
SMALL CODES
By: Igor Balla



Problem: Determine              , the maximum size of a spherical  

   -code in     .  

Definition: A collection of vectors                  on the unit 
sphere in      with the property that                     for all         , is 
called a spherical    -code.

Earliest work: By the botanist Tammes in 1930, in the context 
of studying the arrangements of pores of pollen grains

<latexit sha1_base64="GEd8wMH3GbMun1FmNjfNd0gjH+s=">AAAB+XicbVDLSsNAFJ34rPUVdSUuHCyCi1ISEXUZcOOygn1AG8JkMmmHTmbCzCRQQtf+hBsXirj1T7rzO/wBp4+Fth64cDjnXu69J0wZVdpxvqyV1bX1jc3SVnl7Z3dv3z44bCqRSUwaWDAh2yFShFFOGppqRtqpJCgJGWmFg7uJ38qJVFTwRz1MiZ+gHqcxxUgbKbDtPHCrsMsioVUV5oGRKk7NmQIuE3dOKt7xUyDGp9/1wB53I4GzhHCNGVKq4zqp9gskNcWMjMrdTJEU4QHqkY6hHCVE+cX08hE8N0oEYyFNcQ2n6u+JAiVKDZPQdCZI99WiNxH/8zqZjm/9gvI004Tj2aI4Y1ALOIkBRlQSrNnQEIQlNbdC3EcSYW3CKpsQ3MWXl0nzsuZe164e3IrngRlK4AScgQvgghvggXtQBw2AQQ6ewSt4swrrxXq3PmatK9Z85gj8gfX5A/CTlkQ=</latexit>v1, . . . , vn
<latexit sha1_base64="lzda27G1Iy9DsSC+4dGsrrkH2n0=">AAAB83icbVDLSgMxFL1TX7W+6mPnJlgEV2VGRN1ZcKHLKvYBnbFkMmkbmskMSUaoQ3/DjQtF3OpX+AXuXPonZtoutPVA4HDOvdyT48ecKW3bX1Zubn5hcSm/XFhZXVvfKG5u1VWUSEJrJOKRbPpYUc4ErWmmOW3GkuLQ57Th988zv3FHpWKRuNGDmHoh7grWYQRrI7luiHXP99Pr4W3QLpbssj0CmiXOhJTOPu6/L9530mq7+OkGEUlCKjThWKmWY8faS7HUjHA6LLiJojEmfdylLUMFDqny0lHmIdo3SoA6kTRPaDRSf2+kOFRqEPpmMsuopr1M/M9rJbpz6qVMxImmgowPdRKOdISyAlDAJCWaDwzBRDKTFZEelphoU1PBlOBMf3mW1A/LznH56MopVSowRh52YQ8OwIETqMAlVKEGBGJ4gCd4thLr0XqxXsejOWuysw1/YL39AHIula4=</latexit>

Rd
<latexit sha1_base64="pPKvC2sDb7F4xVkKX2cNaSrwdvA=">AAACDXicbVA9SwNBEN3zM8avqKUgi1GwkHAnopYBG8sIJhFy4ZjbTJLVvb1zdy8QjlR2Nv4G/4GNhSK29nb+FDs3iYVfD2Z4vDfD7rwwEVwb1313Jianpmdmc3P5+YXFpeXCympNx6liWGWxiNV5CBoFl1g13Ag8TxRCFAqsh5fHQ7/eQ6V5LM9MP8FmBB3J25yBsVJQ2PIFyI5A2gv4rm0X1FdjwRd4RX0QSReCQtEtuSPQv8T7IsXy5t31x0YrrgSFN78VszRCaZgArRuem5hmBspwJnCQ91ONCbBL6GDDUgkR6mY2umZAt63Sou1Y2ZKGjtTvGxlEWvej0E5GYLr6tzcU//MaqWkfNTMuk9SgZOOH2qmgJqbDaGiLK2RG9C0Bprj9K2VdUMCMDTBvQ/B+n/yX1PZK3kFp/9QrlstkjBxZJ5tkh3jkkJTJCamQKmHkhtyTR/Lk3DoPzrPzMh6dcL521sgPOK+f1XGedA==</latexit>

hvi, vji  ↵
<latexit sha1_base64="tuVKveCJjmJqMVUs1UOznD8SnhM=">AAAB73icbZDLSgMxFIYzXmu9VV2JC4NFcFVmRNTlgBuXFewF2qFk0jNtbCaZJhmhDF27d+NCEbe+Tnc+hy9gello6w+Bj/8/h5xzwoQzbVz3y1laXlldW89t5De3tnd2C3v7VS1TRaFCJZeqHhINnAmoGGY41BMFJA451MLezTivPYLSTIp7M0ggiElHsIhRYqxVZ7gpoI8fWoWiW3InwovgzaDoHz615Oj4u9wqjJptSdMYhKGcaN3w3MQEGVGGUQ7DfDPVkBDaIx1oWBQkBh1kk3mH+NQ6bRxJZZ8weOL+7shIrPUgDm1lTExXz2dj87+skZroOsiYSFIDgk4/ilKOjcTj5XGbKaCGDywQqpidFdMuUYQae6K8PYI3v/IiVM9L3mXp4s4r+j6aKoeO0Ak6Qx66Qj66RWVUQRRx9Ixe0ZvTd16cd+djWrrkzHoO0B85nz8gWJMT</latexit>

i 6= j
<latexit sha1_base64="UkhbWkuJlsK64b+RY4YMsL3QPO4=">AAAB7XicbZC7SgNBFIbPxluMt3jpbBaDYBV2RdTOgIWWEcwFkiWcnUySMbMzy8ysEJe8g42FIrZ2PoVPYGfpmzi5FBr9YeDj/89hzjlhzJk2nvfpZObmFxaXssu5ldW19Y385lZVy0QRWiGSS1UPUVPOBK0YZjitx4piFHJaC/vno7x2S5VmUlybQUyDCLuCdRhBY61qE3ncw1a+4BW9sdy/4E+hcPZ+93XxtpOWW/mPZluSJKLCEI5aN3wvNkGKyjDC6TDXTDSNkfSxSxsWBUZUB+l42qG7b52225HKPmHcsfuzI8VI60EU2soITU/PZiPzv6yRmM5pkDIRJ4YKMvmok3DXSHe0uttmihLDBxaQKGZndUkPFRJjD5SzR/BnV/4L1cOif1w8uvILpRJMlIVd2IMD8OEESnAJZagAgRu4h0d4cqTz4Dw7L5PSjDPt2YZfcl6/Ace2kv4=</latexit>↵

<latexit sha1_base64="G+ooSTsPUfAqD7pvIBWHZJFKuyY=">AAAB83icbVDLSsNAFJ3UR2t9VV26GSxCBSmJ+FoG3LgRWrAPaEK5mU7aoZNkmJkIJfQ33LhQxK0/484fED/D6WOhrQcuHM65l3vvCQRnStv2p5VbWV1bzxc2iptb2zu7pb39pkpSSWiDJDyR7QAU5SymDc00p20hKUQBp61geDPxWw9UKpbE93okqB9BP2YhI6CN5N1VevjUAy4GcNItle2qPQVeJs6clF1c//4q5C9q3dKH10tIGtFYEw5KdRxbaD8DqRnhdFz0UkUFkCH0acfQGCKq/Gx68xgfG6WHw0SaijWeqr8nMoiUGkWB6YxAD9SiNxH/8zqpDq/9jMUi1TQms0VhyrFO8CQA3GOSEs1HhgCRzNyKyQAkEG1iKpoQnMWXl0nzrOpcVs/rTtl10QwFdIiOUAU56Aq56BbVUAMRJNAjekYvVmo9Wa/W26w1Z81nDtAfWO8/Km6TaQ==</latexit>

M(d,↵)
<latexit sha1_base64="lzda27G1Iy9DsSC+4dGsrrkH2n0=">AAAB83icbVDLSgMxFL1TX7W+6mPnJlgEV2VGRN1ZcKHLKvYBnbFkMmkbmskMSUaoQ3/DjQtF3OpX+AXuXPonZtoutPVA4HDOvdyT48ecKW3bX1Zubn5hcSm/XFhZXVvfKG5u1VWUSEJrJOKRbPpYUc4ErWmmOW3GkuLQ57Th988zv3FHpWKRuNGDmHoh7grWYQRrI7luiHXP99Pr4W3QLpbssj0CmiXOhJTOPu6/L9530mq7+OkGEUlCKjThWKmWY8faS7HUjHA6LLiJojEmfdylLUMFDqny0lHmIdo3SoA6kTRPaDRSf2+kOFRqEPpmMsuopr1M/M9rJbpz6qVMxImmgowPdRKOdISyAlDAJCWaDwzBRDKTFZEelphoU1PBlOBMf3mW1A/LznH56MopVSowRh52YQ8OwIETqMAlVKEGBGJ4gCd4thLr0XqxXsejOWuysw1/YL39AHIula4=</latexit>

Rd<latexit sha1_base64="UkhbWkuJlsK64b+RY4YMsL3QPO4=">AAAB7XicbZC7SgNBFIbPxluMt3jpbBaDYBV2RdTOgIWWEcwFkiWcnUySMbMzy8ysEJe8g42FIrZ2PoVPYGfpmzi5FBr9YeDj/89hzjlhzJk2nvfpZObmFxaXssu5ldW19Y385lZVy0QRWiGSS1UPUVPOBK0YZjitx4piFHJaC/vno7x2S5VmUlybQUyDCLuCdRhBY61qE3ncw1a+4BW9sdy/4E+hcPZ+93XxtpOWW/mPZluSJKLCEI5aN3wvNkGKyjDC6TDXTDSNkfSxSxsWBUZUB+l42qG7b52225HKPmHcsfuzI8VI60EU2soITU/PZiPzv6yRmM5pkDIRJ4YKMvmok3DXSHe0uttmihLDBxaQKGZndUkPFRJjD5SzR/BnV/4L1cOif1w8uvILpRJMlIVd2IMD8OEESnAJZagAgRu4h0d4cqTz4Dw7L5PSjDPt2YZfcl6/Ace2kv4=</latexit>↵

Equivalent to the question of packing spherical caps of fixed 
radius on a sphere.



