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Theorem (Grimmett and McDiarmid 75): For p fixed, the

random graph G ~ G(n, p) has chromatic number
x(G) = ©(n/logn) with high probability.
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the minimum rank rk(M) of a matrix M € F"*" that

represents G.

If G has an orthogonal representation in R¥ then the Gram

matrix of all pairwise inner products represents (G and has rank £.

Theorem (Alon, B., Gishboliner, Mond, Mousset): For any field
Fand any 1/n < p < 1, the random graph G ~ G(n, p)
satisfies with high probability that
ST nlog(1/p)
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For finite fields F with |F| < n®W), this result was already
proven recently by Golovnev, Regev, and Weinstein.
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Proof: Let (& be the graph where 1) is an edge if and only if
M; ; # 0. Note that it has e(G) = (s(M) — n)/2 edges.

By Turan’s theorem, G has an independent set of size
n

1+ 2¢(G)/n

On the other hand, any independent set in G corresponds to
a full rank submatrix of M, and so must have size at most

rk(M).
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sufficiently “nice”, then each row and column will have ~ s/n
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Lets bound the number of “nice” matrices with rank at most k&
and sparsity s.
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If all matrices were "nice”, we could do a union bound over
them to get

B mr(G) <k < Z Z P[M represents G|
e SR sonZ [k MeF" "
rk(M )<k
s(M)=s

< ST R T T

s>n?/k
= o(1)
if we take k = O(n/logn).

Lemma (Golovneyv, Regev, Weinstein 17): Every rank k matrix
M € F™*" has a "nice” n’ x n' principal submatrix of rank £’

such that k' /n' < k/n.
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Theorem (Rényai, Babai, Ganapathy 01): AR SRS
vector of polynomials over a field F with degree < d in N
variables, then the number zero-patterns of this vector as the

variables range over all possible elements is at most (md ur N>.
N

Recall that any matrix M € F**" with k(M) < k can be

written as M = UV, where U € F*** and V € F**", so if
we think of the 2kn entries of U and V as variables, then each
entry of M is a degree 2 polynomial in these variables.

Thus in our case we have m = n2, N =2kn,and d = 2 so we

obtain
2n2—|—2kn 2kn
9| < < (4n? .
1< (7 e )
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Thus we conclude

P [mr(Q) < k] < |2|(1/2)® /k—m)/2
GNG(n’p)[ (G < k< 12[(1/2)




A Naive Proof not Depending On |F

Thus we conclude
P [mr(G) < k| <|2|(1/2)" /=72
< {an?Y P oyl )2

G~G(n,p)




A Naive Proof not Depending On |F

Thus we conclude
LB mr(G) <K < |2|(1/2)" /A3
< (4n2)2kn (1/2)(n2/k—n)/2
=oth)

if we take k = 0O (\/n/ logn) :
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* Nelson recently showed that the zero-pattern bound of
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and this can be used to show that for the random graph, the
minrank over all fields is O(n/log n) with high probability.
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does not contain a copy of some H.

Done!




