QImUoZiQrdhJNYoSHqE/algrEiQ7SydUZPLRKD0ZS2RIGTtTfEyniWo94aDs5MgM9743F/7x2YqLzIKUiTgwReLooShg0Eo4jgD2qCDZsZAnCitpbIR4ghbCxQRVtCN78y4ukUa14p5WTK6/s+2CKAtgHB+AIeOAM+OAS1EAdYKDAA3gGL86d8+S8Om/T1pwzm9kDf+B8/AANj5Xn</latexit>�r+1

2

�



Given a spherical         -code, we can associate it with a graph 
where the vertices are the vectors of the code and we put an 
edge between a pair of vectors        if and only if                    .

<latexit sha1_base64="xvxIWK69Maab+m4tcYHv4n/Dssw=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoiRT0WvHisYD+gCWWy3bRLdzdhdyPU0F/ixYMiXv0p3vw3btsctPXBwOO9GWbmRSln2njet1Pa2Nza3invVvb2Dw6r7tFxRyeZIrRNEp6oXgSaciZp2zDDaS9VFETEaTea3M797iNVmiXywUxTGgoYSRYzAsZKA7ca5EEqcAA8HQMOZgO35tW9BfA68QtSQwVaA/crGCYkE1QawkHrvu+lJsxBGUY4nVWCTNMUyARGtG+pBEF1mC8On+FzqwxxnChb0uCF+nsiB6H1VES2U4AZ61VvLv7n9TMT34Q5k2lmqCTLRXHGsUnwPAU8ZIoSw6eWAFHM3orJGBQQY7Oq2BD81ZfXSeey7l/VG/eNWrNZxFFGp+gMXSAfXaMmukMt1EYEZegZvaI358l5cd6dj2VrySlmTtAfOJ8/PkiS0w==</latexit>

{±↵}

<latexit sha1_base64="+LBN20iXURWmQKEtK1sG5Z9wV5I=">AAAB63icbZC7SgNBFIbPxluMt6iVWDgYBAsJuyJquWBjGcFcIFnC7GSSDJnLMjMbCEtqOxsLRWx9oXQ+hy/gbpJCE38Y+Pj/c5hzThhxZqzrfjm5ldW19Y38ZmFre2d3r7h/UDMq1oRWieJKN0JsKGeSVi2znDYiTbEIOa2Hg7ssrw+pNkzJRzuKaCBwT7IuI9hmVnyBhu1iyS27U6Fl8OZQ8o+e2mpy8l1pFyetjiKxoNISjo1pem5kgwRrywin40IrNjTCZIB7tJmixIKaIJnOOkZnqdNBXaXTJy2aur87EiyMGYkwrRTY9s1ilpn/Zc3Ydm+DhMkotlSS2UfdmCOrULY46jBNieWjFDDRLJ0VkT7WmNj0PIX0CN7iystQuyx71+WrB6/k+zBTHo7hFM7Bgxvw4R4qUAUCfXiGV3hzhPPivDsfs9KcM+85hD9yPn8ARQqRbw==</latexit>u, v
<latexit sha1_base64="RPVNPKwziELHimXjMw1GfO3AJPI=">AAACCHicbVC7SgNBFJ2Nj8T4WrW0cDAIFhp2xVcjLNhYJmAekF3C3ckkGTI7u8zMBkJIaeOv2FgoYusn2PkD4mc4eRQaPXDhzDn3MveeMOFMacf5sDILi0vL2dxKfnVtfWPT3tquqjiVhFZIzGNZD0FRzgStaKY5rSeSQhRyWgt712O/1qdSsVjc6kFCgwg6grUZAW2kpr3ncxAdTnF6hPvYl9MHvsLHPvCkC0274BSdCfBf4s5IwcPlr89c9qzUtN/9VkzSiApNOCjVcJ1EB0OQmhFOR3k/VTQB0oMObRgqIKIqGE4OGeEDo7RwO5amhMYT9efEECKlBlFoOiPQXTXvjcX/vEaq25fBkIkk1VSQ6UftlGMd43EquMUkJZoPDAEimdkVky5IINpklzchuPMn/yXVk6J7XjwtuwXPQ1Pk0C7aR4fIRRfIQzeohCqIoDv0gJ7Qs3VvPVov1uu0NWPNZnbQL1hv3+wkmu8=</latexit>

hu, vi = �↵

Given a spherical         -code, we can 
consider the corresponding Gram 
matrix whose entries consist of all 
pairwise inner products among the 
vectors.

<latexit sha1_base64="xvxIWK69Maab+m4tcYHv4n/Dssw=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoiRT0WvHisYD+gCWWy3bRLdzdhdyPU0F/ixYMiXv0p3vw3btsctPXBwOO9GWbmRSln2njet1Pa2Nza3invVvb2Dw6r7tFxRyeZIrRNEp6oXgSaciZp2zDDaS9VFETEaTea3M797iNVmiXywUxTGgoYSRYzAsZKA7ca5EEqcAA8HQMOZgO35tW9BfA68QtSQwVaA/crGCYkE1QawkHrvu+lJsxBGUY4nVWCTNMUyARGtG+pBEF1mC8On+FzqwxxnChb0uCF+nsiB6H1VES2U4AZ61VvLv7n9TMT34Q5k2lmqCTLRXHGsUnwPAU8ZIoSw6eWAFHM3orJGBQQY7Oq2BD81ZfXSeey7l/VG/eNWrNZxFFGp+gMXSAfXaMmukMt1EYEZegZvaI358l5cd6dj2VrySlmTtAfOJ8/PkiS0w==</latexit>

{±↵} Also, we can consider 
the adjacency matrix 
of the corresponding 
graph.

<latexit sha1_base64="gKpmRYufGXhtIP07sktEjchjjRo="></latexit>

A =

0

@
0 0 0
0 0 1
0 1 0

1

A
<latexit sha1_base64="+LeJm2w4wPCIXKf+J0Ci8fPBgWs="></latexit>

M =

0

@
1 ↵ ↵
↵ 1 �↵
↵ �↵ 1

1

A

<latexit sha1_base64="c6DkPl+13IyK576MMry3KlTRxdc=">AAACEHicbZDLSgMxFIYzXmu9VV26CS1ipbTMFFE3wqgbFYQK9gKdoWTStA3NXEgywjD0EdyIb+LGhSJuXbrr25h2KmjrD4Ev/zmH5PxOwKiQuj7U5uYXFpeWUyvp1bX1jc3M1nZN+CHHpIp95vOGgwRh1CNVSSUjjYAT5DqM1J3+xahevydcUN+7k1FAbBd1PdqhGElltTL7N/AU5o2ihVjQQwdXsAAThNewCMs/l7NWJqeX9LHgLBgTyJlZq/A0NKNKK/NltX0cusSTmCEhmoYeSDtGXFLMyCBthYIECPdRlzQVesglwo7HCw3gnnLasONzdTwJx+7viRi5QkSuozpdJHtiujYy/6s1Q9k5sWPqBaEkHk4e6oQMSh+O0oFtygmWLFKAMKfqrxD3EEdYqgzTKgRjeuVZqJVLxlHp8NbImecgUQrsgizIAwMcAxNcggqoAgwewDN4BW/ao/aivWsfSeucNpnZAX+kfX4Dh+ucIw==</latexit>

M = (1� ↵)I + ↵J � 2↵A



<latexit sha1_base64="c6DkPl+13IyK576MMry3KlTRxdc=">AAACEHicbZDLSgMxFIYzXmu9VV26CS1ipbTMFFE3wqgbFYQK9gKdoWTStA3NXEgywjD0EdyIb+LGhSJuXbrr25h2KmjrD4Ev/zmH5PxOwKiQuj7U5uYXFpeWUyvp1bX1jc3M1nZN+CHHpIp95vOGgwRh1CNVSSUjjYAT5DqM1J3+xahevydcUN+7k1FAbBd1PdqhGElltTL7N/AU5o2ihVjQQwdXsAAThNewCMs/l7NWJqeX9LHgLBgTyJlZq/A0NKNKK/NltX0cusSTmCEhmoYeSDtGXFLMyCBthYIECPdRlzQVesglwo7HCw3gnnLasONzdTwJx+7viRi5QkSuozpdJHtiujYy/6s1Q9k5sWPqBaEkHk4e6oQMSh+O0oFtygmWLFKAMKfqrxD3EEdYqgzTKgRjeuVZqJVLxlHp8NbImecgUQrsgizIAwMcAxNcggqoAgwewDN4BW/ao/aivWsfSeucNpnZAX+kfX4Dh+ucIw==</latexit>

M = (1� ↵)I + ↵J � 2↵A

This equation also allows us to go from a regular graph to a 
corresponding spherical          -code:

<latexit sha1_base64="xvxIWK69Maab+m4tcYHv4n/Dssw=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoiRT0WvHisYD+gCWWy3bRLdzdhdyPU0F/ixYMiXv0p3vw3btsctPXBwOO9GWbmRSln2njet1Pa2Nza3invVvb2Dw6r7tFxRyeZIrRNEp6oXgSaciZp2zDDaS9VFETEaTea3M797iNVmiXywUxTGgoYSRYzAsZKA7ca5EEqcAA8HQMOZgO35tW9BfA68QtSQwVaA/crGCYkE1QawkHrvu+lJsxBGUY4nVWCTNMUyARGtG+pBEF1mC8On+FzqwxxnChb0uCF+nsiB6H1VES2U4AZ61VvLv7n9TMT34Q5k2lmqCTLRXHGsUnwPAU8ZIoSw6eWAFHM3orJGBQQY7Oq2BD81ZfXSeey7l/VG/eNWrNZxFFGp+gMXSAfXaMmukMt1EYEZegZvaI358l5cd6dj2VrySlmTtAfOJ8/PkiS0w==</latexit>

{±↵}

Given a    -regular graph on     vertices whose adjacency matrix      
has second largest eigenvalue     , let                            and 
define      according to the equation.