Theorem (Rankin 1955):  
<latexit sha1_base64="3HeTfSIlPAmlNz/xFBX7njAA40Q="></latexit>

M(d,↵) =

8
>><

>>:

�1
↵ + 1 if � 1  ↵  �1

d

d+ 1 if �1
d  ↵ < 0

2d if ↵ = 0

What is known?

Question (Bukh and Cox 2020): For a fixed positive   , how does     

                   depend on   ?

Equivalent formulation:                                               , which 
Rankin’s result determines for all            . In particular, 

<latexit sha1_base64="eQfqMtsUyw0Zd9Sl4HT6KEjn9Es="></latexit>

⇢(d, n) = min{↵ : M(d,↵) � n}
<latexit sha1_base64="maeZgZMAiEYmATxvE29sGlcG3qg=">AAAB8HicbZDLSsNAFIYn9daLl1qXbgaL4EJKUkRdBty4rGgv0oYymZy0QyeTODMRSuhTuHGhiFtfRnDn2zi9LLT1h4GP/z+HOef4CWdK2/a3lVtb39jcyheKpe2d3b3yfqWl4lRSaNKYx7LjEwWcCWhqpjl0Egkk8jm0/dHVNG8/glQsFnd6nIAXkYFgIaNEG+te4B6HB1wP+uWqXbNnwqvgLKDqVkq3jcLpZ6Nf/uoFMU0jEJpyolTXsRPtZURqRjlMir1UQULoiAyga1CQCJSXzQae4GPjBDiMpXlC45n7uyMjkVLjyDeVEdFDtZxNzf+ybqrDSy9jIkk1CDr/KEw51jGebo8DJoFqPjZAqGRmVkyHRBKqzY2K5gjO8sqr0KrXnPPa2Y1TdV00Vx4doiN0ghx0gVx0jRqoiSiK0BN6Qa+WtJ6tN+t9XpqzFj0H6I+sjx94M5G+</latexit>

n  2d

Theorem (Bukh and Cox 2020): If     is sufficiently large relative to   ,  

then                                                    .

<latexit sha1_base64="jXnQhK41O7mY94o7XbLfuURKGa0=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ01NJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6gnUYJdpYlaCdLzhFZyx7HtwpFC4+7r+v3vfScjv/2QoimoQoNOVEqabrxNpLidSMchzmWonCmNA+6WLToCAhKi8dDzq0D40T2J1Imie0PXZ/d6QkVGoQ+qYyJLqnZrOR+V/WTHTn3EuZiBONgk4+6iTc1pE92toOmESq+cAAoZKZWW3aI5JQbW6TM0dwZ1eeh9px0T0tnlTcQqkEE2VhHw7gCFw4gxJcQxmqQAHhAZ7g2bq1Hq0X63VSmrGmPbvwR9bbDwQtkM4=</latexit>

d
<latexit sha1_base64="VuWd1j9ijuHICrpsg2btt9AbQ2I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2sSr+dLzhFZyx7HtwpFC4+7r+v3vfScjv/2epENAlRaMqJUk3XibWXEqkZ5TjMtRKFMaF90sWmQUFCVF46HnRoHxqnYweRNE9oe+z+7khJqNQg9E1lSHRPzWYj87+smejg3EuZiBONgk4+ChJu68gebW13mESq+cAAoZKZWW3aI5JQbW6TM0dwZ1eeh9px0T0tnlTcQqkEE2VhHw7gCFw4gxJcQxmqQAHhAZ7g2bq1Hq0X63VSmrGmPbvwR9bbDw7JkNU=</latexit>

k
<latexit sha1_base64="PTOLFw7arcAEfG39F/IDTcZpwG8="></latexit>

⌦
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<latexit sha1_base64="CkTqS6kJ82PgcTt+9Ta4cuniSn8=">AAAB+XicbVDLSgMxFM3UR2t9jbp0EyxCBSkzxddGGHDjsgX7gHYomUymDc0kQ5IplKF/4saFIm79E3f+gPgZpo+Fth64cDjnXu69J0gYVdpxPq3c2vrGZr6wVdze2d3btw8Om0qkEpMGFkzIdoAUYZSThqaakXYiCYoDRlrB8G7qt0ZEKir4gx4nxI9Rn9OIYqSN1LPtrhyIcngOq+EZvIVOpWeXnIozA1wl7oKUPFj//irkL2s9+6MbCpzGhGvMkFId10m0nyGpKWZkUuymiiQID1GfdAzlKCbKz2aXT+CpUUIYCWmKazhTf09kKFZqHAemM0Z6oJa9qfif10l1dONnlCepJhzPF0Upg1rAaQwwpJJgzcaGICypuRXiAZIIaxNW0YTgLr+8SprVintVuai7Jc8DcxTAMTgBZeCCa+CBe1ADDYDBCDyCZ/BiZdaT9Wq9zVtz1mLmCPyB9f4D4/6UKQ==</latexit>

⇢(d, 2d) = 0.

<latexit sha1_base64="msxLiwj4R2R0XZaeO697wogsCKE=">AAAB+HicbVDLSgMxFM3UR2t9dNSlm2ARKkqZKb6WA25ctmAf0A4lk8m0oZlkSDJCHfolblwo4tZPcecPiJ9h+lho9cCFwzn3cu89QcKo0o7zYeVWVtfW84WN4ubW9k7J3t1rKZFKTJpYMCE7AVKEUU6ammpGOokkKA4YaQej66nfviNSUcFv9TghfowGnEYUI22kvl3qyaGohKewFsITODru22Wn6swA/xJ3QcoebHx9FvLn9b793gsFTmPCNWZIqa7rJNrPkNQUMzIp9lJFEoRHaEC6hnIUE+Vns8Mn8MgoIYyENMU1nKk/JzIUKzWOA9MZIz1Uy95U/M/rpjq68jPKk1QTjueLopRBLeA0BRhSSbBmY0MQltTcCvEQSYS1yapoQnCXX/5LWrWqe1E9a7hlzwNzFMABOAQV4IJL4IEbUAdNgEEKHsATeLburUfrxXqdt+asxcw++AXr7RuzcJQa</latexit>

⇢(d, 2d+ k)

<latexit sha1_base64="VuWd1j9ijuHICrpsg2btt9AbQ2I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2sSr+dLzhFZyx7HtwpFC4+7r+v3vfScjv/2epENAlRaMqJUk3XibWXEqkZ5TjMtRKFMaF90sWmQUFCVF46HnRoHxqnYweRNE9oe+z+7khJqNQg9E1lSHRPzWYj87+smejg3EuZiBONgk4+ChJu68gebW13mESq+cAAoZKZWW3aI5JQbW6TM0dwZ1eeh9px0T0tnlTcQqkEE2VhHw7gCFw4gxJcQxmqQAHhAZ7g2bq1Hq0X63VSmrGmPbvwR9bbDw7JkNU=</latexit>

k
<latexit sha1_base64="jXnQhK41O7mY94o7XbLfuURKGa0=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ01NJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6gnUYJdpYlaCdLzhFZyx7HtwpFC4+7r+v3vfScjv/2QoimoQoNOVEqabrxNpLidSMchzmWonCmNA+6WLToCAhKi8dDzq0D40T2J1Imie0PXZ/d6QkVGoQ+qYyJLqnZrOR+V/WTHTn3EuZiBONgk4+6iTc1pE92toOmESq+cAAoZKZWW3aI5JQbW6TM0dwZ1eeh9px0T0tnlTcQqkEE2VhHw7gCFw4gxJcQxmqQAHhAZ7g2bq1Hq0X63VSmrGmPbvwR9bbDwQtkM4=</latexit>

d



New results

<latexit sha1_base64="53dUqobhEq00GvihQHkaOXKvSmY=">AAACA3icbZDLSsNAFIYn9daLl1h3uhksggutSRV1GXDjsqK9QBPLZDJth04mcWYilFBw46u4caGIW59BcOfbOL0stPWHgY//nMOZ8/sxo1JZ1reRWVhcWl7J5vKF1bX1DXOzWJdRIjCp4YhFoukjSRjlpKaoYqQZC4JCn5GG378Y1Rv3REga8Rs1iIkXoi6nHYqR0lbb3Lagy8gddBGLe0gzg8Ftelg5Oh62zZJVtsaC82BPoeQUC9fV3MFntW1+uUGEk5BwhRmSsmVbsfJSJBTFjAzzbiJJjHAfdUlLI0chkV46vmEI97QTwE4k9OMKjt3fEykKpRyEvu4MkerJ2drI/K/WSlTn3EspjxNFOJ4s6iQMqgiOAoEBFQQrNtCAsKD6rxD3kEBY6djyOgR79uR5qFfK9mn55MouOQ6YKAt2wC7YBzY4Aw64BFVQAxg8gCfwAl6NR+PZeDPeJ60ZYzqzBf7I+PgBFfWYFg==</latexit>

0  ↵ ⌧ d�2/3Corollary (B.): If                          as             , then 

                                                                    .