<latexit sha1_base64="JmzbQd+qOAWm0lBk3EjkplFuj1s=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJu3azSbsboRS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBVcG9f9dgobm1vbO8Xd0t7+weFR+fikrZNMMWyxRCSqG1CNgktsGW4EdlOFNA4EdoLx3dzvPKHSPJEPZpKiH9Oh5BFn1FipGQ7KFbfqLkDWiZeTCuRoDMpf/TBhWYzSMEG17nluavwpVYYzgbNSP9OYUjamQ+xZKmmM2p8uDp2RC6uEJEqULWnIQv09MaWx1pM4sJ0xNSO96s3F/7xeZqJbf8plmhmUbLkoygQxCZl/TUKukBkxsYQyxe2thI2ooszYbEo2BG/15XXSvqp619Vas1ap1/M4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDyj2M7w==</latexit>

d
<latexit sha1_base64="qa+9bxpHl84NlPaumrJGE9qCcVY=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyUoi4LblxWsA9ph5LJZNrQJDMkGaEM/Qo3LhRx6+e4829Mp7PQ1gOBwznnkntPkHCmjet+O6WNza3tnfJuZW//4PCoenzS1XGqCO2QmMeqH2BNOZO0Y5jhtJ8oikXAaS+Y3i783hNVmsXywcwS6gs8lixiBBsrPQ65jYZ41BhVa27dzYHWiVeQGhRoj6pfwzAmqaDSEI61HnhuYvwMK8MIp/PKMNU0wWSKx3RgqcSCaj/LF56jC6uEKIqVfdKgXP09kWGh9UwENimwmehVbyH+5w1SE934GZNJaqgky4+ilCMTo8X1KGSKEsNnlmCimN0VkQlWmBjbUcWW4K2evE66jbp3VW/eN2utVlFHGc7gHC7Bg2towR20oQMEBDzDK7w5ynlx3p2PZbTkFDOn8AfO5w9qp5Ap</latexit>

�2
<latexit sha1_base64="F673W129v1UHykCvmCT18XKYmGE=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotQEWpSiroRCm5cVrAPaEK4mUzboZMHMxOhhC7c+CtuXCji1o9w5984bbPQ6oGBwzn3cOceP+FMKsv6Mgorq2vrG8XN0tb2zu6euX/QkXEqCG2TmMei54OknEW0rZjitJcICqHPadcfX8/87j0VksXRnZok1A1hGLEBI6C05JllB3gyAnyF7bNq3eE6GYBXx6fYPvHMilWz5sB/iZ2TCsrR8sxPJ4hJGtJIEQ5S9m0rUW4GQjHC6bTkpJImQMYwpH1NIwipdLP5EVN8rJUAD2KhX6TwXP2ZyCCUchL6ejIENZLL3kz8z+unanDpZixKUkUjslg0SDlWMZ41ggMmKFF8ogkQwfRfMRmBAKJ0byVdgr188l/Sqdfs81rjtlFpNvM6iqiMjlAV2egCNdENaqE2IugBPaEX9Go8Gs/Gm/G+GC0YeeYQ/YLx8Q17opVs</latexit>

↵ = 1/(2�2 + 1)
<latexit sha1_base64="rzY1yJas3G4tlHAwT2tInx1Wkro=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCFy9CC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+GbmPzyh0jyW92aSoB/RoeQhZ9RYqXnXL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpH1R9S6rtWatUq/ncRThBE7hHDy4gjrcQgNawADhGV7hzXl0Xpx352PRWnDymWP4A+fzB6dhjNg=</latexit>

M

We just need to ensure that      is positive semidefinite!    <latexit sha1_base64="rzY1yJas3G4tlHAwT2tInx1Wkro=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCFy9CC7YW2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBax6gRUo+ASW4YbgZ1EIY0CgQ/B+GbmPzyh0jyW92aSoB/RoeQhZ9RYqXnXL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpH1R9S6rtWatUq/ncRThBE7hHDy4gjrcQgNawADhGV7hzXl0Xpx352PRWnDymWP4A+fzB6dhjNg=</latexit>

M

Necessary condition:  
<latexit sha1_base64="4A3ge1u0GZJSNfD89vY4iWJmulo=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWAR3FiTUtRlwY3LCvYBbQiTyU07dDKJMxOhxC78FTcuFHHrb7jzb5w+Flo9MHA45x7unROknCntOF9WYWl5ZXWtuF7a2Nza3rF391oqySSFJk14IjsBUcCZgKZmmkMnlUDigEM7GF5N/PY9SMUScatHKXgx6QsWMUq0kXz7IMSnuMdNICR+1TC4w+Ks6ttlp+JMgf8Sd07KaI6Gb3/2woRmMQhNOVGq6zqp9nIiNaMcxqVepiAldEj60DVUkBiUl0/vH+Njo4Q4SqR5QuOp+jORk1ipURyYyZjogVr0JuJ/XjfT0aWXM5FmGgSdLYoyjnWCJ2XgkEmgmo8MIVQycyumAyIJ1aaykinBXfzyX9KqVtzzSu2mVq7X53UU0SE6QifIRReojq5RAzURRQ/oCb2gV+vRerberPfZaMGaZ/bRL1gf30jilFo=</latexit>

d� �2  n/2

If                       then                                                 , so there 
exists a spherical          -code of size     in     .

<latexit sha1_base64="um4da7rrSi6/JUmWZddmgtW9Dbo=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBjTUpRV24KLhxWcE+oA1lMpm0QyeTMDMRQqm/4saFIm79EHf+jdM2C209MHA45x7uneMnnCntON9WYW19Y3OruF3a2d3bP7APj9oqTiWhLRLzWHZ9rChngrY005x2E0lx5HPa8ce3M7/zSKVisXjQWUK9CA8FCxnB2kgDuxygc9TnJhDgQQ3dIHFRG9gVp+rMgVaJm5MK5GgO7K9+EJM0okITjpXquU6ivQmWmhFOp6V+qmiCyRgPac9QgSOqvMn8+Ck6NUqAwliaJzSaq78TExwplUW+mYywHqllbyb+5/VSHV57EyaSVFNBFovClCMdo1kTKGCSEs0zQzCRzNyKyAhLTLTpq2RKcJe/vEratap7Wa3f1yuNRl5HEY7hBM7AhStowB00oQUEMniGV3iznqwX6936WIwWrDxThj+wPn8ArByS2g==</latexit>

d� �2 < n/2
<latexit sha1_base64="dipKv91O+paIOcN3RTxOCzlZmpM=">AAACGnicbZDLSgMxFIYzXmu9jbp0EyxCu7DMlKJuhIobN0IFe4G2DJk0bUMzmSE5I5ahz+HGV3HjQhF34sa3MW1noa0/BH6+c06S8/uR4Boc59taWl5ZXVvPbGQ3t7Z3du29/boOY0VZjYYiVE2faCa4ZDXgIFgzUowEvmANf3g1qTfumdI8lHcwilgnIH3Je5wSMMizXYUvcBvYAySKyOE4f1MwQOKTFAaxgLF3mW8Lc2eXeKWCZ+ecojMVXjRuanIoVdWzP9vdkMYBk0AF0brlOhF0EqKAU8HG2XasWUTokPRZy1hJAqY7yXS1MT42pIt7oTJHAp7S3xMJCbQeBb7pDAgM9HxtAv+rtWLonXcSLqMYmKSzh3qxwBDiSU64yxWjIEbGEKq4+SumA6IIBZNm1oTgzq+8aOqlontaLN+Wc5VKGkcGHaIjlEcuOkMVdI2qqIYoekTP6BW9WU/Wi/Vufcxal6x05gD9kfX1A5uYn2A=</latexit>

r = rank(M) = n�multA(�2)
<latexit sha1_base64="xvxIWK69Maab+m4tcYHv4n/Dssw=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoiRT0WvHisYD+gCWWy3bRLdzdhdyPU0F/ixYMiXv0p3vw3btsctPXBwOO9GWbmRSln2njet1Pa2Nza3invVvb2Dw6r7tFxRyeZIrRNEp6oXgSaciZp2zDDaS9VFETEaTea3M797iNVmiXywUxTGgoYSRYzAsZKA7ca5EEqcAA8HQMOZgO35tW9BfA68QtSQwVaA/crGCYkE1QawkHrvu+lJsxBGUY4nVWCTNMUyARGtG+pBEF1mC8On+FzqwxxnChb0uCF+nsiB6H1VES2U4AZ61VvLv7n9TMT34Q5k2lmqCTLRXHGsUnwPAU8ZIoSw6eWAFHM3orJGBQQY7Oq2BD81ZfXSeey7l/VG/eNWrNZxFFGp+gMXSAfXaMmukMt1EYEZegZvaI358l5cd6dj2VrySlmTtAfOJ8/PkiS0w==</latexit>

{±↵} <latexit sha1_base64="OP7r9C8g46JaUCXGyLZpFelpX0Y=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6redbXWrFXq9TyOIpzBOVyCBzdQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A2WWM+Q==</latexit>n
<latexit sha1_base64="yi63l3D5Md9dux8TYeMOp6Dlrfo=">AAAB83icbVDLSgMxFL2pr1pfVZdugkVwVWakqMuCG5dV7AM6Y8mkmTY0kxmSjFCG/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnSATXxnG+UWltfWNzq7xd2dnd2z+oHh51dJwqyto0FrHqBUQzwSVrG24E6yWKkSgQrBtMbnK/+8SU5rF8MNOE+REZSR5ySoyVPC8iZhwE2f3sUQ2qNafuzIFXiVuQGhRoDapf3jCmacSkoYJo3XedxPgZUYZTwWYVL9UsIXRCRqxvqSQR0342zzzDZ1YZ4jBW9kmD5+rvjYxEWk+jwE7mGfWyl4v/ef3UhNd+xmWSGibp4lCYCmxinBeAh1wxasTUEkIVt1kxHRNFqLE1VWwJ7vKXV0nnou5e1ht3jVqzWdRRhhM4hXNw4QqacAstaAOFBJ7hFd5Qil7QO/pYjJZQsXMMf4A+fwBNhZHd</latexit>

Rr

<latexit sha1_base64="OP7r9C8g46JaUCXGyLZpFelpX0Y=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6redbXWrFXq9TyOIpzBOVyCBzdQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A2WWM+Q==</latexit>n

spectral gap/algebraic connectivity



Consequences

Absolute bound:

<latexit sha1_base64="OP7r9C8g46JaUCXGyLZpFelpX0Y=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6redbXWrFXq9TyOIpzBOVyCBzdQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A2WWM+Q==</latexit>n
<latexit sha1_base64="qa+9bxpHl84NlPaumrJGE9qCcVY=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyUoi4LblxWsA9ph5LJZNrQJDMkGaEM/Qo3LhRx6+e4829Mp7PQ1gOBwznnkntPkHCmjet+O6WNza3tnfJuZW//4PCoenzS1XGqCO2QmMeqH2BNOZO0Y5jhtJ8oikXAaS+Y3i783hNVmsXywcwS6gs8lixiBBsrPQ65jYZ41BhVa27dzYHWiVeQGhRoj6pfwzAmqaDSEI61HnhuYvwMK8MIp/PKMNU0wWSKx3RgqcSCaj/LF56jC6uEKIqVfdKgXP09kWGh9UwENimwmehVbyH+5w1SE934GZNJaqgky4+ilCMTo8X1KGSKEsNnlmCimN0VkQlWmBjbUcWW4K2evE66jbp3VW/eN2utVlFHGc7gHC7Bg2towR20oQMEBDzDK7w5ynlx3p2PZbTkFDOn8AfO5w9qp5Ap</latexit>

�2

<latexit sha1_base64="hsoZdSJw2L5ePTTRDmpHih4hfUo="></latexit>

multA(�2)  n�
p
8n+1�1

2 .