<latexit sha1_base64="g7UDMabwtCxMjBqqskInFNfBnB0=">AAAB/XicbVDLSgNBEJyNrxhfUXPzMhgET2FXRL0Z8KDHCOYByRJmZ2eTIbOzy0yvkizBX/HiQZFc/QG/wJtH/8TJ46CJBQ1FVTfdXV4suAbb/rIyS8srq2vZ9dzG5tb2Tn53r6ajRFFWpZGIVMMjmgkuWRU4CNaIFSOhJ1jd612N/fo9U5pH8g76MXND0pE84JSAkdr5go9bine6QJSKHnCLywD67XzRLtkT4EXizEjx8mPwfT0qpJV2/rPlRzQJmQQqiNZNx47BTYkCTgUb5lqJZjGhPdJhTUMlCZl208n1Q3xkFB8HkTIlAU/U3xMpCbXuh57pDAl09bw3Fv/zmgkEF27KZZwAk3S6KEgEhgiPo8A+V4yC6BtCqOLmVky7RBEKJrCcCcGZf3mR1E5Kzlnp9NYplstoiiw6QIfoGDnoHJXRDaqgKqJogJ7QC3q1Hq1n680aTVsz1mxmH/2B9f4DwTqZKA==</latexit>

d ! 1
<latexit sha1_base64="L23/8pptr6tFbm5B2SSs6UrVdDk=">AAACAXicbVDLSsNAFJ3UR2t9Rd0IbgaLkKKUpPjaCAE3boQW7APaUCaTaTt0MgkzE6GEuvFX3LhQxK1/4c4fED/D6WOh1QMXDufcy733+DGjUtn2h5FZWFxazuZW8qtr6xub5tZ2XUaJwKSGIxaJpo8kYZSTmqKKkWYsCAp9Rhr+4HLsN26JkDTiN2oYEy9EPU67FCOlpY65e20FR7CNWNxHRXgBrfJhZDnFYtAxC3bJngD+Jc6MFFxY/frMZU8qHfO9HUQ4CQlXmCEpW44dKy9FQlHMyCjfTiSJER6gHmlpylFIpJdOPhjBA60EsBsJXVzBifpzIkWhlMPQ150hUn05743F/7xWorrnXkp5nCjC8XRRN2FQRXAcBwyoIFixoSYIC6pvhbiPBMJKh5bXITjzL/8l9XLJOS0dV52C64IpcmAP7AMLOOAMuOAKVEANYHAHHsATeDbujUfjxXidtmaM2cwO+AXj7Rtid5aS</latexit>

M(d,↵) = (2 + o(1))d

Theorem (B.):                                      .
<latexit sha1_base64="kG9au4ew/p0597IAgZWU+VHrFhU="></latexit>

⇢(d, 2d+ k) � ⌦
⇣

k1/3

d

⌘

<latexit sha1_base64="rsD5SNrt55/QFsTXJ8/uJvqb/bM=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2sSr+dLzhFZyx7HtwpFC4+7r+v3vfScjv/2epENAlRaMqJUk3XibWXEqkZ5TjMtRKFMaF90sWmQUFCVF46HnRoHxqnYweRNE9oe+z+7khJqNQg9E1lSHRPzWYj87+smejg3EuZiBONgk4+ChJu68gebW13mESq+cAAoZKZWW3aI5JQbW6TM0dwZ1eeh9px0T0tnlScQqkEE2VhHw7gCFw4gxJcQxmqQAHhAZ7g2bq1Hq0X63VSmrGmPbvwR9bbDw55kNQ=</latexit>

kCorollary (B.): If    is fixed, then                                    as            .
<latexit sha1_base64="tkb8PYQ5zHx3AGokVY5U8dYnVls=">AAACBHicbVDLSsNAFJ3UR2t9RV12M1iEFqUmxddGKLhx2UJf0IQymUyaoZMHMxOhhC7c+CtuXCji1o9w5w+In+H0sdDWAxcO59zLvfc4MaNCGsanlllZXVvP5jbym1vbO7v63n5bRAnHpIUjFvGugwRhNCQtSSUj3ZgTFDiMdJzhzcTv3BEuaBQ25SgmdoAGIfUoRlJJfb1gcT8quSew6h4Py/AaWk2fSFQyT91yXy8aFWMKuEzMOSnWYOP7K5c9r/f1D8uNcBKQUGKGhOiZRiztFHFJMSPjvJUIEiM8RAPSUzREARF2On1iDI+U4kIv4qpCCafq74kUBUKMAkd1Bkj6YtGbiP95vUR6V3ZKwziRJMSzRV7CoIzgJBHoUk6wZCNFEOZU3QqxjzjCUuWWVyGYiy8vk3a1Yl5UzhoqjRqYIQcK4BCUgAkuQQ3cgjpoAQzuwSN4Bi/ag/akvWpvs9aMNp85AH+gvf8APYiYNQ==</latexit>

⇢(d, 2d+ k) = ⇥(1/d)
<latexit sha1_base64="dUlo675ubC/fVuXF0QfiQEi0vIE=">AAAB/XicbVDLSgNBEJyNrxhfUXPzMhgET2FXRL0Z8KDHCOYByRJmZ2eTIbOzy0yvkizBX/HiQZFc/QG/wJtH/8TJ46CJBQ1FVTfdXV4suAbb/rIyS8srq2vZ9dzG5tb2Tn53r6ajRFFWpZGIVMMjmgkuWRU4CNaIFSOhJ1jd612N/fo9U5pH8g76MXND0pE84JSAkdr5go9bine6QJSKHnCLywD67XzRLtkT4EXizEjx8mPwfT0qpJV2/rPlRzQJmQQqiNZNx47BTYkCTgUb5lqJZjGhPdJhTUMlCZl208n1Q3xkFB8HkTIlAU/U3xMpCbXuh57pDAl09bw3Fv/zmgkEF27KZZwAk3S6KEgEhgiPo8A+V4yC6BtCqOLmVky7RBEKJrCcCcGZf3mR1E5Kzlnp9NYulstoiiw6QIfoGDnoHJXRDaqgKqJogJ7QC3q1Hq1n680aTVsz1mxmH/2B9f4DwOqZJw==</latexit>

d ! 1



Binary codes

Corollary (B.): If               ,                                              .
<latexit sha1_base64="55nwYy3zqdHHNC9Zrqp0UZnNjAw=">AAAB9HicbVDLSgNBEOyNrxhfUU/iwcEgeIq7KupxwYvHCOYByRpmZyfJmNnZdWY2EJac/QQvHhTx6sfk5nf4A04eB00saCiquunu8mPOlLbtLyuzsLi0vJJdza2tb2xu5bd3KipKJKFlEvFI1nysKGeCljXTnNZiSXHoc1r1u9cjv9qjUrFI3Ol+TL0QtwVrMYK1kbwH1OAcBfepc3I2aOYLdtEeA80TZ0oK7t5TMxoefJea+WEjiEgSUqEJx0rVHTvWXoqlZoTTQa6RKBpj0sVtWjdU4JAqLx0fPUBHRglQK5KmhEZj9fdEikOl+qFvOkOsO2rWG4n/efVEt668lIk40VSQyaJWwpGO0CgBFDBJieZ9QzCRzNyKSAdLTLTJKWdCcGZfnieV06JzUTy/dQquCxNkYR8O4RgcuAQXbqAEZSDwCM/wCm9Wz3qx3q2PSWvGms7swh9Ynz8jGZS9</latexit>

j ⌧ d1/3

Conjecture (Tietäväinen 1980): If               ,                                    .
<latexit sha1_base64="55nwYy3zqdHHNC9Zrqp0UZnNjAw=">AAAB9HicbVDLSgNBEOyNrxhfUU/iwcEgeIq7KupxwYvHCOYByRpmZyfJmNnZdWY2EJac/QQvHhTx6sfk5nf4A04eB00saCiquunu8mPOlLbtLyuzsLi0vJJdza2tb2xu5bd3KipKJKFlEvFI1nysKGeCljXTnNZiSXHoc1r1u9cjv9qjUrFI3Ol+TL0QtwVrMYK1kbwH1OAcBfepc3I2aOYLdtEeA80TZ0oK7t5TMxoefJea+WEjiEgSUqEJx0rVHTvWXoqlZoTTQa6RKBpj0sVtWjdU4JAqLx0fPUBHRglQK5KmhEZj9fdEikOl+qFvOkOsO2rWG4n/efVEt668lIk40VSQyaJWwpGO0CgBFDBJieZ9QzCRzNyKSAdLTLTJKWdCcGZfnieV06JzUTy/dQquCxNkYR8O4RgcuAQXbqAEZSDwCM/wCm9Wz3qx3q2PSWvGms7swh9Ynz8jGZS9</latexit>

j ⌧ d1/3

Definition: Let              be the maximum size of a   -ary code 
with block length    and minimum Hamming distance   .

<latexit sha1_base64="jXnQhK41O7mY94o7XbLfuURKGa0=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ01NJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6gnUYJdpYlaCdLzhFZyx7HtwpFC4+7r+v3vfScjv/2QoimoQoNOVEqabrxNpLidSMchzmWonCmNA+6WLToCAhKi8dDzq0D40T2J1Imie0PXZ/d6QkVGoQ+qYyJLqnZrOR+V/WTHTn3EuZiBONgk4+6iTc1pE92toOmESq+cAAoZKZWW3aI5JQbW6TM0dwZ1eeh9px0T0tnlTcQqkEE2VhHw7gCFw4gxJcQxmqQAHhAZ7g2bq1Hq0X63VSmrGmPbvwR9bbDwQtkM4=</latexit>

d <latexit sha1_base64="2QscnRuG+KK5z7zfF/5Fa8rL39w=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simrnC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxrpkN0=</latexit>s

<latexit sha1_base64="+Eh8jsLgeI+/uXkVvPcP+P4vb6k=">AAACAnicbVDJSgNBEO2JS2LcRj2Jl8YgJKBxJrgdR7x4MwGzQDIMPT2dpE3PYnePEIbgxV/x4kERr36FN39A/Aw7y0ETHxQ83quiqp4bMSqkYXxqqbn5hcV0Zim7vLK6tq5vbNZEGHNMqjhkIW+4SBBGA1KVVDLSiDhBvstI3e1dDP36HeGChsG17EfE9lEnoG2KkVSSo2+fO6W8tw+9wxI8gDcF2GLkFl7lvYKj54yiMQKcJeaE5CxY+f7KpI/Ljv7R8kIc+ySQmCEhmqYRSTtBXFLMyCDbigWJEO6hDmkqGiCfCDsZvTCAe0rxYDvkqgIJR+rviQT5QvR9V3X6SHbFtDcU//OasWyf2QkNoliSAI8XtWMGZQiHeUCPcoIl6yuCMKfqVoi7iCMsVWpZFYI5/fIsqZWK5knxqGLmLAuMkQE7YBfkgQlOgQUuQRlUAQb34BE8gxftQXvSXrW3cWtKm8xsgT/Q3n8At5SWvQ==</latexit>

A2(d, d/2� j)  O(d)

Theorem (Plotkin 1960):                         with equality if there 
exists a Hadamard matrix of order   .