Given a regular graph on     vertices with second eigenvalue     ,

Matrix projection(Used in in the context of obtaining better bounds on 
spherical          -codes when             ): For a   -regular graph such that                                     

                               , we have                                          

<latexit sha1_base64="GiKIchpeqHfyW/AH4QCDgccgT2Q=">AAACB3icbVDLSgMxFM3UR2t9jboUJFgEV2Uioi4H3Lizgn1gp5RMmmlDM5lpkhHKMDs3Lv0BP8CNoCJu/QV3/o3pY6GtBy4czrmXe+/xY86UdpxvK7ewuLScL6wUV9fWNzbtre2aihJJaJVEPJINHyvKmaBVzTSnjVhSHPqc1v3++civ31KpWCSu9TCmrRB3BQsYwdpIbXvPwzzuYeh16QB6gcQkRVnqqYHUqcyytl1yys4YcJ6gKSm56OHm8SV/WWnbX14nIklIhSYcK9VETqxbKZaaEU6zopcoGmPSx13aNFTgkKpWOv4jgwdG6cAgkqaEhmP190SKQ6WGoW86Q6x7atYbif95zUQHZ62UiTjRVJDJoiDhUEdwFArsMEmJ5kNDMJHM3ApJD5swtImuaEJAsy/Pk9pRGZ2Uj69QyXXBBAWwC/bBIUDgFLjgAlRAFRBwB57AK3iz7q1n6936mLTmrOnMDvgD6/MHkmKcwQ==</latexit>

↵ � 1p
r

<latexit sha1_base64="xvxIWK69Maab+m4tcYHv4n/Dssw=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoiRT0WvHisYD+gCWWy3bRLdzdhdyPU0F/ixYMiXv0p3vw3btsctPXBwOO9GWbmRSln2njet1Pa2Nza3invVvb2Dw6r7tFxRyeZIrRNEp6oXgSaciZp2zDDaS9VFETEaTea3M797iNVmiXywUxTGgoYSRYzAsZKA7ca5EEqcAA8HQMOZgO35tW9BfA68QtSQwVaA/crGCYkE1QawkHrvu+lJsxBGUY4nVWCTNMUyARGtG+pBEF1mC8On+FzqwxxnChb0uCF+nsiB6H1VES2U4AZ61VvLv7n9TMT34Q5k2lmqCTLRXHGsUnwPAU8ZIoSw6eWAFHM3orJGBQQY7Oq2BD81ZfXSeey7l/VG/eNWrNZxFFGp+gMXSAfXaMmukMt1EYEZegZvaI358l5cd6dj2VrySlmTtAfOJ8/PkiS0w==</latexit>

{±↵}
<latexit sha1_base64="jXnQhK41O7mY94o7XbLfuURKGa0=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ01NJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6gnUYJdpYlaCdLzhFZyx7HtwpFC4+7r+v3vfScjv/2QoimoQoNOVEqabrxNpLidSMchzmWonCmNA+6WLToCAhKi8dDzq0D40T2J1Imie0PXZ/d6QkVGoQ+qYyJLqnZrOR+V/WTHTn3EuZiBONgk4+6iTc1pE92toOmESq+cAAoZKZWW3aI5JQbW6TM0dwZ1eeh9px0T0tnlTcQqkEE2VhHw7gCFw4gxJcQxmqQAHhAZ7g2bq1Hq0X63VSmrGmPbvwR9bbDwQtkM4=</latexit>

d

9

<latexit sha1_base64="RGShlLxsM/XpvXjdp4zvSPw8Gfs=">AAACDnicbVC7TsMwFHXKo6W8AowsFlWlMrQkFa+BIRILYyvRh9RUkeM4rYXjRLZTqar6BSz8CgsDCLEys/EDiM/AfQzQciRLR+fco+t7/IRRqSzr08isrK6tZ3Mb+c2t7Z1dc2+/KeNUYNLAMYtF20eSMMpJQ1HFSDsRBEU+Iy3/7nritwZESBrzWzVMSDdCPU5DipHSkmcWA1iGLtOBAHlVeAVLdtkdIEESSVnMjyGHJ7DqmQWrYk0Bl4k9JwUH1r+/ctmzmmd+uEGM04hwhRmSsmNbieqOkFAUMzLOu6kkCcJ3qEc6mnIUEdkdTc8Zw6JWAhjGQj+u4FT9nRihSMph5OvJCKm+XPQm4n9eJ1XhZXdEeZIqwvFsUZgyqGI46QYGVBCs2FAThAXVf4W4jwTCSjeY1yXYiycvk2a1Yp9XTut2wXHADDlwCI5ACdjgAjjgBtRAA2BwDx7BM3gxHown49V4m41mjHnmAPyB8f4DNQ6b/A==</latexit>

d� �2 < (1� ")n/2
<latexit sha1_base64="nsLnjLq9H4GHDgjol5xb2hM8XWA=">AAACCHicbVC7SgNBFJ2Nj8T4WrW0cDAIsYm78VkGbOxMwDwgG8Ps7E0yZPbhzKwQlpQ2/oqNhSK2foKdPyB+hpNHodEDA4dzzuXOPW7EmVSW9WGk5uYXFtOZpezyyuraurmxWZNhLChUachD0XCJBM4CqCqmODQiAcR3OdTd/vnIr9+CkCwMrtQggpZPugHrMEqUltrmjsN12CPtIna6cIOdSx+6JO9dJ/bB4XC/0DZzVsEaA/8l9pTkSrjy9ZlJH5fb5rvjhTT2IVCUEymbthWpVkKEYpTDMOvEEiJC+6QLTU0D4oNsJeNDhnhPKx7uhEK/QOGx+nMiIb6UA9/VSZ+onpz1RuJ/XjNWnbNWwoIoVhDQyaJOzLEK8agV7DEBVPGBJoQKpv+KaY8IQpXuLqtLsGdP/ktqxYJ9Ujiq6DZKaIIM2ka7KI9sdIpK6AKVURVRdIce0BN6Nu6NR+PFeJ1EU8Z0Zgv9gvH2Ddokmt8=</latexit>

�2 � ⌦(d1/3).



Generalization

What if instead of the adjacency matrix, we consider the 
Laplacian matrix?

<latexit sha1_base64="RzD57/sCZG4sYkk/jxFVzYwjBDg="></latexit>

L =

0

@
1 �1 0
�1 2 �1
0 �1 1

1

AEx:

Let     be the second smallest eigenvalue of    .

1

2

3

<latexit sha1_base64="FYDzXZB4Mp/ooDgIHpoicPG1C7U=">AAAB63icbZDLSgMxFIbPeK31VnWpSLAIrsqMiLosunHZgr1AO5RMmmlDk8yQZIQydOnWjQtF3PoOfQ53PoMvYabtQlt/CHz8/znknBPEnGnjul/O0vLK6tp6biO/ubW9s1vY26/rKFGE1kjEI9UMsKacSVozzHDajBXFIuC0EQxus7zxQJVmkbw3w5j6AvckCxnBJrPaIkGdQtEtuROhRfBmUCwfjavfj8fjSqfw2e5GJBFUGsKx1i3PjY2fYmUY4XSUbyeaxpgMcI+2LEosqPbTyawjdGqdLgojZZ80aOL+7kix0HooAlspsOnr+Swz/8taiQmv/ZTJODFUkulHYcKRiVC2OOoyRYnhQwuYKGZnRaSPFSbGnidvj+DNr7wI9fOSd1m6qHrF8g1MlYNDOIEz8OAKynAHFagBgT48wQu8OsJ5dt6c92npkjPrOYA/cj5+AKRBkbE=</latexit>µ
<latexit sha1_base64="paDKjSWeQ8WjHrS5wT48s690cBs=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8UgWIVdEbURgzYWFgmYCyRLmJ2cTcbMzi4zs0IIeQIbC0Vs9WHsbcS3cXIpNPGHgY//P4c55wQJZ0q77reVWVhcWl7Jrtpr6xubW7ntnaqKU0mxQmMey3pAFHImsKKZ5lhPJJIo4FgLelejvHaPUrFY3Op+gn5EOoKFjBJtrPJNK5d3C+5Yzjx4U8hffNjnyfuXXWrlPpvtmKYRCk05UarhuYn2B0RqRjkO7WaqMCG0RzrYMChIhMofjAcdOgfGaTthLM0T2hm7vzsGJFKqHwWmMiK6q2azkflf1kh1eOYPmEhSjYJOPgpT7ujYGW3ttJlEqnnfAKGSmVkd2iWSUG1uY5sjeLMrz0P1qOCdFI7LXr54CRNlYQ/24RA8OIUiXEMJKkAB4QGe4Nm6sx6tF+t1Upqxpj278EfW2w8GXZAX</latexit>

L

If a graph is   -regular then                   , so                   .<latexit sha1_base64="JmzbQd+qOAWm0lBk3EjkplFuj1s=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJu3azSbsboRS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBVcG9f9dgobm1vbO8Xd0t7+weFR+fikrZNMMWyxRCSqG1CNgktsGW4EdlOFNA4EdoLx3dzvPKHSPJEPZpKiH9Oh5BFn1FipGQ7KFbfqLkDWiZeTCuRoDMpf/TBhWYzSMEG17nluavwpVYYzgbNSP9OYUjamQ+xZKmmM2p8uDp2RC6uEJEqULWnIQv09MaWx1pM4sJ0xNSO96s3F/7xeZqJbf8plmhmUbLkoygQxCZl/TUKukBkxsYQyxe2thI2ooszYbEo2BG/15XXSvqp619Vas1ap1/M4inAG53AJHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDyj2M7w==</latexit>

d
<latexit sha1_base64="5jAPFApOuNrRZXZoHNbvICfINyk=">AAAB8nicbVBNSwMxEJ31s9avqkcvwSJ4sexKUS9CxYuChwr2A7ZLyWbTNjSbLElWKEt/hhcPinj113jz35i2e9DWBwOP92aYmRcmnGnjut/O0vLK6tp6YaO4ubW9s1va229qmSpCG0Ryqdoh1pQzQRuGGU7biaI4DjlthcObid96okozKR7NKKFBjPuC9RjBxkr+PbpCEbpDp+i6Wyq7FXcKtEi8nJQhR71b+upEkqQxFYZwrLXvuYkJMqwMI5yOi51U0wSTIe5T31KBY6qDbHryGB1bJUI9qWwJg6bq74kMx1qP4tB2xtgM9Lw3Ef/z/NT0LoOMiSQ1VJDZol7KkZFo8j+KmKLE8JElmChmb0VkgBUmxqZUtCF48y8vkuZZxTuvVB+q5Votj6MAh3AEJ+DBBdTgFurQAAISnuEV3hzjvDjvzsesdcnJZw7gD5zPHx8gjzM=</latexit>

L = dI �A

Note that     is always the smallest eigenvalue with the all ones 
vector as a corresponding eigenvector.