<latexit sha1_base64="FN6L1anMLWcZFdelMBsTZl7caMg=">AAAB/HicbVDLSsNAFJ3UR2t9Rbt0M1iEClKT4GsZceOyBfuANoTJZNIOnTycmQgh1F9x40IRt36IO39A/Aynj4VWD1w4nHMv997jJYwKaRgfWmFpeWW1WForr29sbm3rO7ttEacckxaOWcy7HhKE0Yi0JJWMdBNOUOgx0vFGVxO/c0e4oHF0I7OEOCEaRDSgGEkluXrl0rVq/hH0j61D2GfkFlq+q1eNujEF/EvMOanasPn1WSqeNlz9ve/HOA1JJDFDQvRMI5FOjrikmJFxuZ8KkiA8QgPSUzRCIRFOPj1+DA+U4sMg5qoiCafqz4kchUJkoac6QySHYtGbiP95vVQGF05OoySVJMKzRUHKoIzhJAnoU06wZJkiCHOqboV4iDjCUuVVViGYiy//JW2rbp7VT5pm1bbBDCWwB/ZBDZjgHNjgGjRAC2CQgQfwBJ61e+1Re9FeZ60FbT5TAb+gvX0DzZ2VPA==</latexit>

A2(d, d/2)  2d
<latexit sha1_base64="jXnQhK41O7mY94o7XbLfuURKGa0=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ01NJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6gnUYJdpYlaCdLzhFZyx7HtwpFC4+7r+v3vfScjv/2QoimoQoNOVEqabrxNpLidSMchzmWonCmNA+6WLToCAhKi8dDzq0D40T2J1Imie0PXZ/d6QkVGoQ+qYyJLqnZrOR+V/WTHTn3EuZiBONgk4+6iTc1pE92toOmESq+cAAoZKZWW3aI5JQbW6TM0dwZ1eeh9px0T0tnlTcQqkEE2VhHw7gCFw4gxJcQxmqQAHhAZ7g2bq1Hq0X63VSmrGmPbvwR9bbDwQtkM4=</latexit>

d

<latexit sha1_base64="xsJMKDexYwSKR0K6UacluLUui+Y=">AAACB3icbVDLSgMxFM3UR2t9jboUJFiEFrXOFF/LihuXLdgHtGXIZNI2NpMZk4xQhu7c+CtuXCji1l9w5w+In2H6WGjrgQuHc+7l3nvckFGpLOvTSMzNLywmU0vp5ZXVtXVzY7Mqg0hgUsEBC0TdRZIwyklFUcVIPRQE+S4jNbd3OfRrd0RIGvBr1Q9Jy0cdTtsUI6Ulx9y5cApZ7wB6RwV4CG9ysMnILcwW9oOsnct5jpmx8tYIcJbYE5IpwvL3Vyp5UnLMj6YX4MgnXGGGpGzYVqhaMRKKYkYG6WYkSYhwD3VIQ1OOfCJb8eiPAdzTigfbgdDFFRypvydi5EvZ913d6SPVldPeUPzPa0Sqfd6KKQ8jRTgeL2pHDKoADkOBHhUEK9bXBGFB9a0Qd5FAWOno0joEe/rlWVIt5O3T/HHZzhSLYIwU2Aa7IAtscAaK4AqUQAVgcA8ewTN4MR6MJ+PVeBu3JozJzBb4A+P9BxSpl+4=</latexit>

A2(d, d/2� j)  (2 + o(1))d

Theorem(Sidelnikov 1971): For infinitely many   , there exists                                           

                      such that                                          .

<latexit sha1_base64="jXnQhK41O7mY94o7XbLfuURKGa0=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ01NJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6gnUYJdpYlaCdLzhFZyx7HtwpFC4+7r+v3vfScjv/2QoimoQoNOVEqabrxNpLidSMchzmWonCmNA+6WLToCAhKi8dDzq0D40T2J1Imie0PXZ/d6QkVGoQ+qYyJLqnZrOR+V/WTHTn3EuZiBONgk4+6iTc1pE92toOmESq+cAAoZKZWW3aI5JQbW6TM0dwZ1eeh9px0T0tnlTcQqkEE2VhHw7gCFw4gxJcQxmqQAHhAZ7g2bq1Hq0X63VSmrGmPbvwR9bbDwQtkM4=</latexit>

d
<latexit sha1_base64="/jTkl65QmZN+o7NWHNs2BWRJPHQ="></latexit>

A2 (d, d/2� j) � ⌦
�
d4/3

�<latexit sha1_base64="J8u/5Bn5KcAbFEWOJZTbK3PcJH4=">AAACB3icbVDLSgNBEJz1GeNr1aMgg0HRS9xVUS9CwIvHBIwGsjHMTnqTMbMPZnqFsOSkF3/FiwdFcvUXvPk3ThIPvgoaiqpuurv8RAqNjvNhTUxOTc/M5uby8wuLS8v2yuqljlPFocpjGauazzRIEUEVBUqoJQpY6Eu48rtnQ//qFpQWcXSBvQQaIWtHIhCcoZGa9sYNPaXeRQeQeRIC3GldZ+7eQd9Tot3B3aZdcIrOCPQvcb9IobQ9EHeV2qDctN+9VszTECLkkmldd50EGxlTKLiEft5LNSSMd1kb6oZGLATdyEZ/9OmWUVo0iJWpCOlI/T6RsVDrXuibzpBhR//2huJ/Xj3F4KSRiShJESI+XhSkkmJMh6HQllDAUfYMYVwJcyvlHaYYRxNd3oTg/n75L7ncL7pHxcOKWyiVyBg5sk42yQ5xyTEpkXNSJlXCyT15JM/kxXqwnqxXazBunbC+ZtbID1hvn7SEm54=</latexit>

j = ⇥
�
d1/3

�

<latexit sha1_base64="/bpUMZPnMbB/n73cLojBX0LzEyg=">AAAB73icbVDLSgNBEOyNrxhfUY+CLAlCBAm7Iuox4sVjBPOAZAmzs7PJkNmZzcysEJac/AMvHhTRo7/jzU/x5uRx0MSChqKqm+4uP2ZUacf5sjJLyyura9n13Mbm1vZOfnevrkQiMalhwYRs+kgRRjmpaaoZacaSoMhnpOH3r8d+455IRQW/08OYeBHqchpSjLSRmledQSk4UcedfNEpOxPYi8SdkWKl8P7wfRiIaif/2Q4ETiLCNWZIqZbrxNpLkdQUMzLKtRNFYoT7qEtahnIUEeWlk3tH9pFRAjsU0hTX9kT9PZGiSKlh5JvOCOmemvfG4n9eK9HhpZdSHieacDxdFCbM1sIeP28HVBKs2dAQhCU1t9q4hyTC2kSUMyG48y8vkvpp2T0vn92aNCowRRYOoAAlcOECKnADVagBBgaP8Awv1sB6sl6tt2lrxprN7MMfWB8/fbOSog==</latexit>

Aq(d, s)
<latexit sha1_base64="3BH2QrhzOdyxQhDI1FgmFf2VKqw=">AAAB6HicbVA9SwNBEJ2LXzF+Ra3EwsUgWIU7EbUM2FgmYD4gOcLeZi5Zs3d77u4JIaS2sLFQxNaflM7f4R9w81Fo9MHA470ZZuYFieDauO6nk1laXlldy67nNja3tnfyu3s1LVPFsMqkkKoRUI2Cx1g13AhsJAppFAisB/3riV9/QKW5jG/NIEE/ot2Yh5xRY6XKfTtfcIvuFOQv8eakUDp4bMvx0Ve5nR+3OpKlEcaGCap103MT4w+pMpwJHOVaqcaEsj7tYtPSmEao/eH00BE5sUqHhFLZig2Zqj8nhjTSehAFtjOipqcXvYn4n9dMTXjlD3mcpAZjNlsUpoIYSSZfkw5XyIwYWEKZ4vZWwnpUUWZsNjkbgrf48l9SOyt6F8Xzik2jBDNk4RCO4RQ8uIQS3EAZqsAA4Qle4NW5c56dN+d91ppx5jP78AvOxzen+5CK</latexit>q

Corollary (B.): If               , then for infinitely many   , we have                                              

                                            .

<latexit sha1_base64="55nwYy3zqdHHNC9Zrqp0UZnNjAw=">AAAB9HicbVDLSgNBEOyNrxhfUU/iwcEgeIq7KupxwYvHCOYByRpmZyfJmNnZdWY2EJac/QQvHhTx6sfk5nf4A04eB00saCiquunu8mPOlLbtLyuzsLi0vJJdza2tb2xu5bd3KipKJKFlEvFI1nysKGeCljXTnNZiSXHoc1r1u9cjv9qjUrFI3Ol+TL0QtwVrMYK1kbwH1OAcBfepc3I2aOYLdtEeA80TZ0oK7t5TMxoefJea+WEjiEgSUqEJx0rVHTvWXoqlZoTTQa6RKBpj0sVtWjdU4JAqLx0fPUBHRglQK5KmhEZj9fdEikOl+qFvOkOsO2rWG4n/efVEt668lIk40VSQyaJWwpGO0CgBFDBJieZ9QzCRzNyKSAdLTLTJKWdCcGZfnieV06JzUTy/dQquCxNkYR8O4RgcuAQXbqAEZSDwCM/wCm9Wz3qx3q2PSWvGms7swh9Ynz8jGZS9</latexit>

j ⌧ d1/3
<latexit sha1_base64="ooVVCG6Cn0qj1wqP03F2CHExEZU=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ01NJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6gnUYJdpYlaCdLzhFZyx7HtwpFC4+7r+v3vfScjv/2QoimoQoNOVEqabrxNpLidSMchzmWonCmNA+6WLToCAhKi8dDzq0D40T2J1Imie0PXZ/d6QkVGoQ+qYyJLqnZrOR+V/WTHTn3EuZiBONgk4+6iTc1pE92toOmESq+cAAoZKZWW3aI5JQbW6TM0dwZ1eeh9px0T0tnlScQqkEE2VhHw7gCFw4gxJcQxmqQAHhAZ7g2bq1Hq0X63VSmrGmPbvwR9bbDwPdkM0=</latexit>

d
<latexit sha1_base64="uoaj+38Mn7FsciF22woRGJYdnRs=">AAACBHicbVC7SgNBFJ2Nj8T4ilqmGQxCghp3F1+NELGxTMA8IFmW2dlJMmZ2dpmZFUJIYeOv2FgoYutH2PkD4mc4eRSaeODC4Zx7ufceL2JUKtP8NBILi0vLydRKenVtfWMzs7Vdk2EsMKnikIWi4SFJGOWkqqhipBEJggKPkbrXuxr59TsiJA35jepHxAlQh9M2xUhpyc1kL1077x9A/8iGh/C2AC9g3t4P81ah4LuZnFk0x4DzxJqSXAlWvr9SyZOym/lo+SGOA8IVZkjKpmVGyhkgoShmZJhuxZJECPdQhzQ15Sgg0hmMnxjCPa34sB0KXVzBsfp7YoACKfuBpzsDpLpy1huJ/3nNWLXPnQHlUawIx5NF7ZhBFcJRItCngmDF+pogLKi+FeIuEggrnVtah2DNvjxPanbROi0eV3QaJTBBCmTBLsgDC5yBErgGZVAFGNyDR/AMXowH48l4Nd4mrQljOrMD/sB4/wFytZZu</latexit>

A2(d, d/2� j) = (2 + o(1))d



q-ary codes and set-coloring Ramsey numbers

Corollary (B.): If              , then                                                     .
<latexit sha1_base64="55nwYy3zqdHHNC9Zrqp0UZnNjAw=">AAAB9HicbVDLSgNBEOyNrxhfUU/iwcEgeIq7KupxwYvHCOYByRpmZyfJmNnZdWY2EJac/QQvHhTx6sfk5nf4A04eB00saCiquunu8mPOlLbtLyuzsLi0vJJdza2tb2xu5bd3KipKJKFlEvFI1nysKGeCljXTnNZiSXHoc1r1u9cjv9qjUrFI3Ol+TL0QtwVrMYK1kbwH1OAcBfepc3I2aOYLdtEeA80TZ0oK7t5TMxoefJea+WEjiEgSUqEJx0rVHTvWXoqlZoTTQa6RKBpj0sVtWjdU4JAqLx0fPUBHRglQK5KmhEZj9fdEikOl+qFvOkOsO2rWG4n/efVEt668lIk40VSQyaJWwpGO0CgBFDBJieZ9QzCRzNyKSAdLTLTJKWdCcGZfnieV06JzUTy/dQquCxNkYR8O4RgcuAQXbqAEZSDwCM/wCm9Wz3qx3q2PSWvGms7swh9Ynz8jGZS9</latexit>

j ⌧ d1/3

Definition: Let                be the minimum number of vertices of 
a complete graph such that if each of its edges receives    
colors out of a universe of    colors, then there exists a set of    
vertices all of whose edges share a color.

<latexit sha1_base64="bJRq/MRC5Fl0PzDw2vEDea9/NpE=">AAAB8XicbZDLSgMxFIbP1EtrvVVdugkWoYKUGfEGbgbcuGzFXrAdSiaTaUMzmTHJCKX0Ldy4UMStb+POFxAfw/Sy0OoPgY//P4ecc/yEM6Vt+8PKLCwuLWdzK/nVtfWNzcLWdl3FqSS0RmIey6aPFeVM0JpmmtNmIimOfE4bfv9ynDfuqVQsFjd6kFAvwl3BQkawNtbtdenuAgWHSB10CkW7bE+E/oIzg6KLql+fuexJpVN4bwcxSSMqNOFYqZZjJ9obYqkZ4XSUb6eKJpj0cZe2DAocUeUNJxOP0L5xAhTG0jyh0cT92THEkVKDyDeVEdY9NZ+Nzf+yVqrDc2/IRJJqKsj0ozDlSMdovD4KmKRE84EBTCQzsyLSwxITbY6UN0dw5lf+C/WjsnNaPq46RdeFqXKwC3tQAgfOwIUrqEANCAh4gCd4tpT1aL1Yr9PSjDXr2YFfst6+ASgXkjc=</latexit>

R(q; d, s)
<latexit sha1_base64="2QscnRuG+KK5z7zfF/5Fa8rL39w=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2simrnC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxW3UCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AxrpkN0=</latexit>s

<latexit sha1_base64="jXnQhK41O7mY94o7XbLfuURKGa0=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ01NJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6gnUYJdpYlaCdLzhFZyx7HtwpFC4+7r+v3vfScjv/2QoimoQoNOVEqabrxNpLidSMchzmWonCmNA+6WLToCAhKi8dDzq0D40T2J1Imie0PXZ/d6QkVGoQ+qYyJLqnZrOR+V/WTHTn3EuZiBONgk4+6iTc1pE92toOmESq+cAAoZKZWW3aI5JQbW6TM0dwZ1eeh9px0T0tnlTcQqkEE2VhHw7gCFw4gxJcQxmqQAHhAZ7g2bq1Hq0X63VSmrGmPbvwR9bbDwQtkM4=</latexit>

d
<latexit sha1_base64="Vr14ca9caGdqqzCVxXwcMP/Ral0=">AAAB6HicbZDLSgMxFIbP1Futt6orcWGwCK7KjIi6HHDjsgV7gXYomTTTxmaSMckIZejahRsXirj1kbrzOXwB08tCqz8EPv7/HHLOCRPOtHHdTye3tLyyupZfL2xsbm3vFHf36lqmitAakVyqZog15UzQmmGG02aiKI5DThvh4HqSNx6o0kyKWzNMaBDjnmARI9hYq3rfKZbcsjsV+gveHEr+wWNHjo++Kp3iuN2VJI2pMIRjrVuem5ggw8owwumo0E41TTAZ4B5tWRQ4pjrIpoOO0Il1uiiSyj5h0NT92ZHhWOthHNrKGJu+Xswm5n9ZKzXRVZAxkaSGCjL7KEo5MhJNtkZdpigxfGgBE8XsrIj0scLE2NsU7BG8xZX/Qv2s7F2Uz6teyfdhpjwcwjGcggeX4MMNVKAGBCg8wQu8OnfOs/PmvM9Kc868Zx9+yfn4BqhLkIs=</latexit>q

Theorem (Conlon, Fox, He, Mubayi, Suk, Verstraëte 2022 & Conlon, Fox, 
Pham, Zhao 2023): If           , then

                                                                                                      .

<latexit sha1_base64="wUrnY1e1wXBHRYF69oTiXMlGQag="></latexit>

Aq (d, s� j) + 1  R (q + 1; d, s� j)  (1 + o(1))Aq (d, s�O(j))

<latexit sha1_base64="xoSB8pGbmhNf+Jkk2ynUsdhM2V4=">AAAB7nicbZDLSgMxFIbP1Futt6orcWGwCK7KTBF1OeDGZQV7gXYomTTTxmaSIckIZejatRsXirj1ebrzOXwB08tCW38IfPz/OeScEyacaeO6X05uZXVtfSO/Wdja3tndK+4f1LVMFaE1IrlUzRBrypmgNcMMp81EURyHnDbCwc0kbzxSpZkU92aY0CDGPcEiRrCxVuMBtTlHulMsuWV3KrQM3hxK/tFTR45Pvqud4rjdlSSNqTCEY61bnpuYIMPKMMLpqNBONU0wGeAebVkUOKY6yKbjjtCZdbookso+YdDU/d2R4VjrYRzayhibvl7MJuZ/WSs10XWQMZGkhgoy+yhKOTISTXZHXaYoMXxoARPF7KyI9LHCxNgLFewRvMWVl6FeKXuX5Ys7r+T7MFMejuEUzsGDK/DhFqpQAwIDeIZXeHMS58V5dz5mpTln3nMIf+R8/gBkRZKn</latexit>

j ⌧ s

Theorem (Mackenzie and Seberry 1988): For all          , 

with equality if       are powers of the same prime.

<latexit sha1_base64="H9G/h5Rqp3+9qFSuv9wO4CASiR0=">AAAB73icbZDLSgMxFIbP1Futt6orcWGwCK7KjIi6HHDjsoK9QDuUTCbThmaSaZIRSunavRsXirj1dbrzOXwB08tCW38IfPz/OeScE6acaeO6X05uZXVtfSO/Wdja3tndK+4f1LTMFKFVIrlUjRBrypmgVcMMp41UUZyEnNbD3u0krz9SpZkUD2aQ0iDBHcFiRrCxViNCrQ7to367WHLL7lRoGbw5lPyjp7Ycn3xX2sVxK5IkS6gwhGOtm56bmmCIlWGE01GhlWmaYtLDHdq0KHBCdTCczjtCZ9aJUCyVfcKgqfu7Y4gTrQdJaCsTbLp6MZuY/2XNzMQ3wZCJNDNUkNlHccaRkWiyPIqYosTwgQVMFLOzItLFChNjT1SwR/AWV16G2kXZuypf3nsl34eZ8nAMp3AOHlyDD3dQgSoQ4PAMr/Dm9J0X5935mJXmnHnPIfyR8/kDGIWTDg==</latexit>

d � q
<latexit sha1_base64="rEU89IxHHi+CVSvl9QZEKW+SUmc=">AAAB63icbZC7SgNBFIZn4y3GW9RKLBwMgoWEXRG1XLCxjGAukCxhdnY2GTKXdWZWCEtqOxsLRWx9oXQ+hy/gbJJCE38Y+Pj/c5hzTpgwqo3rfjmFpeWV1bXiemljc2t7p7y719AyVZjUsWRStUKkCaOC1A01jLQSRRAPGWmGg5s8bz4SpakU92aYkICjnqAxxcjkVnQGH7rlilt1J4KL4M2g4h88deX46LvWLY87kcQpJ8JghrRue25iggwpQzEjo1In1SRBeIB6pG1RIE50kE1mHcET60Qwlso+YeDE/d2RIa71kIe2kiPT1/NZbv6XtVMTXwcZFUlqiMDTj+KUQSNhvjiMqCLYsKEFhBW1s0LcRwphY89Tskfw5ldehMZ51busXtx5Fd8HUxXBITgGp8ADV8AHt6AG6gCDPngGr+DN4c6L8+58TEsLzqxnH/yR8/kDI3+RWQ==</latexit>