<latexit sha1_base64="2wbnZ4hFjUDr9OcAPAZc4Dlvn3w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W962qtWavU63kcRTiDc7gED26gDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBe22Muw==</latexit>

0

<latexit sha1_base64="E7fuR7W2/Th18wSi5cBP44O/VdM=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHcWJJS1I1QcOOygn1AE8JkMmmHzkzCzEQIof6KGxeKuPVD3Pk3TtsstPXAwOGce7h3TpgyqrTjfFtr6xubW9uVneru3v7BoX103FNJJjHp4oQlchAiRRgVpKupZmSQSoJ4yEg/nNzO/P4jkYom4kHnKfE5GgkaU4y0kQK75vEM3sAIXkCPmViEgmZg152GMwdcJW5J6qBEJ7C/vCjBGSdCY4aUGrpOqv0CSU0xI9OqlymSIjxBIzI0VCBOlF/Mj5/CM6NEME6keULDufo7USCuVM5DM8mRHqtlbyb+5w0zHV/7BRVpponAi0VxxqBO4KwJGFFJsGa5IQhLam6FeIwkwtr0VTUluMtfXiW9ZsO9bLTuW/V2u6yjAk7AKTgHLrgCbXAHOqALMMjBM3gFb9aT9WK9Wx+L0TWrzNTAH1ifP1YRk0o=</latexit>

µ = d� �2

Define                                .
<latexit sha1_base64="xwd7JZ4AorYvNJI1Sk1sungC0pQ=">AAAB/HicbVDLSgMxFM3UV62v0S7dBIsgiGWmFHUjFNyoKFSwD2iHkkkzbWiSGZKMMAz1V9y4UMStH+LOvzFtZ6GtBy4czrmXe+/xI0aVdpxvK7e0vLK6ll8vbGxube/Yu3tNFcYSkwYOWSjbPlKEUUEammpG2pEkiPuMtPzR5cRvPRKpaCgedBIRj6OBoAHFSBupZxfv4AW8gcewcgtPYKXLY3jds0tO2ZkCLhI3IyWQod6zv7r9EMecCI0ZUqrjOpH2UiQ1xYyMC91YkQjhERqQjqECcaK8dHr8GB4apQ+DUJoSGk7V3xMp4kol3DedHOmhmvcm4n9eJ9bBuZdSEcWaCDxbFMQM6hBOkoB9KgnWLDEEYUnNrRAPkURYm7wKJgR3/uVF0qyU3dNy9b5aqtWyOPJgHxyAI+CCM1ADV6AOGgCDBDyDV/BmPVkv1rv1MWvNWdlMEfyB9fkD3MuRsw==</latexit>

M = J + 2L� 2µI

spectral gap/algebraic connectivity



Generalization
<latexit sha1_base64="xwd7JZ4AorYvNJI1Sk1sungC0pQ=">AAAB/HicbVDLSgMxFM3UV62v0S7dBIsgiGWmFHUjFNyoKFSwD2iHkkkzbWiSGZKMMAz1V9y4UMStH+LOvzFtZ6GtBy4czrmXe+/xI0aVdpxvK7e0vLK6ll8vbGxube/Yu3tNFcYSkwYOWSjbPlKEUUEammpG2pEkiPuMtPzR5cRvPRKpaCgedBIRj6OBoAHFSBupZxfv4AW8gcewcgtPYKXLY3jds0tO2ZkCLhI3IyWQod6zv7r9EMecCI0ZUqrjOpH2UiQ1xYyMC91YkQjhERqQjqECcaK8dHr8GB4apQ+DUJoSGk7V3xMp4kol3DedHOmhmvcm4n9eJ9bBuZdSEcWaCDxbFMQM6hBOkoB9KgnWLDEEYUnNrRAPkURYm7wKJgR3/uVF0qyU3dNy9b5aqtWyOPJgHxyAI+CCM1ADV6AOGgCDBDyDV/BmPVkv1rv1MWvNWdlMEfyB9fkD3MuRsw==</latexit>

M = J + 2L� 2µI
<latexit sha1_base64="RzD57/sCZG4sYkk/jxFVzYwjBDg="></latexit>

L =

0

@
1 �1 0
�1 2 �1
0 �1 1

1

AEx:
1

2

3

<latexit sha1_base64="g9N/wxM5ec918/m/B00mFImZvrQ=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqBch4MVjBPOAZAmzk9lkyMzsMtMrhJCP8OJBEa9+jzf/xkmyB00saCiquunuilIpLPr+t1dYW9/Y3Cpul3Z29/YPyodHTZtkhvEGS2Ri2hG1XArNGyhQ8nZqOFWR5K1odDfzW0/cWJHoRxynPFR0oEUsGEUntboqI7ck6JUrftWfg6ySICcVyFHvlb+6/YRlimtkklrbCfwUwwk1KJjk01I3szylbEQHvOOoporbcDI/d0rOnNIncWJcaSRz9ffEhCprxypynYri0C57M/E/r5NhfBNOhE4z5JotFsWZJJiQ2e+kLwxnKMeOUGaEu5WwITWUoUuo5EIIll9eJc2LanBVvXy4rNRqeRxFOIFTOIcArqEG91CHBjAYwTO8wpuXei/eu/exaC14+cwx/IH3+QMBJo6z</latexit>

µ = 1

<latexit sha1_base64="7TtjtSyO6IQrYxQNRVFy0aYn5ns="></latexit>

M =

0

@
1 �1 1
�1 3 �1
1 �1 1

1

A

If                 then      is positive semidefinite and 

                                              , so      is the Gram matrix of     
vectors in     !

<latexit sha1_base64="nrGkYzP1pqLObmReVnTxqOuK3FI=">AAAB8HicbZDLSgMxFIbP1Futt6pLN6FFEIQ6U0RduBh047KCvUhnKJk0bUOTzJBkhFL6FLpwoYhbH8dd38b0stDWHwIf/38OOedECWfauO7Yyaysrq1vZDdzW9s7u3v5/YOajlNFaJXEPFaNCGvKmaRVwwynjURRLCJO61H/dpLXn6jSLJYPZpDQUOCuZB1GsLHWYyBSdI3kWbmVL7oldyq0DN4cin4hOH0Z+4NKK/8dtGOSCioN4VjrpucmJhxiZRjhdJQLUk0TTPq4S5sWJRZUh8PpwCN0bJ026sTKPmnQ1P3dMcRC64GIbKXApqcXs4n5X9ZMTecqHDKZpIZKMvuok3JkYjTZHrWZosTwgQVMFLOzItLDChNjb5SzR/AWV16GWrnkXZTO772ifwMzZeEICnACHlyCD3dQgSoQEPAMb/DuKOfV+XA+Z6UZZ95zCH/kfP0AWRuScg==</latexit>

µ < n/2
<latexit sha1_base64="ri4fWNOlsLvY5EKiO9ajIPohY8I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAe9CAmYBZIh9HRqktaenqG7R4hDnsCLB0W8+gA+hU/gzaNvYmc5aOIPDR//X0VXlR9zprTjfFmZufmFxaXscm5ldW19I7+5VVNRIilWacQj2fCJQs4EVjXTHBuxRBL6HOv+7fkwr9+hVCwS17ofoxeSrmABo0Qbq3LVzhecojOSPQvuBApnH/ffF+87abmd/2x1IpqEKDTlRKmm68TaS4nUjHIc5FqJwpjQW9LFpkFBQlReOhp0YO8bp2MHkTRPaHvk/u5ISahUP/RNZUh0T01nQ/O/rJno4NRLmYgTjYKOPwoSbuvIHm5td5hEqnnfAKGSmVlt2iOSUG1ukzNHcKdXnoXaYdE9Lh5V3EKpBGNlYRf24ABcOIESXEIZqkAB4QGe4Nm6sR6tF+t1XJqxJj3b8EfW2w/hQpC3</latexit>

M
<latexit sha1_base64="SGFf/4A1NZk+ng5omUS5BaHpIf4=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simjnC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxNVkNg=</latexit>n

<latexit sha1_base64="43GoF5fgASY3ns+yiTs3gEqmxTI=">AAAB83icbVDLSgMxFL1TX7W+6mPnJlgEV2VGRN1ZcKHLKvYBnbFk0kwbmskMSUaoQ3/DjQtF3OpX+AXuXPonZtoutPVA4HDOvdyT48ecKW3bX1Zubn5hcSm/XFhZXVvfKG5u1VWUSEJrJOKRbPpYUc4ErWmmOW3GkuLQ57Th988zv3FHpWKRuNGDmHoh7goWMIK1kVw3xLrn++n18Fa2iyW7bI+AZokzIaWzj/vvi/edtNoufrqdiCQhFZpwrFTLsWPtpVhqRjgdFtxE0RiTPu7SlqECh1R56SjzEO0bpYOCSJonNBqpvzdSHCo1CH0zmWVU014m/ue1Eh2ceikTcaKpIONDQcKRjlBWAOowSYnmA0MwkcxkRaSHJSba1FQwJTjTX54l9cOyc1w+unJKlQqMkYdd2IMDcOAEKnAJVagBgRge4AmercR6tF6s1/FozprsbMMfWG8/h2aVvA==</latexit>

Rr

<latexit sha1_base64="3hZy3F5XFW3hKwm4HUoBizxaFoU="></latexit>

r = rank(M) = n�multL(µ)
<latexit sha1_base64="ri4fWNOlsLvY5EKiO9ajIPohY8I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAe9CAmYBZIh9HRqktaenqG7R4hDnsCLB0W8+gA+hU/gzaNvYmc5aOIPDR//X0VXlR9zprTjfFmZufmFxaXscm5ldW19I7+5VVNRIilWacQj2fCJQs4EVjXTHBuxRBL6HOv+7fkwr9+hVCwS17ofoxeSrmABo0Qbq3LVzhecojOSPQvuBApnH/ffF+87abmd/2x1IpqEKDTlRKmm68TaS4nUjHIc5FqJwpjQW9LFpkFBQlReOhp0YO8bp2MHkTRPaHvk/u5ISahUP/RNZUh0T01nQ/O/rJno4NRLmYgTjYKOPwoSbuvIHm5td5hEqnnfAKGSmVlt2iOSUG1ukzNHcKdXnoXaYdE9Lh5V3EKpBGNlYRf24ABcOIESXEIZqkAB4QGe4Nm6sR6tF+t1XJqxJj3b8EfW2w/hQpC3</latexit>

M

These vectors are equioverlapping, i.e. the absolute value of 
the inner product of any pair is the same.

<latexit sha1_base64="GT71ZEXlIKaF3MkYL2PovMgbVBU=">AAACD3icbVA9SwNBFNyL3/ErainIYlAsJNyJqI0QsLERFIwKSQh7m3e6Zm/33H0nhjOVrY0/wb9gY6GIra2dP8XOy8VCjVMNM+/x5o0fSWHRdT+c3MDg0PDI6Fh+fGJyarowM3tkdWw4VLiW2pz4zIIUCiooUMJJZICFvoRjv7XT9Y8vwVih1SG2I6iH7FSJQHCGqdQoLF/vNRKxet65ptvUozWEK0xooA1lUtIOFTUFF/S8USi6JTcD7SfeNymWF+9vPheaer9ReK81NY9DUMgls7bquRHWE2ZQcAmdfC22EDHeYqdQTaliIdh6kv3ToUup0sxCBFohzdSfGwkLrW2HfjoZMjyzf72u+J9XjTHYqidCRTGC4r1DQSwpatothzaFAY6ynRLGjUizUn7GDOOYVphPS/D+vtxPjtZK3kZp/cArlsukh1EyTxbJCvHIJimTXbJPKoSTW/JAnsizc+c8Oi/Oa28053zvzJFfcN6+AG6bnrA=</latexit>

|Mi,j | = 1 for all i 6= j



Equioverlapping vectors are a generalization of spherical     

         -codes, where the lengths of the vectors are allowed to 
vary.