d, q

Fix the threshold                        .
<latexit sha1_base64="8StpEPLiccxPsmQsndtJP8wGAqs=">AAACC3icbVC7SgNBFJ2NrxhfUUubIUGIhXFXgtoICzaWEcwDsiHMzs4mg7MPZ+4KYUlv4wf4B1Y2ForY+gNa+SH2Th6FJh64cDjnXu69x40FV2CaX0Zmbn5hcSm7nFtZXVvfyG9u1VWUSMpqNBKRbLpEMcFDVgMOgjVjyUjgCtZwr86GfuOGScWj8BL6MWsHpBtyn1MCWurkCwqfYkcwH0oW3seOLwlNrUF6PcCO5N0e7HmdfNEsmyPgWWJNSNGufH/eRw8H1U7+w/EimgQsBCqIUi3LjKGdEgmcCjbIOYliMaFXpMtamoYkYKqdjn4Z4F2teNiPpK4Q8Ej9PZGSQKl+4OrOgEBPTXtD8T+vlYB/0k55GCfAQjpe5CcCQ4SHwWCPS0ZB9DUhVHJ9K6Y9ouMAHV9Oh2BNvzxL6odl66hcubCKto3GyKIdVEAlZKFjZKNzVEU1RNEtekTP6MW4M56MV+Nt3JoxJjPb6A+M9x/8UZ2M</latexit>

s =
⇣
1� 1

q

⌘
d

<latexit sha1_base64="qujq8ohujilJzuP7ix4UibRqoWU="></latexit>

Aq (d, s� j)  (2 + o(1))(q � 1)d

<latexit sha1_base64="GoMEyWh3od+Wy8K66iFAOmqavt4=">AAACBXicbVC7SgNBFJ2Nrxhfq5aKDAlCBAm7ImoZsbGMYB6QLGF2djYZMvvIzF0hLGm08DvsbCwUsfUf7PwUOyeJhSYeuHA4517uvceNBVdgWZ9GZm5+YXEpu5xbWV1b3zA3t2oqSiRlVRqJSDZcopjgIasCB8EasWQkcAWru72LkV+/YVLxKLyGQcycgHRC7nNKQEttc/e83W8J5kPRO8SqJXmnCwdYK33c99pmwSpZY+BZYv+QQjn/cPe150WVtvnR8iKaBCwEKohSTduKwUmJBE4FG+ZaiWIxoT3SYU1NQxIw5aTjL4Z4Xyse9iOpKwQ8Vn9PpCRQahC4ujMg0FXT3kj8z2sm4J85KQ/jBFhIJ4v8RGCI8CgS7HHJKIiBJoRKrm/FtEskoaCDy+kQ7OmXZ0ntqGSflI6v7EK5jCbIoh2UR0Vko1NURpeogqqIolv0iJ7Ri3FvPBmvxtukNWP8zGyjPzDevwFzCZrw</latexit>

Aq (d, s)  qd



Proofs
Theorem (B.):                                      .

<latexit sha1_base64="kG9au4ew/p0597IAgZWU+VHrFhU="></latexit>

⇢(d, 2d+ k) � ⌦
⇣

k1/3

d

⌘

Ideas behind the proof: Consider                   unit vectors                         

                         with the property that                    for all         .

<latexit sha1_base64="r8+pCuMpSWf+znRKRlfZu3HxEx4=">AAAB8nicbVBNS8NAEN1UW2v9qnr0slgEQShJEfUiFLx4rGA/IA1ls9m0SzebsDsRSujVf+BFRBGv/TXe/CHe3X4ctPXBwOO9GWbm+YngGmz7y8qtrecLG8XN0tb2zu5eef+gpeNUUdaksYhVxyeaCS5ZEzgI1kkUI5EvWNsf3kz99gNTmsfyHkYJ8yLSlzzklICRXImvcS3AZ3hY6pUrdtWeAa8SZ0Eq9cLLt5w85hu98mc3iGkaMQlUEK1dx07Ay4gCTgUbl7qpZgmhQ9JnrqGSREx72ezkMT4xSoDDWJmSgGfq74mMRFqPIt90RgQGetmbiv95bgrhlZdxmaTAJJ0vClOBIcbT/3HAFaMgRoYQqri5FdMBUYSCSWkagrP88ipp1arORfX8zqRRR3MU0RE6RqfIQZeojm5RAzURRTF6Qq/ozQLr2Xq3PuatOWsxc4j+wJr8APtSksg=</latexit>

n = 2d+ k
<latexit sha1_base64="jMTqXmvpcm5o7lz7dj98a5KulT4=">AAACCnicbVC7SgNBFJ2NrxhfUSuxcDQIFiHsiqhlwMYyinlAdl1mZyfJkNmZZWY2EJbUafwVGwtFbP2CdH6HP+DkUWjigQuHc+7l3nuCmFGlbfvLyiwtr6yuZddzG5tb2zv53b2aEonEpIoFE7IRIEUY5aSqqWakEUuCooCRetC9Gfv1HpGKCv6g+zHxItTmtEUx0kby88c93ylCl4VCqyLs+Ry61FSEdCcI0vvBY+jnC3bJngAuEmdGCuWDoS9GR98VPz9yQ4GTiHCNGVKq6dix9lIkNcWMDHJuokiMcBe1SdNQjiKivHTyygCeGiWELSFNcQ0n6u+JFEVK9aPAdI5vVPPeWPzPaya6de2llMeJJhxPF7USBrWA41xgSCXBmvUNQVhScyvEHSQR1ia9nAnBmX95kdTOS85l6eLOpFEGU2TBITgBZ8ABV6AMbkEFVAEGQ/AMXsGb9WS9WO/Wx7Q1Y81m9sEfWJ8/ej2dNg==</latexit>

v1, . . . , vn 2 Rd

Their Gram matrix                             has rank at most    and                 

                 . 

<latexit sha1_base64="GVxsHvVv93EXpEV3M4F5PqVOnGk=">AAACCnicbVDLSgMxFM3UV62vUZeCxBahQikzIupGKLhxI1SwD2jLkMmkbdpMZkgyhTJ05cKNP+EHuHGhiFu/wJ2f4s502oW2HriXwzn3ktzjhoxKZVlfRmphcWl5Jb2aWVvf2Nwyt3eqMogEJhUcsEDUXSQJo5xUFFWM1ENBkO8yUnP7l2O/NiBC0oDfqmFIWj7qcNqmGCktOebBdZ4WekfwAjYZ4h1G4MChBd16sCkSwTFzVtFKAOeJPSW5Uvbx7nvfC8qO+dn0Ahz5hCvMkJQN2wpVK0ZCUczIKNOMJAkR7qMOaWjKkU9kK05OGcFDrXiwHQhdXMFE/b0RI1/Koe/qSR+prpz1xuJ/XiNS7fNWTHkYKcLx5KF2xKAK4DgX6FFBsGJDTRAWVP8V4i4SCCudXkaHYM+ePE+qx0X7tHhyo9MogQnSYA9kQR7Y4AyUwBUogwrA4B48gRfwajwYz8ab8T4ZTRnTnV3wB8bHD+GlnC8=</latexit>

M(i, j) = hvi, vji
<latexit sha1_base64="ooVVCG6Cn0qj1wqP03F2CHExEZU=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ01NJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6gnUYJdpYlaCdLzhFZyx7HtwpFC4+7r+v3vfScjv/2QoimoQoNOVEqabrxNpLidSMchzmWonCmNA+6WLToCAhKi8dDzq0D40T2J1Imie0PXZ/d6QkVGoQ+qYyJLqnZrOR+V/WTHTn3EuZiBONgk4+6iTc1pE92toOmESq+cAAoZKZWW3aI5JQbW6TM0dwZ1eeh9px0T0tnlScQqkEE2VhHw7gCFw4gxJcQxmqQAHhAZ7g2bq1Hq0X63VSmrGmPbvwR9bbDwPdkM0=</latexit>

d
<latexit sha1_base64="0cchpuWy2czak9gWPozMFt1oouc=">AAAB+XicbVDJSgNBEO2JS2LcRj16aQxCvIQZcbsIAS9ehATMAskQejo9SZOenqG7JhiG/IkXD4p49U+8+QPiZ9hZDpr4oODxXhVV9fxYcA2O82llVlbX1rO5jfzm1vbOrr23X9dRoiir0UhEqukTzQSXrAYcBGvGipHQF6zhD24mfmPIlOaRvIdRzLyQ9CQPOCVgpI5tt4E9QApqXLw7wdfYSAWn5EyBl4k7J4Uyrn5/5bLnlY790e5GNAmZBCqI1i3XicFLiQJOBRvn24lmMaED0mMtQyUJmfbS6eVjfGyULg4iZUoCnqq/J1ISaj0KfdMZEujrRW8i/ue1EgiuvJTLOAEm6WxRkAgMEZ7EgLtcMQpiZAihiptbMe0TRSiYsPImBHfx5WVSPy25F6WzqkmjjGbIoUN0hIrIRZeojG5RBdUQRUP0iJ7Ri5VaT9ar9TZrzVjzmQP0B9b7Dx4SlZk=</latexit>

tr(M) = n

Lets make our life simpler: Imagine that all inner products 
were positive. Then the off-diagonal entries of      are at most     

    , so it must be close to the identity matrix and hence must 
have large rank!

<latexit sha1_base64="qLQzUOIddE7Y/jl8EBydSu0KK9Q=">AAACDXicbVA9SwNBEN3z2/h1ainIYhQsJNyJqGXAxjKCiUIuHHObSbK6t3fu7gXCYWVn42/wH9hYKGJrb+dPsXOTWGj0wQyP92bYnRelgmvjeR/O2PjE5NT0zGxhbn5hccldXqnpJFMMqywRiTqPQKPgEquGG4HnqUKII4Fn0eVR3z/rotI8kaeml2IjhrbkLc7AWCl0NwMBsi2QdkO+Y9sFDdRQCARe0QBE2oHQLXolbwD6l/jfpFjeuL/5XG8mldB9D5oJy2KUhgnQuu57qWnkoAxnAq8LQaYxBXYJbaxbKiFG3cgH11zTLas0aStRtqShA/XnRg6x1r04spMxmI4e9frif149M63DRs5lmhmUbPhQKxPUJLQfDW1yhcyIniXAFLd/pawDCpixARZsCP7oyX9Jbbfk75f2TmwaZTLEDFkjG2Sb+OSAlMkxqZAqYeSWPJAn8uzcOY/Oi/M6HB1zvndWyS84b1/VIZ5z</latexit>

hvi, vji  ↵
<latexit sha1_base64="2XBTifnovC8rhqENjmfVdruub8M=">AAAB73icbVA9SwNBEJ3zM8avqJVYuBgEq3AnopYBG8sI5gOSI+xt5pI1e3uX3T0hhNT2NhaK2Pp30vk7/ANuPgpNfDDweG+GmXlBIrg2rvvlLC2vrK6tZzaym1vbO7u5vf2KjlPFsMxiEataQDUKLrFsuBFYSxTSKBBYDbo3Y7/6iErzWN6bfoJ+RNuSh5xRY6UaJw2JPfLQzOXdgjsBWSTejOSLh0/NeHT8XWrmRo1WzNIIpWGCal333MT4A6oMZwKH2UaqMaGsS9tYt1TSCLU/mNw7JKdWaZEwVrakIRP198SARlr3o8B2RtR09Lw3Fv/z6qkJr/0Bl0lqULLpojAVxMRk/DxpcYXMiL4llClubyWsQxVlxkaUtSF48y8vksp5wbssXNzZNIowRQaO4ATOwIMrKMItlKAMDAQ8wyu8OT3nxXl3PqatS85s5gD+wPn8ASAIkxI=</latexit>

i 6= j

<latexit sha1_base64="sfCKywqAl+UKnsonEeJMzIil75Q=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAe9CAmYBZIh9HRqktaenqG7R4hDnsCLB0W8+gA+hU/gzaNvYmc5aOIPDR//X0VXlR9zprTjfFmZufmFxaXscm5ldW19I7+5VVNRIilWacQj2fCJQs4EVjXTHBuxRBL6HOv+7fkwr9+hVCwS17ofoxeSrmABo0Qbq3LVzhecojOSPQvuBApnH/ffF+87abmd/2x1IpqEKDTlRKmm68TaS4nUjHIc5FqJwpjQW9LFpkFBQlReOhp0YO8bp2MHkTRPaHvk/u5ISahUP/RNZUh0T01nQ/O/rJno4NRLmYgTjYKOPwoSbuvIHm5td5hEqnnfAKGSmVlt2iOSUG1ukzNHcKdXnoXaYdE9Lh5VnEKpBGNlYRf24ABcOIESXEIZqkAB4QGe4Nm6sR6tF+t1XJqxJj3b8EfW2w/g8pC2</latexit>

M
<latexit sha1_base64="6YC9twzUbAjjboZcLcWFUXezoLU=">AAAB73icbZC7SgNBFIbPeo3xFi+dzWIQrMJuELUzYKFlBHOBZA1nJ7PJkNnZdWZWiEtewsZCEVsbn8InsLP0TZxcCk38YeDj/89hzjl+zJnSjvNlzc0vLC4tZ1ayq2vrG5u5re2qihJJaIVEPJJ1HxXlTNCKZprTeiwphj6nNb93Psxrd1QqFolr3Y+pF2JHsIAR1MaqN5HHXbwptnJ5p+CMZM+CO4H82cf998X7blpu5T6b7YgkIRWacFSq4Tqx9lKUmhFOB9lmomiMpIcd2jAoMKTKS0fzDuwD47TtIJLmCW2P3N8dKYZK9UPfVIaou2o6G5r/ZY1EB6deykScaCrI+KMg4baO7OHydptJSjTvG0AimZnVJl2USLQ5UdYcwZ1eeRaqxYJ7XDi6cvKlEoyVgT3Yh0Nw4QRKcAllqAABDg/wBM/WrfVovViv49I5a9KzA39kvf0A8LWToQ==</latexit>

↵2

Theorem: For any symmetric matrix     , we have
<latexit sha1_base64="sfCKywqAl+UKnsonEeJMzIil75Q=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAe9CAmYBZIh9HRqktaenqG7R4hDnsCLB0W8+gA+hU/gzaNvYmc5aOIPDR//X0VXlR9zprTjfFmZufmFxaXscm5ldW19I7+5VVNRIilWacQj2fCJQs4EVjXTHBuxRBL6HOv+7fkwr9+hVCwS17ofoxeSrmABo0Qbq3LVzhecojOSPQvuBApnH/ffF+87abmd/2x1IpqEKDTlRKmm68TaS4nUjHIc5FqJwpjQW9LFpkFBQlReOhp0YO8bp2MHkTRPaHvk/u5ISahUP/RNZUh0T01nQ/O/rJno4NRLmYgTjYKOPwoSbuvIHm5td5hEqnnfAKGSmVlt2iOSUG1ukzNHcKdXnoXaYdE9Lh5VnEKpBGNlYRf24ABcOIESXEIZqkAB4QGe4Nm6sR6tF+t1XJqxJj3b8EfW2w/g8pC2</latexit>

M
<latexit sha1_base64="8H+nMmDBYnnYfgWkqazTLlA/odI=">AAACGXicbVC7SgNBFJ31lRhfUUubQRGSJuwGX2XAxkZIwEQhm4TZyU0cMvtw5q4YlvyGjb9iY6GIpVb+gPgZTrIpfB0YOJxzLnfu8SIpNNr2uzUzOze/kMku5paWV1bX8usbDR3GikOdhzJUFx7TIEUAdRQo4SJSwHxPwrk3OB7759egtAiDMxxG0PJZPxA9wRkaqZO3XYQbTFCNCqfFdpm6Eq5oqqnBWKPfAu1ysdTJ79glewL6lzhTslOhtc+PbGa/2sm/ut2Qxz4EyCXTuunYEbYSplBwCaOcG2uIGB+wPjQNDZgPupVMLhvRXaN0aS9U5gVIJ+r3iYT5Wg99zyR9hpf6tzcW//OaMfaOWokIohgh4OmiXiwphnRcE+0KBRzl0BDGlTB/pfySKcbRlJkzJTi/T/5LGuWSc1Daq5k2KiRFlmyRbVIgDjkkFXJCqqROOLkl9+SRPFl31oP1bL2k0RlrOrNJfsB6+wLBmaJr</latexit>

tr(M)2  rk(M)tr(M2).



Proofs
Theorem: For any symmetric matrix     , we have
<latexit sha1_base64="sfCKywqAl+UKnsonEeJMzIil75Q=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAe9CAmYBZIh9HRqktaenqG7R4hDnsCLB0W8+gA+hU/gzaNvYmc5aOIPDR//X0VXlR9zprTjfFmZufmFxaXscm5ldW19I7+5VVNRIilWacQj2fCJQs4EVjXTHBuxRBL6HOv+7fkwr9+hVCwS17ofoxeSrmABo0Qbq3LVzhecojOSPQvuBApnH/ffF+87abmd/2x1IpqEKDTlRKmm68TaS4nUjHIc5FqJwpjQW9LFpkFBQlReOhp0YO8bp2MHkTRPaHvk/u5ISahUP/RNZUh0T01nQ/O/rJno4NRLmYgTjYKOPwoSbuvIHm5td5hEqnnfAKGSmVlt2iOSUG1ukzNHcKdXnoXaYdE9Lh5VnEKpBGNlYRf24ABcOIESXEIZqkAB4QGe4Nm6sR6tF+t1XJqxJj3b8EfW2w/g8pC2</latexit>

M
<latexit sha1_base64="8H+nMmDBYnnYfgWkqazTLlA/odI=">AAACGXicbVC7SgNBFJ31lRhfUUubQRGSJuwGX2XAxkZIwEQhm4TZyU0cMvtw5q4YlvyGjb9iY6GIpVb+gPgZTrIpfB0YOJxzLnfu8SIpNNr2uzUzOze/kMku5paWV1bX8usbDR3GikOdhzJUFx7TIEUAdRQo4SJSwHxPwrk3OB7759egtAiDMxxG0PJZPxA9wRkaqZO3XYQbTFCNCqfFdpm6Eq5oqqnBWKPfAu1ysdTJ79glewL6lzhTslOhtc+PbGa/2sm/ut2Qxz4EyCXTuunYEbYSplBwCaOcG2uIGB+wPjQNDZgPupVMLhvRXaN0aS9U5gVIJ+r3iYT5Wg99zyR9hpf6tzcW//OaMfaOWokIohgh4OmiXiwphnRcE+0KBRzl0BDGlTB/pfySKcbRlJkzJTi/T/5LGuWSc1Daq5k2KiRFlmyRbVIgDjkkFXJCqqROOLkl9+SRPFl31oP1bL2k0RlrOrNJfsB6+wLBmaJr</latexit>

tr(M)2  rk(M)tr(M2).

But of course life is not so simple. The negative inner products 
could be VERY negative.

Idea: Use the positive semidefiniteness of      (                 ) to 
gain control over the squares of the negative inner products.

<latexit sha1_base64="sfCKywqAl+UKnsonEeJMzIil75Q=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAe9CAmYBZIh9HRqktaenqG7R4hDnsCLB0W8+gA+hU/gzaNvYmc5aOIPDR//X0VXlR9zprTjfFmZufmFxaXscm5ldW19I7+5VVNRIilWacQj2fCJQs4EVjXTHBuxRBL6HOv+7fkwr9+hVCwS17ofoxeSrmABo0Qbq3LVzhecojOSPQvuBApnH/ffF+87abmd/2x1IpqEKDTlRKmm68TaS4nUjHIc5FqJwpjQW9LFpkFBQlReOhp0YO8bp2MHkTRPaHvk/u5ISahUP/RNZUh0T01nQ/O/rJno4NRLmYgTjYKOPwoSbuvIHm5td5hEqnnfAKGSmVlt2iOSUG1ukzNHcKdXnoXaYdE9Lh5VnEKpBGNlYRf24ABcOIESXEIZqkAB4QGe4Nm6sR6tF+t1XJqxJj3b8EfW2w/g8pC2</latexit>

M

Lemma 1: Fix    and let                                             . Then 
<latexit sha1_base64="/0CuC3BiQA8Grgr9HNPGPXuyE9s="></latexit>

�(i) =
P

j:hvi,vji<0 �hvi, vji
<latexit sha1_base64="mnUv5Hft45DZig8/jpvDYAGy6KQ="></latexit> X

j:hvi,vji<0

hvi, vji2  1 + ↵�(i)2.