<latexit sha1_base64="xvxIWK69Maab+m4tcYHv4n/Dssw=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoiRT0WvHisYD+gCWWy3bRLdzdhdyPU0F/ixYMiXv0p3vw3btsctPXBwOO9GWbmRSln2njet1Pa2Nza3invVvb2Dw6r7tFxRyeZIrRNEp6oXgSaciZp2zDDaS9VFETEaTea3M797iNVmiXywUxTGgoYSRYzAsZKA7ca5EEqcAA8HQMOZgO35tW9BfA68QtSQwVaA/crGCYkE1QawkHrvu+lJsxBGUY4nVWCTNMUyARGtG+pBEF1mC8On+FzqwxxnChb0uCF+nsiB6H1VES2U4AZ61VvLv7n9TMT34Q5k2lmqCTLRXHGsUnwPAU8ZIoSw6eWAFHM3orJGBQQY7Oq2BD81ZfXSeey7l/VG/eNWrNZxFFGp+gMXSAfXaMmukMt1EYEZegZvaI358l5cd6dj2VrySlmTtAfOJ8/PkiS0w==</latexit>

{±↵}

Problem: Determine the maximum size of a list of 
equioverlapping vectors in     

<latexit sha1_base64="tfbwA+FiaZt59Fblv2N4oiZ8+KA="></latexit>

Rr

Generalization of the absolute bound: The maximum number 
is at most          .

<latexit sha1_base64="y8XGwiDI36bNQNt4MbblhRQjXyY=">AAAB9XicbVC7SgNBFJ2NRmN8RS1tBoMgCGE3iFou2FhGMA9I1jA7mU2GzGOZmVXCsq3fYKGFIlaC/2Lnh9g7eRSaeODC4Zx7ufeeMGZUG9f9cnJLy/mV1cJacX1jc2u7tLPb0DJRmNSxZFK1QqQJo4LUDTWMtGJFEA8ZaYbDi7HfvCVKUymuzSgmAUd9QSOKkbHSTSekQvJUHXtZWs26pbJbcSeAi8SbkbK/8vgt3u/ztW7ps9OTOOFEGMyQ1m3PjU2QImUoZiQrdhJNYoSHqE/algrEiQ7SydUZPLRKD0ZS2RIGTtTfEyniWo94aDs5MgM9743F/7x2YqLzIKUiTgwReLooShg0Eo4jgD2qCDZsZAnCitpbIR4ghbCxQRVtCN78y4ukUa14p5WTK6/s+2CKAtgHB+AIeOAM+OAS1EAdYKDAA3gGL86d8+S8Om/T1pwzm9kDf+B8/AANj5Xn</latexit>�r+1
2

�

By rescaling the vectors, we will assume WLOG that all 
pairwise inner products are      .<latexit sha1_base64="Pmqf1QyWMdlVz0NrWbDY39n0CTU=">AAAB7HicbZA9SwNBEIbnotEYv6KWNotBsAp3Imp5YGMZwUsCyRH2NnvJkt29Y3dPCEdaWxsLRW2t/DV2/hB7Nx+FJr6w8PC+M+zMRCln2rjul1NYWS2urZc2yptb2zu7lb39hk4yRWhAEp6oVoQ15UzSwDDDaStVFIuI02Y0vJrkzTuqNEvkrRmlNBS4L1nMCDbWCjqpQF63UnVr7lRoGbw5VP2112/5cV+sdyufnV5CMkGlIRxr3fbc1IQ5VoYRTsflTqZpiskQ92nbosSC6jCfDjtGx9bpoThR9kmDpu7vjhwLrUcispUCm4FezCbmf1k7M/FlmDOZZoZKMvsozjgyCZpsjnpMUWL4yAImitlZERlghYmx9ynbI3iLKy9D47TmndfObryq78NMJTiEIzgBDy7Ah2uoQwAEGDzAEzw70nl0Xpy3WWnBmfccwB857z/OvJG2</latexit>±1

none of which have unit length.

Very recently, equioverlapping measurements have been 
studied in quantum information theory, see papers by Feng, 
Lou, Zhao, Gun!



Given a graph on     vertices whose Laplacian has second 
eigenvalue     and min degree    such that           and 

Consequences for Laplacians
<latexit sha1_base64="xwd7JZ4AorYvNJI1Sk1sungC0pQ=">AAAB/HicbVDLSgMxFM3UV62v0S7dBIsgiGWmFHUjFNyoKFSwD2iHkkkzbWiSGZKMMAz1V9y4UMStH+LOvzFtZ6GtBy4czrmXe+/xI0aVdpxvK7e0vLK6ll8vbGxube/Yu3tNFcYSkwYOWSjbPlKEUUEammpG2pEkiPuMtPzR5cRvPRKpaCgedBIRj6OBoAHFSBupZxfv4AW8gcewcgtPYKXLY3jds0tO2ZkCLhI3IyWQod6zv7r9EMecCI0ZUqrjOpH2UiQ1xYyMC91YkQjhERqQjqECcaK8dHr8GB4apQ+DUJoSGk7V3xMp4kol3DedHOmhmvcm4n9eJ9bBuZdSEcWaCDxbFMQM6hBOkoB9KgnWLDEEYUnNrRAPkURYm7wKJgR3/uVF0qyU3dNy9b5aqtWyOPJgHxyAI+CCM1ADV6AOGgCDBDyDV/BmPVkv1rv1MWvNWdlMEfyB9fkD3MuRsw==</latexit>

M = J + 2L� 2µI

Absolute bound*:

<latexit sha1_base64="OP7r9C8g46JaUCXGyLZpFelpX0Y=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6redbXWrFXq9TyOIpzBOVyCBzdQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A2WWM+Q==</latexit>n

Matrix projection: If the graph has average degree     and max 
degree     such that                         and

then

<latexit sha1_base64="FYDzXZB4Mp/ooDgIHpoicPG1C7U=">AAAB63icbZDLSgMxFIbPeK31VnWpSLAIrsqMiLosunHZgr1AO5RMmmlDk8yQZIQydOnWjQtF3PoOfQ53PoMvYabtQlt/CHz8/znknBPEnGnjul/O0vLK6tp6biO/ubW9s1vY26/rKFGE1kjEI9UMsKacSVozzHDajBXFIuC0EQxus7zxQJVmkbw3w5j6AvckCxnBJrPaIkGdQtEtuROhRfBmUCwfjavfj8fjSqfw2e5GJBFUGsKx1i3PjY2fYmUY4XSUbyeaxpgMcI+2LEosqPbTyawjdGqdLgojZZ80aOL+7kix0HooAlspsOnr+Swz/8taiQmv/ZTJODFUkulHYcKRiVC2OOoyRYnhQwuYKGZnRaSPFSbGnidvj+DNr7wI9fOSd1m6qHrF8g1MlYNDOIEz8OAKynAHFagBgT48wQu8OsJ5dt6c92npkjPrOYA/cj5+AKRBkbE=</latexit>µ

<latexit sha1_base64="BR2q7KXKJ97jNITUGk+sqYX2LTA="></latexit>

multL(µ)  n�
p
8n+9�1

2 .

<latexit sha1_base64="Y5LFs77j3py/rOh9RGx+8HZcbWc=">AAAB83icbVDLSsNAFL2pr1pf9bFzEyyCq5KIqDsLLnRZwT6gCWUymbRDJzNhZiLU0N9w40IRt/oVfoE7l/6Jk7YLbT0wcDjnHu6dEySMKu04X1ZhYXFpeaW4Wlpb39jcKm/vNJVIJSYNLJiQ7QApwignDU01I+1EEhQHjLSCwWXut+6IVFTwWz1MiB+jHqcRxUgbyfOEMfNsFo665YpTdcaw54k7JZWLj/vvq/e9rN4tf3qhwGlMuMYMKdVxnUT7GZKaYkZGJS9VJEF4gHqkYyhHMVF+Nr55ZB8aJbQjIc3j2h6rvxMZipUaxoGZjJHuq1kvF//zOqmOzv2M8iTVhOPJoihlthZ2XoAdUkmwZkNDEJbU3GrjPpIIa1NTyZTgzn55njSPq+5p9eTGrdRqMEER9uEAjsCFM6jBNdShARgSeIAneLZS69F6sV4nowVrmtmFP7DefgDdS5X0</latexit>

d
<latexit sha1_base64="/1gdwtXde+0D1Ql9o5VrAI76q20=">AAAB7XicbZDLSgMxFIYz9VbrrV52boJFcFVmRNSdBQVdVrAXaIeSSc+0sZlkSDJCHfoOblwo4tadT+ETuHPpm5heFtr6Q+Dj/88h55wg5kwb1/1yMnPzC4tL2eXcyura+kZ+c6uqZaIoVKjkUtUDooEzARXDDId6rIBEAYda0Dsf5rU7UJpJcWP6MfgR6QgWMkqMtarNC+CGtPIFt+iOhGfBm0Dh7OP++/J9Jy238p/NtqRJBMJQTrRueG5s/JQowyiHQa6ZaIgJ7ZEONCwKEoH209G0A7xvnTYOpbJPGDxyf3ekJNK6HwW2MiKmq6ezoflf1khMeOqnTMSJAUHHH4UJx0bi4eq4zRRQw/sWCFXMzopplyhCjT1Qzh7Bm155FqqHRe+4eHTtFUolNFYW7aI9dIA8dIJK6AqVUQVRdIse0BN6dqTz6Lw4r+PSjDPp2UZ/5Lz9AJzBkuI=</latexit>

�

<latexit sha1_base64="FQJYLi3K6ohISryT57h0GedVC3w=">AAACFXicbVDLSsNAFJ34rPUVdelmsAgKWhPfy4Ibd1qwKjSxTKa37dCZJM5MhBLyE278FTcuFHEruPMHxM9w0nbh68DA4Zx7uHNPEHOmtOO8WyOjY+MTk4Wp4vTM7Ny8vbB4rqJEUqjRiEfyMiAKOAuhppnmcBlLICLgcBF0j3L/4gakYlF4pnsx+IK0Q9ZilGgjNewNLzJ2nk6bGd7Enkiw14Zr7J0IaJO1XLhK3a2dDK+XG3bJKTt94L/EHZJSBVc/PwqTe6cN+81rRjQREGrKiVJ114m1nxKpGeWQFb1EQUxol7ShbmhIBCg/7V+V4VWjNHErkuaFGvfV74mUCKV6IjCTguiO+u3l4n9ePdGtQz9lYZxoCOlgUSvhWEc4rwg3mQSqec8QQiUzf8W0QySh2hRZNCW4v0/+S863y+5+ebfqlioVNEABLaMVtIZcdIAq6Bidohqi6Bbdo0f0ZN1ZD9az9TIYHbGGmSX0A9brF2MYn/U=</latexit>

d� µ � ⌦(µ1/3).