Lemma 2:                                  .
<latexit sha1_base64="nus1YxJsKppLVyp1Mq42aLvK3eU="></latexit> nX

i=1

�(i)2  O
�
↵
2
n
3
�

<latexit sha1_base64="Mhv61B1Sc30IzSLesD+m7khlc4Q=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2sCmvnC07RGcueB3cKhYuP+++r97203M5/tjoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeOBx3ah8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo491Im4kSjoJOPgoTbOrJHW9sdJpFqPjBAqGRmVpv2iCRUm9vkzBHc2ZXnoXZcdE+LJxWnUCrBRFnYhwM4AhfOoATXUIYqUEB4gCd4tm6tR+vFep2UZqxpzy78kfX2AwtxkNI=</latexit>

i

<latexit sha1_base64="981JWuKsL2aOYMcBeR8ShzzklM4="></latexit>

x(j) =

8
><

>:

�hvi, vji if hvi, vji < 0

1 if j = i

0 otherwise

<latexit sha1_base64="hnA1G+hkavBIWSpF7aCITdRMz1k="></latexit>

x(j) =

(
��(j) if � �(j) � 2↵n

2↵n otherwise

<latexit sha1_base64="kmbTOsuGJbbiO82HAPC6j2swTAQ=">AAAB/3icbVDJSgNBEO1xzeIyRvDipTEIHiTMiKjHAS9ehIhmgSSGnk4ladLTM3b3SMKYg7/ixYMiXv0KwZt/Y2c5aOKDgsd7VVTV8yPOlHacb2thcWl5ZTWVzmTX1jc27a1cWYWxpFCiIQ9l1ScKOBNQ0kxzqEYSSOBzqPi985FfuQepWChu9CCCRkA6grUZJdpITXunf1tnQoOkhONL3Mf1Dtxhp2nnnYIzBp4n7pTkvVz2upg+/Cw27a96K6RxAEJTTpSquU6kGwmRmlEOw0w9VhAR2iMdqBkqSACqkYzvH+J9o7RwO5SmhMZj9fdEQgKlBoFvOgOiu2rWG4n/ebVYt88aCRNRrEHQyaJ2zLEO8SgM3GISqOYDQwiVzNyKaZdIQk0gKmNCcGdfniflo4J7Uji+cvOehyZIoV20hw6Qi06Rhy5QEZUQRQ/oCb2gV+vRerberPdJ64I1ndlGf2B9/AA4Epch</latexit>

x|Mx � 0



Unanswered questions

• We showed that if    is sufficiently large relative to   , then                                                        

                     .                                 . What is the correct 
dependence on   ?

<latexit sha1_base64="jXnQhK41O7mY94o7XbLfuURKGa0=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ01NJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6gnUYJdpYlaCdLzhFZyx7HtwpFC4+7r+v3vfScjv/2QoimoQoNOVEqabrxNpLidSMchzmWonCmNA+6WLToCAhKi8dDzq0D40T2J1Imie0PXZ/d6QkVGoQ+qYyJLqnZrOR+V/WTHTn3EuZiBONgk4+6iTc1pE92toOmESq+cAAoZKZWW3aI5JQbW6TM0dwZ1eeh9px0T0tnlTcQqkEE2VhHw7gCFw4gxJcQxmqQAHhAZ7g2bq1Hq0X63VSmrGmPbvwR9bbDwQtkM4=</latexit>

d
<latexit sha1_base64="VuWd1j9ijuHICrpsg2btt9AbQ2I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2sSr+dLzhFZyx7HtwpFC4+7r+v3vfScjv/2epENAlRaMqJUk3XibWXEqkZ5TjMtRKFMaF90sWmQUFCVF46HnRoHxqnYweRNE9oe+z+7khJqNQg9E1lSHRPzWYj87+smejg3EuZiBONgk4+ChJu68gebW13mESq+cAAoZKZWW3aI5JQbW6TM0dwZ1eeh9px0T0tnlTcQqkEE2VhHw7gCFw4gxJcQxmqQAHhAZ7g2bq1Hq0X63VSmrGmPbvwR9bbDw7JkNU=</latexit>

k
<latexit sha1_base64="TBvMjW+24vEI6DLaVD2nyPCTm3k="></latexit>

⌦
⇣

k1/3

d

⌘
 ⇢(d, 2d+ k)  O

⇣p
k
d

⌘
<latexit sha1_base64="VuWd1j9ijuHICrpsg2btt9AbQ2I=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ06lJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6ggWMEm2sSr+dLzhFZyx7HtwpFC4+7r+v3vfScjv/2epENAlRaMqJUk3XibWXEqkZ5TjMtRKFMaF90sWmQUFCVF46HnRoHxqnYweRNE9oe+z+7khJqNQg9E1lSHRPzWYj87+smejg3EuZiBONgk4+ChJu68gebW13mESq+cAAoZKZWW3aI5JQbW6TM0dwZ1eeh9px0T0tnlTcQqkEE2VhHw7gCFw4gxJcQxmqQAHhAZ7g2bq1Hq0X63VSmrGmPbvwR9bbDw7JkNU=</latexit>

k

• We showed that if               , then for infinitely many   , we 
have                                                                            . What 
is the correct dependence on    for          ?

<latexit sha1_base64="55nwYy3zqdHHNC9Zrqp0UZnNjAw=">AAAB9HicbVDLSgNBEOyNrxhfUU/iwcEgeIq7KupxwYvHCOYByRpmZyfJmNnZdWY2EJac/QQvHhTx6sfk5nf4A04eB00saCiquunu8mPOlLbtLyuzsLi0vJJdza2tb2xu5bd3KipKJKFlEvFI1nysKGeCljXTnNZiSXHoc1r1u9cjv9qjUrFI3Ol+TL0QtwVrMYK1kbwH1OAcBfepc3I2aOYLdtEeA80TZ0oK7t5TMxoefJea+WEjiEgSUqEJx0rVHTvWXoqlZoTTQa6RKBpj0sVtWjdU4JAqLx0fPUBHRglQK5KmhEZj9fdEikOl+qFvOkOsO2rWG4n/efVEt668lIk40VSQyaJWwpGO0CgBFDBJieZ9QzCRzNyKSAdLTLTJKWdCcGZfnieV06JzUTy/dQquCxNkYR8O4RgcuAQXbqAEZSDwCM/wCm9Wz3qx3q2PSWvGms7swh9Ynz8jGZS9</latexit>

j ⌧ d1/3
<latexit sha1_base64="n3G+QkNG4KW1uU3BxwHtiISNFto="></latexit>

qd  Aq(d, (1� 1/q)d� j)  (2 + o(1))(q � 1)d

<latexit sha1_base64="jXnQhK41O7mY94o7XbLfuURKGa0=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8EgeAozIurNgAc9JmAWSIbQ01NJ2vT0DN09QhzyBF48KOLVB/ApfAJvHn0TO8tBE39o+Pj/Krqq/JgzpR3ny8osLC4tr2RXc2vrG5tb+e2dmooSSbFKIx7Jhk8Uciawqpnm2IglktDnWPf7l6O8fodSsUjc6EGMXki6gnUYJdpYlaCdLzhFZyx7HtwpFC4+7r+v3vfScjv/2QoimoQoNOVEqabrxNpLidSMchzmWonCmNA+6WLToCAhKi8dDzq0D40T2J1Imie0PXZ/d6QkVGoQ+qYyJLqnZrOR+V/WTHTn3EuZiBONgk4+6iTc1pE92toOmESq+cAAoZKZWW3aI5JQbW6TM0dwZ1eeh9px0T0tnlTcQqkEE2VhHw7gCFw4gxJcQxmqQAHhAZ7g2bq1Hq0X63VSmrGmPbvwR9bbDwQtkM4=</latexit>

d

<latexit sha1_base64="Vr14ca9caGdqqzCVxXwcMP/Ral0=">AAAB6HicbZDLSgMxFIbP1Futt6orcWGwCK7KjIi6HHDjsgV7gXYomTTTxmaSMckIZejahRsXirj1kbrzOXwB08tCqz8EPv7/HHLOCRPOtHHdTye3tLyyupZfL2xsbm3vFHf36lqmitAakVyqZog15UzQmmGG02aiKI5DThvh4HqSNx6o0kyKWzNMaBDjnmARI9hYq3rfKZbcsjsV+gveHEr+wWNHjo++Kp3iuN2VJI2pMIRjrVuem5ggw8owwumo0E41TTAZ4B5tWRQ4pjrIpoOO0Il1uiiSyj5h0NT92ZHhWOthHNrKGJu+Xswm5n9ZKzXRVZAxkaSGCjL7KEo5MhJNtkZdpigxfGgBE8XsrIj0scLE2NsU7BG8xZX/Qv2s7F2Uz6teyfdhpjwcwjGcggeX4MMNVKAGBCg8wQu8OnfOs/PmvM9Kc868Zx9+yfn4BqhLkIs=</latexit>q
<latexit sha1_base64="AcgVr4k16QicNJYZR4kzucSZn98=">AAAB73icbZDLSgMxFIYzXmu9VV2JC4NFcFVmVNTlgBuXFewF2qFk0jNtaCaZJhmhDF27d+NCEbe+Tnc+hy9gello6w+Bj/8/h5xzwoQzbVz3y1laXlldW89t5De3tnd2C3v7VS1TRaFCJZeqHhINnAmoGGY41BMFJA451MLe7TivPYLSTIoHM0ggiElHsIhRYqxV7+NmB/r4olUouiV3IrwI3gyK/uFTS46Ov8utwqjZljSNQRjKidYNz01MkBFlGOUwzDdTDQmhPdKBhkVBYtBBNpl3iE+t08aRVPYJgyfu746MxFoP4tBWxsR09Xw2Nv/LGqmJboKMiSQ1IOj0oyjl2Eg8Xh63mQJq+MACoYrZWTHtEkWosSfK2yN48ysvQvW85F2VLu+9ou+jqXLoCJ2gM+Sha+SjO1RGFUQRR8/oFb05fefFeXc+pqVLzqznAP2R8/kDzo2S3Q==</latexit>

q � 3