<latexit sha1_base64="XrQ7kzEehLmCkfWalU5iIOt91xg=">AAACBHicbVC7TgJBFJ3FB4ivVUuaicQEC3GX+CpJbCwhkUfCEjI7XGDC7Ow6M0tCCIWNv2JjoTG2foSdP2D8DIdHoeBJbnJyzr259x4/4kxpx/m0Eiura+vJ1EZ6c2t7Z9fe26+qMJYUKjTkoaz7RAFnAiqaaQ71SAIJfA41v3898WsDkIqF4lYPI2gGpCtYh1GijdSyM14QY4/DHc65J96ASIgU46E4FqeFlp118s4UeJm4c5It4vL3Vyp5XmrZH147pHEAQlNOlGq4TqSbIyI1oxzGaS9WEBHaJ11oGCpIAKo5mj4xxkdGaeNOKE0Jjafq74kRCZQaBr7pDIjuqUVvIv7nNWLduWqOmIhiDYLOFnVijnWIJ4ngNpNANR8aQqhk5lZMe0QSqk1uaROCu/jyMqkW8u5F/qxs0iiiGVIogw5RDrnoEhXRDSqhCqLoHj2iZ/RiPVhP1qv1NmtNWPOZA/QH1vsPmHCZuA==</latexit>

µ  (1� ")n/2
<latexit sha1_base64="mfJsGyUhbkAAxHLsdNuoocVmzJc="></latexit>

(d� µ)(� � µ)2 � "(�� µ)

<latexit sha1_base64="GJaPQU63vQN5ASsjbPwM4KdCO9M=">AAAB7XicbZDLSgMxFIYz9VbrrV52boJFcFVmRNSdBRe6rGAv0A4lkznTxmaSIckIdeg7uHGhiFt3PoVP4M6lb2J6WWj1h8DH/59DzjlBwpk2rvvp5ObmFxaX8suFldW19Y3i5lZdy1RRqFHJpWoGRANnAmqGGQ7NRAGJAw6NoH8+yhu3oDST4toMEvBj0hUsYpQYa9XbIXBDOsWSW3bHwn/Bm0Lp7P3u6+JtJ6t2ih/tUNI0BmEoJ1q3PDcxfkaUYZTDsNBONSSE9kkXWhYFiUH72XjaId63TogjqewTBo/dnx0ZibUexIGtjInp6dlsZP6XtVITnfoZE0lqQNDJR1HKsZF4tDoOmQJq+MACoYrZWTHtEUWosQcq2CN4syv/hfph2TsuH115pUoFTZRHu2gPHSAPnaAKukRVVEMU3aB79IieHOk8OM/Oy6Q050x7ttEvOa/fzcGTAg==</latexit>

�
<latexit sha1_base64="22QdAUCoZyUj3gR5wvzCfGxmH2k=">AAAB83icbVDJSgNBEO1xjXGLehIPNgbBU5gRUU8y4MVjBLNAZgg9PT1Jk16GXoQQcvYPvHhQxKs/k5vf4Q/YWQ6a+KDg8V4VVfWSnFFtfP/LW1peWV1bL2wUN7e2d3ZLe/t1La3CpIYlk6qZIE0YFaRmqGGkmSuCeMJII+ndjv3GI1GaSvFg+jmJOeoImlGMjJOiKCXMIHgDI27bpbJf8SeAiySYkXJ4+NSWo+Pvars0ilKJLSfCYIa0bgV+buIBUoZiRobFyGqSI9xDHdJyVCBOdDyY3DyEp05JYSaVK2HgRP09MUBc6z5PXCdHpqvnvbH4n9eyJruOB1Tk1hCBp4syy6CRcBwATKki2LC+Iwgr6m6FuIsUwsbFVHQhBPMvL5L6eSW4rFzcB+UwBFMUwBE4AWcgAFcgBHegCmoAgxw8g1fw5lnvxXv3PqatS95s5gD8gff5A+6KlKo=</latexit>

� > µ
<latexit sha1_base64="L40zlIPT+1I0iriorQsbBJfZjSQ=">AAAB8HicbZDLSgMxFIbP1EtrvVVdugkWwVWdKd4WLgbcuGzBXqQdSibNtKFJZkgyQil9CjcuFHHr47jzBcTHML0stPWHwMf/n0POOWHCmTau++lkVlbX1rO5jfzm1vbObmFvv67jVBFaIzGPVTPEmnImac0ww2kzURSLkNNGOLiZ5I0HqjSL5Z0ZJjQQuCdZxAg21rpvixRdI3la7hSKbsmdCi2DN4eij6rfX7nseaVT+Gh3Y5IKKg3hWOuW5yYmGGFlGOF0nG+nmiaYDHCPtixKLKgORtOBx+jYOl0Uxco+adDU/d0xwkLroQhtpcCmrxeziflf1kpNdBWMmExSQyWZfRSlHJkYTbZHXaYoMXxoARPF7KyI9LHCxNgb5e0RvMWVl6FeLnkXpbOqV/R9mCkHh3AEJ+DBJfhwCxWoAQEBj/AML45ynpxX521WmnHmPQfwR877D/UCkiQ=</latexit>

µ < n/2



Let    be the minimum degree of the graph. Fiedler (implicitly) 
showed that            whenever the graph is not complete.

Further questions we answered

Question: What do the graphs that satisfy            look like?

<latexit sha1_base64="vNl6r6MPAWemkWSmMF3ooZwyAEE=">AAAB7nicbZC7SgNBFIbPxluMt3jpbBaDYBV2RdTOgIWWEcwFkiXMTmaTIbOzy8xZIS55CBsLRWytfAqfwM7SN3E2SaGJPwx8/P85zDnHjwXX6DhfVm5hcWl5Jb9aWFvf2Nwqbu/UdZQoymo0EpFq+kQzwSWrIUfBmrFiJPQFa/iDyyxv3DGleSRvcRgzLyQ9yQNOCRqr0e4ygaTQKZacsjOWPQ/uFEoXH/ffV+97abVT/Gx3I5qETCIVROuW68TopUQhp4KNCu1Es5jQAemxlkFJQqa9dDzuyD40TtcOImWeRHvs/u5ISaj1MPRNZUiwr2ezzPwvayUYnHspl3GCTNLJR0EibIzsbHe7yxWjKIYGCFXczGrTPlGEorlQdgR3duV5qB+X3dPyyY1bqlRgojzswwEcgQtnUIFrqEINKAzgAZ7g2YqtR+vFep2U5qxpzy78kfX2AwRMkxY=</latexit>

�
<latexit sha1_base64="zdRcianW7ij7Gz8hfzLIoQ30WjA=">AAAB+HicbVDLSsNAFJ34rPXRqCtx4WARXJVERF0G3LisYB/QhDCZ3LRDJw9nJkINXfsRblwo4tZP6c7v8AecPhbaeuDC4Zx7ufeeIONMKsv6MpaWV1bX1ksb5c2t7Z2KubvXlGkuKDRoylPRDogEzhJoKKY4tDMBJA44tIL+9dhvPYCQLE3u1CADLybdhEWMEqUl36y4IXBFsNuFe+zGuW9WrZo1AV4k9oxUnYMnPx0dfdd9c+SGKc1jSBTlRMqObWXKK4hQjHIYlt1cQkZon3Sho2lCYpBeMTl8iE+0EuIoFboShSfq74mCxFIO4kB3xkT15Lw3Fv/zOrmKrryCJVmuIKHTRVHOsUrxOAUcMgFU8YEmhAqmb8W0RwShSmdV1iHY8y8vkuZZzb6ond/aVcdBU5TQITpGp8hGl8hBN6iOGoiiHD2jV/RmPBovxrvxMW1dMmYz++gPjM8f8pGWVA==</latexit>

� � µ

<latexit sha1_base64="2c/mGIn0wVkHlDO+EDS6AYuDTLY=">AAAB83icbVDJSgNBEO1xjXGLehIPNgbBU5gRUS/CgBePEcwCmSH09PQkTXoZehFCyNk/8OJBEa/+TG5+hz9gZzlo4oOCx3tVVNVLcka18f0vb2l5ZXVtvbBR3Nza3tkt7e3XtbQKkxqWTKpmgjRhVJCaoYaRZq4I4gkjjaR3O/Ybj0RpKsWD6eck5qgjaEYxMk6KopQwg+ANjLhtl8p+xZ8ALpJgRsrh4VNbjo6/q+3SKEoltpwIgxnSuhX4uYkHSBmKGRkWI6tJjnAPdUjLUYE40fFgcvMQnjolhZlUroSBE/X3xABxrfs8cZ0cma6e98bif17Lmuw6HlCRW0MEni7KLINGwnEAMKWKYMP6jiCsqLsV4i5SCBsXU9GFEMy/vEjq55XgsnJxH5TDEExRAEfgBJyBAFyBENyBKqgBDHLwDF7Bm2e9F+/d+5i2LnmzmQPwB97nD+0ClKk=</latexit>

� = µ

Answer: They must be the disjoint union of three sets of 
vertices              such that     is a nonempty independent set,

           , all edges between     and    are present, all edges 
between     and     are present, and no edges between     and 

   are present.

<latexit sha1_base64="Lj6WPA5OYyhrDCathdZ7MerjvKo=">AAAB7nicbZDLSgMxFIbP1Futt6orcWGwCC5KmRFRlwNuXFawF22HkknTNjSTDElGKEPXrt24UMStz9Odz+ELmF4W2vpD4OP/zyHnnDDmTBvX/XIyS8srq2vZ9dzG5tb2Tn53r6plogitEMmlqodYU84ErRhmOK3HiuIo5LQW9q/Hee2RKs2kuDODmAYR7grWYQQba9XqRXRfRA+tfMEtuROhRfBmUPAPnlpydPRdbuVHzbYkSUSFIRxr3fDc2AQpVoYRToe5ZqJpjEkfd2nDosAR1UE6GXeITqzTRh2p7BMGTdzfHSmOtB5Eoa2MsOnp+Wxs/pc1EtO5ClIm4sRQQaYfdRKOjETj3VGbKUoMH1jARDE7KyI9rDAx9kI5ewRvfuVFqJ6VvIvS+a1X8H2YKguHcAyn4MEl+HADZagAgT48wyu8ObHz4rw7H9PSjDPr2Yc/cj5/AFqlkfk=</latexit>

X,Y, Z
<latexit sha1_base64="L76z0Drcyp5h/W/9sFJMgCchvAQ=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8YgeAozIurNgAc9JmAWSIbQ06lJ2vQsdPcIccgTePGgiFcfwKfwCbx59E3sLAdN/KHh4/+r6KryYsGVtu0vK7OwuLS8kl3Nra1vbG7lt3dqKkokwyqLRCQbHlUoeIhVzbXARiyRBp7Aute/HOX1O5SKR+GNHsToBrQbcp8zqo1VabTzBbtoj0XmwZlC4eLj/vvqfS8tt/OfrU7EkgBDzQRVqunYsXZTKjVnAoe5VqIwpqxPu9g0GNIAlZuOBx2SQ+N0iB9J80JNxu7vjpQGSg0Cz1QGVPfUbDYy/8uaifbP3ZSHcaIxZJOP/EQQHZHR1qTDJTItBgYok9zMSliPSsq0uU3OHMGZXXkeasdF57R4UnEKpRJMlIV9OIAjcOAMSnANZagCA4QHeIJn69Z6tF6s10lpxpr27MIfWW8/8e6Qwg==</latexit>

X
<latexit sha1_base64="g8u5g57OMlZAIGcCUBr0Zv34ups=">AAAB83icbVDLSsNAFL2pj9b6qrp0M1gEVyURXxuh4MZlC/YhTSiTyaQdOpmEmYlQ0v6GGxeKuPVn3PkD4mc4fSy09cCFwzn3cu89fsKZ0rb9aeVWVtfW84WN4ubW9s5uaW+/qeJUEtogMY9l28eKciZoQzPNaTuRFEc+py1/cDPxWw9UKhaLOz1MqBfhnmAhI1gbyR3dj9A1cgPKNe6WynbFngItE2dOylVU//4q5M9r3dKHG8QkjajQhGOlOo6daC/DUjPC6bjopoommAxwj3YMFTiiysumN4/RsVECFMbSlNBoqv6eyHCk1DDyTWeEdV8tehPxP6+T6vDKy5hIUk0FmS0KU450jCYBoIBJSjQfGoKJZOZWRPpYYqJNTEUTgrP48jJpnlaci8pZ3SlXqzBDAQ7hCE7AgUuowi3UoAEEEniEZ3ixUuvJerXeZq05az5zAH9gvf8A9hWT7Q==</latexit>

|Y | = �
<latexit sha1_base64="Nwf2eeYcoWaFMgLN4h5N2+AlBuA=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8YgeAozIurNgAc9JmAWSYbQ06lJWnsWunuEOOQJvHhQxKsP4FP4BN48+iZ2loMm/tDw8f9VdFV5seBK2/aXlZmbX1hcyi7nVlbX1jfym1s1FSWSYZVFIpINjyoUPMSq5lpgI5ZIA09g3bs9H+b1O5SKR+GV7sfoBrQbcp8zqo1VuW7nC3bRHonMgjOBwtnH/ffF+05abuc/W52IJQGGmgmqVNOxY+2mVGrOBA5yrURhTNkt7WLTYEgDVG46GnRA9o3TIX4kzQs1Gbm/O1IaKNUPPFMZUN1T09nQ/C9rJto/dVMexonGkI0/8hNBdESGW5MOl8i06BugTHIzK2E9KinT5jY5cwRneuVZqB0WnePiUcUplEowVhZ2YQ8OwIETKMEllKEKDBAe4AmerRvr0XqxXselGWvSsw1/ZL39APNykMM=</latexit>

Y
<latexit sha1_base64="L76z0Drcyp5h/W/9sFJMgCchvAQ=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8YgeAozIurNgAc9JmAWSIbQ06lJ2vQsdPcIccgTePGgiFcfwKfwCbx59E3sLAdN/KHh4/+r6KryYsGVtu0vK7OwuLS8kl3Nra1vbG7lt3dqKkokwyqLRCQbHlUoeIhVzbXARiyRBp7Aute/HOX1O5SKR+GNHsToBrQbcp8zqo1VabTzBbtoj0XmwZlC4eLj/vvqfS8tt/OfrU7EkgBDzQRVqunYsXZTKjVnAoe5VqIwpqxPu9g0GNIAlZuOBx2SQ+N0iB9J80JNxu7vjpQGSg0Cz1QGVPfUbDYy/8uaifbP3ZSHcaIxZJOP/EQQHZHR1qTDJTItBgYok9zMSliPSsq0uU3OHMGZXXkeasdF57R4UnEKpRJMlIV9OIAjcOAMSnANZagCA4QHeIJn69Z6tF6s10lpxpr27MIfWW8/8e6Qwg==</latexit>

X
<latexit sha1_base64="Nwf2eeYcoWaFMgLN4h5N2+AlBuA=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8YgeAozIurNgAc9JmAWSYbQ06lJWnsWunuEOOQJvHhQxKsP4FP4BN48+iZ2loMm/tDw8f9VdFV5seBK2/aXlZmbX1hcyi7nVlbX1jfym1s1FSWSYZVFIpINjyoUPMSq5lpgI5ZIA09g3bs9H+b1O5SKR+GV7sfoBrQbcp8zqo1VuW7nC3bRHonMgjOBwtnH/ffF+05abuc/W52IJQGGmgmqVNOxY+2mVGrOBA5yrURhTNkt7WLTYEgDVG46GnRA9o3TIX4kzQs1Gbm/O1IaKNUPPFMZUN1T09nQ/C9rJto/dVMexonGkI0/8hNBdESGW5MOl8i06BugTHIzK2E9KinT5jY5cwRneuVZqB0WnePiUcUplEowVhZ2YQ8OwIETKMEllKEKDBAe4AmerRvr0XqxXselGWvSsw1/ZL39APNykMM=</latexit>

Y
<latexit sha1_base64="suL6bCHuLrgq/ynbEavBlJryFEM=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8YgeAozIurNgAc9JmAWTIbQ06lJWnsWunuEOOQJvHhQxKsP4FP4BN48+iZ2loMm/tDw8f9VdFV5seBK2/aXlZmbX1hcyi7nVlbX1jfym1s1FSWSYZVFIpINjyoUPMSq5lpgI5ZIA09g3bs9H+b1O5SKR+GV7sfoBrQbcp8zqo1VuW7nC3bRHonMgjOBwtnH/ffF+05abuc/W52IJQGGmgmqVNOxY+2mVGrOBA5yrURhTNkt7WLTYEgDVG46GnRA9o3TIX4kzQs1Gbm/O1IaKNUPPFMZUN1T09nQ/C9rJto/dVMexonGkI0/8hNBdESGW5MOl8i06BugTHIzK2E9KinT5jY5cwRneuVZqB0WnePiUcUplEowVhZ2YQ8OwIETKMEllKEKDBAe4AmerRvr0XqxXselGWvSsw1/ZL39APT2kMQ=</latexit>

Z
<latexit sha1_base64="L76z0Drcyp5h/W/9sFJMgCchvAQ=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8YgeAozIurNgAc9JmAWSIbQ06lJ2vQsdPcIccgTePGgiFcfwKfwCbx59E3sLAdN/KHh4/+r6KryYsGVtu0vK7OwuLS8kl3Nra1vbG7lt3dqKkokwyqLRCQbHlUoeIhVzbXARiyRBp7Aute/HOX1O5SKR+GNHsToBrQbcp8zqo1VabTzBbtoj0XmwZlC4eLj/vvqfS8tt/OfrU7EkgBDzQRVqunYsXZTKjVnAoe5VqIwpqxPu9g0GNIAlZuOBx2SQ+N0iB9J80JNxu7vjpQGSg0Cz1QGVPfUbDYy/8uaifbP3ZSHcaIxZJOP/EQQHZHR1qTDJTItBgYok9zMSliPSsq0uU3OHMGZXXkeasdF57R4UnEKpRJMlIV9OIAjcOAMSnANZagCA4QHeIJn69Z6tF6s10lpxpr27MIfWW8/8e6Qwg==</latexit>

X
<latexit sha1_base64="suL6bCHuLrgq/ynbEavBlJryFEM=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8YgeAozIurNgAc9JmAWTIbQ06lJWnsWunuEOOQJvHhQxKsP4FP4BN48+iZ2loMm/tDw8f9VdFV5seBK2/aXlZmbX1hcyi7nVlbX1jfym1s1FSWSYZVFIpINjyoUPMSq5lpgI5ZIA09g3bs9H+b1O5SKR+GV7sfoBrQbcp8zqo1VuW7nC3bRHonMgjOBwtnH/ffF+05abuc/W52IJQGGmgmqVNOxY+2mVGrOBA5yrURhTNkt7WLTYEgDVG46GnRA9o3TIX4kzQs1Gbm/O1IaKNUPPFMZUN1T09nQ/C9rJto/dVMexonGkI0/8hNBdESGW5MOl8i06BugTHIzK2E9KinT5jY5cwRneuVZqB0WnePiUcUplEowVhZ2YQ8OwIETKMEllKEKDBAe4AmerRvr0XqxXselGWvSsw1/ZL39APT2kMQ=</latexit>

Z

<latexit sha1_base64="L76z0Drcyp5h/W/9sFJMgCchvAQ=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8YgeAozIurNgAc9JmAWSIbQ06lJ2vQsdPcIccgTePGgiFcfwKfwCbx59E3sLAdN/KHh4/+r6KryYsGVtu0vK7OwuLS8kl3Nra1vbG7lt3dqKkokwyqLRCQbHlUoeIhVzbXARiyRBp7Aute/HOX1O5SKR+GNHsToBrQbcp8zqo1VabTzBbtoj0XmwZlC4eLj/vvqfS8tt/OfrU7EkgBDzQRVqunYsXZTKjVnAoe5VqIwpqxPu9g0GNIAlZuOBx2SQ+N0iB9J80JNxu7vjpQGSg0Cz1QGVPfUbDYy/8uaifbP3ZSHcaIxZJOP/EQQHZHR1qTDJTItBgYok9zMSliPSsq0uU3OHMGZXXkeasdF57R4UnEKpRJMlIV9OIAjcOAMSnANZagCA4QHeIJn69Z6tF6s10lpxpr27MIfWW8/8e6Qwg==</latexit>

X

<latexit sha1_base64="Nwf2eeYcoWaFMgLN4h5N2+AlBuA=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8YgeAozIurNgAc9JmAWSYbQ06lJWnsWunuEOOQJvHhQxKsP4FP4BN48+iZ2loMm/tDw8f9VdFV5seBK2/aXlZmbX1hcyi7nVlbX1jfym1s1FSWSYZVFIpINjyoUPMSq5lpgI5ZIA09g3bs9H+b1O5SKR+GV7sfoBrQbcp8zqo1VuW7nC3bRHonMgjOBwtnH/ffF+05abuc/W52IJQGGmgmqVNOxY+2mVGrOBA5yrURhTNkt7WLTYEgDVG46GnRA9o3TIX4kzQs1Gbm/O1IaKNUPPFMZUN1T09nQ/C9rJto/dVMexonGkI0/8hNBdESGW5MOl8i06BugTHIzK2E9KinT5jY5cwRneuVZqB0WnePiUcUplEowVhZ2YQ8OwIETKMEllKEKDBAe4AmerRvr0XqxXselGWvSsw1/ZL39APNykMM=</latexit>

Y

<latexit sha1_base64="suL6bCHuLrgq/ynbEavBlJryFEM=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8YgeAozIurNgAc9JmAWTIbQ06lJWnsWunuEOOQJvHhQxKsP4FP4BN48+iZ2loMm/tDw8f9VdFV5seBK2/aXlZmbX1hcyi7nVlbX1jfym1s1FSWSYZVFIpINjyoUPMSq5lpgI5ZIA09g3bs9H+b1O5SKR+GV7sfoBrQbcp8zqo1VuW7nC3bRHonMgjOBwtnH/ffF+05abuc/W52IJQGGmgmqVNOxY+2mVGrOBA5yrURhTNkt7WLTYEgDVG46GnRA9o3TIX4kzQs1Gbm/O1IaKNUPPFMZUN1T09nQ/C9rJto/dVMexonGkI0/8hNBdESGW5MOl8i06BugTHIzK2E9KinT5jY5cwRneuVZqB0WnePiUcUplEowVhZ2YQ8OwIETKMEllKEKDBAe4AmerRvr0XqxXselGWvSsw1/ZL39APT2kMQ=</latexit>

Z

?

?



Question: When do equioverlapping vectors come from a 
Laplacian matrix as we have done?

Answer: Whenever the Gram matrix of the     vectors has the 
all ones vector as an eigenvector with corresponding 
eigenvalue     satisfying           .<latexit sha1_base64="lZ8+0NS9XWy99Bx1Ec5/lOBRhcg=">AAAB7nicbVC7SgNBFL0bXzG+4qOzGQyCVdgVUTsDFlpGMA9IljA7O5sMmZ0dZmaFuOQjbCwUsbXyK/wCO0v/xMmj0MQDFw7nnMt9BJIzbVz3y8ktLC4tr+RXC2vrG5tbxe2duk5SRWiNJDxRzQBrypmgNcMMp02pKI4DThtB/3LkN+6o0iwRt2YgqR/jrmARI9hYqdHmNhriTrHklt0x0DzxpqR08XH/ffW+l1U7xc92mJA0psIQjrVuea40foaVYYTTYaGdaiox6eMubVkqcEy1n43XHaJDq4QoSpQtYdBY/d2R4VjrQRzYZIxNT896I/E/r5Wa6NzPmJCpoYJMBkUpRyZBo9tRyBQlhg8swUQxuysiPawwMfZDBfsEb/bkeVI/Lnun5ZMbr1SpwAR52IcDOAIPzqAC11CFGhDowwM8wbMjnUfnxXmdRHPOtGcX/sB5+wF4+pNj</latexit>

�

<latexit sha1_base64="SGFf/4A1NZk+ng5omUS5BaHpIf4=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simjnC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxNVkNg=</latexit>n

<latexit sha1_base64="6kNOxxzGEzvOyqoEz97HYaTw/+s=">AAAB9XicbVDLSgMxFL1TX334qHXpJlgEF1JmRNTlgBuXFe0DOmPJZDJtaCYzJhmllP6HGxeKuPVTBHf+jeljoa0HAodzzuXenCDlTGnb/rZyK6tr6xv5QrG0ubW9U96tNFWSSUIbJOGJbAdYUc4EbWimOW2nkuI44LQVDC4nfuuBSsUScauHKfVj3BMsYgRrI9153ERDjDxO75Holqt2zZ4CLRNnTqpupXRTLxx/1rvlLy9MSBZToQnHSnUcO9X+CEvNCKfjopcpmmIywD3aMVTgmCp/NL16jA6NEqIokeYJjabq74kRjpUaxoFJxlj31aI3Ef/zOpmOLvwRE2mmqSCzRVHGkU7QpAIUMkmJ5kNDMJHM3IpIH0tMtCmqaEpwFr+8TJonNeesdnrtVF0XZsjDPhzAEThwDi5cQR0aQEDCE7zAq/VoPVtv1vssmrPmM3vwB9bHD4pFlBc=</latexit>

�  n

Further questions we answered



Question: Can one construct           equioverlapping vectors 
(none of unit length) in      such that the vectors have different 
lengths? 

Further questions we didn’t answer
<latexit sha1_base64="y8XGwiDI36bNQNt4MbblhRQjXyY=">AAAB9XicbVC7SgNBFJ2NRmN8RS1tBoMgCGE3iFou2FhGMA9I1jA7mU2GzGOZmVXCsq3fYKGFIlaC/2Lnh9g7eRSaeODC4Zx7ufeeMGZUG9f9cnJLy/mV1cJacX1jc2u7tLPb0DJRmNSxZFK1QqQJo4LUDTWMtGJFEA8ZaYbDi7HfvCVKUymuzSgmAUd9QSOKkbHSTSekQvJUHXtZWs26pbJbcSeAi8SbkbK/8vgt3u/ztW7ps9OTOOFEGMyQ1m3PjU2QImUoZiQrdhJNYoSHqE/algrEiQ7SydUZPLRKD0ZS2RIGTtTfEyniWo94aDs5MgM9743F/7x2YqLzIKUiTgwReLooShg0Eo4jgD2qCDZsZAnCitpbIR4ghbCxQRVtCN78y4ukUa14p5WTK6/s+2CKAtgHB+AIeOAM+OAS1EAdYKDAA3gGL86d8+S8Om/T1pwzm9kDf+B8/AANj5Xn</latexit>�r+1

2

�
<latexit sha1_base64="43GoF5fgASY3ns+yiTs3gEqmxTI=">AAAB83icbVDLSgMxFL1TX7W+6mPnJlgEV2VGRN1ZcKHLKvYBnbFk0kwbmskMSUaoQ3/DjQtF3OpX+AXuXPonZtoutPVA4HDOvdyT48ecKW3bX1Zubn5hcSm/XFhZXVvfKG5u1VWUSEJrJOKRbPpYUc4ErWmmOW3GkuLQ57Th988zv3FHpWKRuNGDmHoh7goWMIK1kVw3xLrn++n18Fa2iyW7bI+AZokzIaWzj/vvi/edtNoufrqdiCQhFZpwrFTLsWPtpVhqRjgdFtxE0RiTPu7SlqECh1R56SjzEO0bpYOCSJonNBqpvzdSHCo1CH0zmWVU014m/ue1Eh2ceikTcaKpIONDQcKRjlBWAOowSYnmA0MwkcxkRaSHJSba1FQwJTjTX54l9cOyc1w+unJKlQqMkYdd2IMDcOAEKnAJVagBgRge4AmercR6tF6s1/FozprsbMMfWG8/h2aVvA==</latexit>

Rr

Furthermore, is there such a construction coming from the 
Laplacian of some graph? 

Question: Can one construct      equioverlapping vectors 
(none of unit length) in      such that the vectors have different 
lengths? 

<latexit sha1_base64="rH7acEy6h+tRCsSAZR3lQFpLAv0=">AAAB6nicbZDLSgMxFIZPvNZ6q5edm2ARXJWZIurOggtdVrQXaMeSSTNtaCYzJBmhDn0ENy4Ucevap/AJ3Ln0TUwvC239IfDx/+eQc44fC66N43yhufmFxaXlzEp2dW19YzO3tV3VUaIoq9BIRKruE80El6xiuBGsHitGQl+wmt87H+a1O6Y0j+SN6cfMC0lH8oBTYqx1rW6LrVzeKTgj4VlwJ5A/+7j/vnjfTcut3GezHdEkZNJQQbRuuE5svJQow6lgg2wz0SwmtEc6rGFRkpBpLx2NOsAH1mnjIFL2SYNH7u+OlIRa90PfVobEdPV0NjT/yxqJCU69lMs4MUzS8UdBIrCJ8HBv3OaKUSP6FghV3M6KaZcoQo29TtYewZ1eeRaqxYJ7XDi6cvOlEoyVgT3Yh0Nw4QRKcAllqACFDjzAEzwjgR7RC3odl86hSc8O/BF6+wE+wJGA</latexit>

r2
<latexit sha1_base64="KEQuqeZU1VO6pPTF5kHLbvNchEc=">AAAB83icbVDLSgMxFL1TX7W+6mPnJlgEV2VGRN1Z6EKXFewDOmPJpJk2NJMZkoxQh/6GGxeKuNWv8AvcufRPzLRdaOuBwOGce7knx485U9q2v6zcwuLS8kp+tbC2vrG5VdzeaagokYTWScQj2fKxopwJWtdMc9qKJcWhz2nTH1Qzv3lHpWKRuNHDmHoh7gkWMIK1kVw3xLrv+2l1dCs7xZJdtsdA88SZktLFx/335fteWusUP91uRJKQCk04Vqrt2LH2Uiw1I5yOCm6iaIzJAPdo21CBQ6q8dJx5hA6N0kVBJM0TGo3V3xspDpUahr6ZzDKqWS8T//PaiQ7OvZSJONFUkMmhIOFIRygrAHWZpETzoSGYSGayItLHEhNtaiqYEpzZL8+TxnHZOS2fXDulSgUmyMM+HMAROHAGFbiCGtSBQAwP8ATPVmI9Wi/W62Q0Z013duEPrLcfcH2VrQ==</latexit>

Cr

Question: Given     equioverlapping vectors (none of unit 
length) in      such that all their lengths are bounded, i.e.        , 
is it true that                 for     sufficiently large?

<latexit sha1_base64="SGFf/4A1NZk+ng5omUS5BaHpIf4=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simjnC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxNVkNg=</latexit>n
<latexit sha1_base64="43GoF5fgASY3ns+yiTs3gEqmxTI=">AAAB83icbVDLSgMxFL1TX7W+6mPnJlgEV2VGRN1ZcKHLKvYBnbFk0kwbmskMSUaoQ3/DjQtF3OpX+AXuXPonZtoutPVA4HDOvdyT48ecKW3bX1Zubn5hcSm/XFhZXVvfKG5u1VWUSEJrJOKRbPpYUc4ErWmmOW3GkuLQ57Th988zv3FHpWKRuNGDmHoh7goWMIK1kVw3xLrn++n18Fa2iyW7bI+AZokzIaWzj/vvi/edtNoufrqdiCQhFZpwrFTLsWPtpVhqRjgdFtxE0RiTPu7SlqECh1R56SjzEO0bpYOCSJonNBqpvzdSHCo1CH0zmWVU014m/ue1Eh2ceikTcaKpIONDQcKRjlBWAOowSYnmA0MwkcxkRaSHJSba1FQwJTjTX54l9cOyc1w+unJKlQqMkYdd2IMDcOAEKnAJVagBgRge4AmercR6tF6s1/FozprsbMMfWG8/h2aVvA==</latexit>

Rr <latexit sha1_base64="kDxyavfavBcJE2ga00gA3d0Upq8=">AAAB63icbZDLSgMxFIbPeGutt6pLN8Ei1E2ZEW/Lght3tmAv0A4lk2ba0CQzJBmhDH0FNy4UcesLufMFxMcw03ahrT8EPv7/HHLOCWLOtHHdT2dldW19I5ffLGxt7+zuFfcPmjpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo5ssbz1QpVkk7804pr7AA8lCRrDJrLuyd9orltyKOxVaBm8OpSqqf3/lcxe1XvGj249IIqg0hGOtO54bGz/FyjDC6aTQTTSNMRnhAe1YlFhQ7afTWSfoxDp9FEbKPmnQ1P3dkWKh9VgEtlJgM9SLWWb+l3USE177KZNxYqgks4/ChCMToWxx1GeKEsPHFjBRzM6KyBArTIw9T8EewVtceRmaZxXvsnJe90rVKsyUhyM4hjJ4cAVVuIUaNIDAEB7hGV4c4Tw5r87brHTFmfccwh857z+XKZA6</latexit>

O(1)
<latexit sha1_base64="/IIXkWV1CGyvRBgEb1qZ0smm1SU=">AAAB8nicbZDLSsNAFIZP6qW13qou3QwWoW5KIt6WATfubMFeIA1lMp20QyeTODMRSuhjuHGhiFufxp0vID6G08tCW38Y+Pj/c5hzTpBwprRtf1q5ldW19Xxho7i5tb2zW9rbb6o4lYQ2SMxj2Q6wopwJ2tBMc9pOJMVRwGkrGF5P8tYDlYrF4k6PEupHuC9YyAjWxvIE6nB6j24r8qRbKttVeyq0DM4cyi6qf38V8ue1bumj04tJGlGhCcdKeY6daD/DUjPC6bjYSRVNMBniPvUMChxR5WfTkcfo2Dg9FMbSPKHR1P3dkeFIqVEUmMoI64FazCbmf5mX6vDKz5hIUk0FmX0UphzpGE32Rz0mKdF8ZAATycysiAywxESbKxXNEZzFlZeheVp1LqpndafsujBTAQ7hCCrgwCW4cAM1aACBGB7hGV4sbT1Zr9bbrDRnzXsO4I+s9x+ITJMN</latexit>

n  O(r) <latexit sha1_base64="c3sUZeVAmMcZF8y/y3yTaBpRVp0=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simznC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxllkNw=</latexit>r




